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a two-level atom/system

lg) - ground state
le) - excited state

— physical notation

— information notation

e Paull matrices
. _[o1 . _ [0 —i A
=110 Y=lio0p =0 1|

e rasing ¢') and lowering §) energy operators,

= atomic-transition operators

AN

2

G, + 6,
2

ol =

e)(g], &= = |g)(e|, &.=0d"6-66"=e)le



gubit = quantum bit

e the smallest unit of quantum information

e physically realized by a 2-level quantum system
whose two basic states are conventionally labdlke@nd|1)

e By contrast to classical bits,
a qubit can be in an arbitrary superposition of ‘0’ and '1’:

V) = al0) + 5|1)
with normalization conditiona|? + |5]? = 1.
e Maitrix representation of qubit states:

o-[i) w-[f



gudits = qunits
d-dimensional quantum states, generalized qubits

d—1

P)g = Z cnln)

n=0
with normalization condition

d—1
> leal* =1
n=0

special cases
2D qudit = qubit
3D qudit = qutrit
4D qudit = (qu)quartit = ququart
5D qudit = (qu)quintit

optical qudits are spanned ifi-dimensional Fock space
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guantum (logic) gates

basic quantum circuits
operating on a small number of qubits

they are for qguantum computers what
classical logic gates are in conventional computers

Pauli X gate = qguantum NOT gate = bit flip

.. Jo1
Xky=[1@k), k=0,1
examples

wm-s[1]- [} -»

i)+ 8 = | 1o [ 5| = | ] =810+ el
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Pauli Z gate = phase flip

10

Z|k) = (=1)F|k), k=0,1

example
zGaloy+ i) = o [ 5] = | 25| = el - s

Pauli v gate = phase flip + bit flip
0 —i
i 0
YIE)=i(-D*1ak), k=01

example

v+ o = || [ 5] =1 7] =010+ ialn

YE@'X:[



phase gate

. [10
= o]

Hadamard gate

: 1
_ 1
H_ﬂL—J

examples
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Bloch representation/sphere

1) —COS( > 0) +ez¢sm( ) 1)



gubit rotations

e rotations on Bloch sphere

AN

Rn(20) = exp(—ifn - o)

— o7cosf —in-osinf

= o7cost —i(ny0, + nyoy, +n.0.)sinb,

o Pauli matrices (and identity matrix)

0p =

Q
Ny
It

Q
N
Ii

Q
~
Il

0| = oal+ o

o | =i
o | = o=
1= 1] =0+ ma
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e rotations about k = z, y, z axes- special cases dt,,(0)

Rk(‘9> = EXp (—ig6k) =07 cosg — 10, sing

or explicitly

. . i 0 _;qnt

0 = - [ S,
! > >
U "

~ _ ~ _ COS§ —Sln§

Y(0) = Ry(0) _sing cosg ]

R R [ 6—it9/2 0

260) = RO =7 in ]

e Do we need allXY Z-rotations? NoO!
e.g. we can omig-rotation as

AN

2(0) = X(E)Y (0)X(-5) = Y(H)X(-0)Y (-5).

e any single-qubit gate
can be written as a decomposition ZY (or, equivalently, XY or XZ)

U = e"“Ru(0) = '“Z(0,)Y (62)Z(65)
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Bloch vector (Pauli vector) for a qubit

e IN any pure state
4} = cos (g) 0) + € sin (g) 1)

IBloch = (T2, 7y, T2) = (sin @ cos ¢, sin fsin ¢, cos )

we have

e IN any mixed state

~ | P11 P12
P [/021 ,022]

(67 + e - 6)  (so-calledPauli basig

NI— DN~

(61 + 130, + 140, +7,02)
we get

I'Bloch = <(3’>
— Tifpe]
= (2Repa1, 2Impa1, p11 — p22)



o Exemplary proof:

Tr[po,] = Tr[%(&] + 130y + 10y + 1.0.)0,]

Trlo16,| + riTY|0,0,) + v,/ Tr|0,0,] + 7. Tr]0.0,))

Trlo,] + roTv|of] + r,Tr|—io.] 4+ r. Tr[ic,])

NI— N~ N~ DN~

/N 7 N N

0+ 2r,+0+0)

|
%
S

maoreover

wpod = (| 2] [ 0])
— Ty [ P12 P11 ]
P22 P21
= p12 + p21 = P31 + p21 = 2Re po1 = 2Re py1o
e Properties:

Irploen| =1 —for pure state,
Irplocn| <1 —for mixed state

17



Kronecker tensor product

let

-|

ail a2
a21 A22

then

w5

aii

ai1b11
ai1bo
az1b11
az1b21

b11 b1o
| Da1 b2g |’

o1 b11 12
| a1 bgo |

ail a2
9
a21 G922

||

a11612

&11522
a11b12

CL11522

|

bll b12 ]
b21 b22

b11 b12 ]
ba1 Do
a1 b11 b12
i ba1 ba2 _
oo b11 D12
| o1 boo | |
a12b11  a12012
aj2ba1  ajaba
axbir a2
a22b91 12090 |
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two-qubit pure states

1Y) = «|00) + 3|01) + v[10) + §|11)

notation of two-mode states

) = [V)a@ [W") g = [0)al") g = [WY") ap = [W"")

matrix representation
L

- [efi]- |3

,[10) =

|11) =

I 1
S = O O
L |

1 1
_ o O O
| ]

I 1
o O~ O
L I



matrix representation

1) = «|00) + 3|01) + v[10) + §|11)

Jeofo e i)+l o)+

1 [ () [0 ] [0 ]

0 1 0 0
=al + 3 ol T +9 0

0 | 0 | 0 1]

2 QL

0
1

||

0
1

|
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Universal set of gates for quantum computing

e rotations of single qubits

e any nontrivial two-qubit gate (e.g., CNOT, NS, C2)
CZ and CNQOT gates

CZ = controlled phase gate (CPhase)
= controlled sign gate (CSign)

control bit target bit| CZ CNOT
0) 0) 0,0) | [0,0)
0) 1) 0,1) | |0,1)
1) 0) 1,0y | ]1,1)
1) 1) —[1,1) | |1,0)

or equivalently
CZ:|q1,q) — (—1)1%|q, qo)

CNOT : |q1,¢2) — |q1,¢1 9 q2)
whereg, = 0,1 andg; ® ¢ = mod (¢ + g2, 2).



Introduction to guantum-optical cryptography

basic cryptographic terms
Vernam protocol
guantum key distribution
BB84 protocol

security and no-cloning theorem

a note

guantum cryptography is, probably,
the most important application of quantum optics nowadays

22
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basic cryptographic terms (I)

Plaintext
a string of numbers (letters) of our digital alphabet

Encryption
a computation which is usually quick and easy to perform

Decryption

qguick and easy computation is only when some
additional information is available
otherwise it Is very long and time consuming computation
Key
a set of instructions to encrypt and decrypt a message,
e.g., randomly chosen series of numbers known
to Alice and Bob only




basic cryptographic terms (11)*

cipher
1. encryption scheme
= cryptographic algorithm
= math. function for encryption and decryption
using a key
2. encrypted message = ciphertext = cryptogram

cryptosystem = cryptographic algorithm
+ all keys + all cryptograms + all cleartexts

cryptology = cryptography + cryptoanalysis
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exemplary digital alphabet

01 A 02 A 03B 04C 05 ¢
o6 D 0/7E O8 E 09F 10G
11H 121 13J 14K 15L

16 ¢ 1/7M 18N 19 N 20 0

210  22P 23Q 24R 25S
26 § 27T 28U 29V 30W
31X 32Y 33Z 34 z 35 %
36 37- 38?7 39, 40 .

cleartext: AD A M
plaintext: 01060117




symmetric algorithms

cleartext

. 3

plaintext

. 3

ciphertext

Z

plaintext

Z

cleartext

27

Encryption using key k
B key distribution
Decryption using the same key k



asymmetric algorithms

cleartext

Fublic-key algorithms

Z

plaintext

Z

Encryption using key k, (public key)

ciphertext

Z

Decryption using key k, (private key)

plaintext

Z

cleartext
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first paper on quantum cryptography

1983 (1970 1)
by Stephen Wiesner

first description of quantum coding

ﬂ How to print banknotes,
which cannot be counterfeited

ﬂ How to combine two messages such that
by reading one of them,
the other is automatically destroyed
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eavesdropping on classical system

two steps:
1. Eve makes a copy (clone) of
the information carrier
2. and reads information from the copy

Z

passive monitoring of
classical information Is possible




31

eavesdropping on guantum system

Eve cannot clone the information
as she does not know the state
of the ,carrier” of information

Z

monitoring disturbs
guantum information
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no-cloning theorem

It IS iImpossible to make a copy of an unknown guantum state.

[Wootters, Zurek and Dieks (1982)]

This is one of the most fundamental theorems of
guantum mechanics and quantum information

» Qquantum cryptography IS secure

» superluminal communication by using entangled states is impossible

» guantum teleportation seems to be also impossible ???
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Helsenberg uncertainty principle

m passive eavesdropping Is impossible

1. It Is possible to disinguish two
polarizations at o = 0° and 90°

2. It Is possible to disinguish two
polarizations at a = 45° and 135°

3. It Is possible to change quickly
polarization (e.g. by Pockels cell)

4. BUT It Is Impossible to measure
simultaneously four polarizations at
a=0°, 90°, 45°, 135°




a birefringent crystal

for example Iceland spar (calcite) or BBO
enables discrimination of polarizations perpendicular to each other

photons polarized I I I I
horizontally

>
<«
D
>
<«

photons polarized
vertically

®
®
®
®
®
®
®
®
®

photons With §Ianted f f f f
polarization

®
®
®

>
>

crystal



scheme of Bennett & Brassard (1984)
= BB84 protocol

two channels:
1. quantum private for key distribution
2. classical public (e.g. internet)
for cipher transmission

key

-

Alice Bob

-

cipher
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BB84

2 stages:
1. quantum key distribution
2. classical encryption
e.g.Vernam protocol

PROBLEM:
How can Alice and Bob establish
their common key?




Vernam cipher/protocol (1918)
= Che Guevara cipher
= one-time pad

algorithm
addition modulaV (e.g. 40)

key
1. a series of randomly chosen number
2. physically safe

3. not shorter than the length of message

Vernam cipher is unbreakable
If the above conditions are satisfied.

37
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example of Vernam protocol

Key is a series of random numbers:
16 19 24 03 13 24 07 25 10 23 20 19 22 38 14 16 12 16 11

cleartext:
A D A M M R A N O W | CcC Z Z O N

plaintext:
01 06 01 17 36 17 12 24 01 18 20 30 12 04 33 36 33 20 18

Sum:
17 25 25 20 49 41 19 49 11 41 40 49 34 42 47 52 45 36 29

Sum mod (40):

17 25 25 20 09 01 19 09 11 01 40 09 34 02 07 12 05 36 29

cipher




BB84 (1) .

conventi on
| (=90°) and \ (a@=135°) => bit 1
- (a=0°) and / (a=45°) => hit O

1. Alice sends photons
01 02 03 04 05 06 0O7 08 09 10 11 12 13 14 15

+ + X + X X X + X + + X X + X base
| -\ |/ / N\ |/ - | \V'\ -\ polarization
101100110011 101hbit
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BB84 (2)
2. Bob randomy chooses the neasurenent base

01 02 03 04 05 06 07 08 09 10 11 12 13 14 15

|-\|//\|/-|\\-\ polarization of

Alice’s photons

+ X + +F X X + + X + X X + + X Bob’s base

|\-|//||/-/\--\ polarization of

photons after
measurement
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BB84 (3)

3. Alice and Bob publicly conpare bases

01 02 03 04 05 06 07 08 09 10 11 12 13 14 15

+ + X + X X X + X + + x X + X Alice's bases

+ X + + X X ++ X + X X + + X Bob'sbases

ynnyyynyyynynyy test
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BB84 (4)

4. Alice and Bob keep only those results
obt ai ned for the sane bases

01 02 03 04 05 06 07 08 09 10 11 12 13 14 15

1. . 100. 100. 1. 01 Alice'sseries
1. . 100. 100. 1. 01 Bob'sseries
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BB84 (5)

5. Alice and Bob publicly check results
for some photons say 1, 5, 10, 14th.

01 02 03 04 05 06 07 08 09 10 11 12 13 14 15

1. . 1 00. 100. 1. 01 Alice’sseries
1. . 100. 100. 1. 01 Bobsseries

K K XK K
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BB84 (6)

6. They reject the bits for the tested photons
01 02 03 04 05 06 O7 08 09 10 11 12 13 14 15

* .1 *0. 10* . 1. * 1 Alcesseries

* ., 1*0. 10* . 1. * 1 Bob'sseries

thus the secret key known only to Alice and Bob is

1 01011
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Test of agreement

1. Alice and Bob compare arbitrary subset of their data.
(Obviously, the tested subset is then not used for the key.)

2. Methods:
(a)testing bit after bit
(b) testing parity
e.g 20 times= (1/2)%° ~ 0.000001

3. If the subset reveals eavesdropping,
all the data of Alice and Bob are rejected and
the BB84 protocol is repeated.

4. privacy amplification
viae.g. Bennett-Brassard-Robert, Ekert et al. or Horodecki et al. schemes
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Eve’s strategy of eavesdropping (I)

Eve measures a photon sent by Alice
(e.g. by using another calcite crystal)

QUESTION

What is the probability that

a single photon was measured by Eve,
but Alice and Bob have not realized it?

ANSWER
3
=7

the probabillity is surprisingly high!



Base
Polarization

Probability

47

strategy of eavesdropping

Alice Eve
+ +
1/ 2

Alice Eve
+ X
| /

1/ 2*1/ 2
Alice Eve
+ X
| \

1/ 2*1/ 2

Bob
+

Bob
+

|
1/ 2

Bob

1/ 2

1/ 2

1/ 8

1/ 8




security of BB84
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for 1 photon P,=3/4
so for n photons P =(3/4)"
e.g.
P,=(3/4)> ~ 0.56
P,,=(3/4)1° ~ 0.06
P,,=(3/4)?° ~ 0.003
P100=(3/4)190 ~ 10-13
and for 1000 photons
P. 00o=(3/4)1000 ~1-125
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famous protocols of
gquantum key distribution

1984 Bennett-Brassard protocol (BB84)
1991 Ekert protocol based Bell’'s inequality (E91)

1992 Bennett-Brassard-Mermin protocol
a la Ekert protocol but without Bell's inequality

1992 Bennett protocol using any two
nonorthogonal states (B92)

2004 Englert et al. protocol claimed to be the
most efficient nowadays (Singapore protocol)



gquantum algorithms and Cryptogré(bhy

1985 Deutsch (Deutsch-Jozsa / DJ) algorithm:
How to see both sides of a coin simultaneously?

1994 Shor algorithm for number factorization:
How to break cryptosystems of
RSA, Rabin, Williams, Blum-Goldwasser,...?

1994 Shor algorithm for finding discrete logarithms:
How to break ElIGamal cryptosystem?

1997 Grover algorithm for searching databases:
How to search the keys more effectively?



Information Is physical
Jnformation is inevitably tied to
a physical representation and
therefore to restrictions and possibilities
related to the laws of physics”
[R. Landauer]

o1

classical cryptography is
a branch of mathematics

guantum cryptography Is
a branch of physics
- mainly of quantum optics
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guantum entanglement

= Inseparabllity
= Verschrankung = entwinement
(Schrddinger 1935)
It is a quantum phenomenon in which
the quantum states of two or more objects (possibly spatially separated)
have to be described with reference to each other.
definition
A bipartite pure state is
separableif [¢ap) = [¢4) ® [¢5)
entangledif [yap) # [¥a) ® [¢¥5)
A bipartite mixed state is
separableif piz = > pip, ® p
entangledif pas # X, pip'y ® ply
where) . p, = 1 andp; > 0 for all <.
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guantum entanglement
& Einstein-Podolsky-Rosen paradox

How to ‘violate’ uncertainty relation ?
Can we measure exactly bothzcompontents of spin?

2

var Sixvar Siy = hT<Slz>

—s0 v Go—

Six+ Sox = O, Sly + SZy =0

So let's measure Six1 S22y to determine Soax1 Siy
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Bell states (EPR states)

maximally entangled two-qubit states

94)=[w7) = (1) -[1f0),)  srolesae
0= %) = (00D +[Df0))  oneorte
9c)=|0) = (00} ~[1)41))
90)=]©) = (040 +[1)41))
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maximally? entangled states of 3 qulpits

GHZ (Greenberger-Horne-Zeilinger) states

LIJ(IE-HZ>

LIJ(:;'HZ>

1

2
| Pw)=

W)=

ﬁQOoo>i\11J>)

1 (010 +|101)

1

"

‘ LIJ(;HZ> =

‘ LIJGHZ>

W states

V2

(100 +|010) +|001)

(011 +|104) +|110)

&\Ha\p

(001 +[110))

~ (1200 +|011)



Bell states in matrix representation

0
) = on) —10)) = 5| | 1) = Ljor) +]10)) =
0
-
00 = L(lon) — 1)) = L | 0 |, 80 = 2(]00) — [11)) =
—1

a GHZ state in matrix representation
|9y = =5(]000) + [111))

(o] Lol o]+ 1] [3] e 1]

QlOOOOOOO + [00000001]7) = --[10000001]*

Sl

||
Sl
&I

&
1 1 1 1
_ O O O = = O
| ] 1 ]

vﬁ

Ul
(@))
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Applications of quantum entanglement (1)

In quantum information theory:

e dense coding [Bennett and Wiesner'92]

e quantum teleportation [Bennett et al."93]

e entanglement swappingikowski et al.’93]

e superfast [Shor'94] and fast [Grover'97] algorithms
e quantum error correction [Shor'95, Steane’96]

In quantum cryptography:

e (uantum key distribution [Ekert’'91, Bennett et al.’92]
e privacy amplification [Bennett et al.’96, Deutsch et al.’96]
e secret sharingqukowski et al.’98]

e quantum authentication [Ljunggren et al.’00]

e quantum watermarking [Imoto et al.’05]
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Applications of guantum entanglement (I1)

IN guantum communication:

e to simplify communication complexity [Cleve & Buhrman'97]

INn quantum state engineering:

e telecloning [Murao et al. 99]

e remote state preparation [Bennett et al.’01]

to increase precision of quantum measurements:

e (uantum noise reduction in spectroscopy [Wineland et al.’92]

e to improve frequency standards [Huelga et al. '97]

e better clock synchronization [Jozsa et al.’ 00, Chuang’00]

¢ Interferometric lithography beyond diffraction limit [Boto et al.’00]
classical limit: A /2

quantum limit: A /(2/N') for N-photon absorption



59
examples of separable states

example 1
) = <5(110) + 1)
oroof
) = (104100 1Lale) = —5I1).a(0)+1)s) = |1>Aj0>3j§'1>f 1a4)5
)5
example 2

) = 5(100) + [o1) +[10) + [12)
proof:
9 = {00410} 5 + 11)5) + 114005 + [1)5)] = 510)4 + 10210} 5 + 1))

_Da+Da [0+ 1)5

V2 V2

= [+H)alt)s
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example of inseparable state
- singlet state

01)—10)
V) ="—7

proof that it cannot be written as a product state
B = (al0) +B]1)) @ (@/]0) + 1))
= aa'|00) + ab'|01) + ba’|10) + bV |11)

where
lal* + [b]* = [a']> + |V']* = 1
a,a’, bt/ €C

So we geset of equations

1 1
aa' =0,ab = —.,ba' = ———.,bb' =0
V2 V2

which admits no solution.



example of inseparable (Bell-like) state

) = £(]00) + [o1) + [10) — [11))

proof:
_ 1 0)s+[1)5 0)s —HsY _[0+) +]1-)
W) = 2(‘O>A\ @ ,HDA @ ,> N
=+)5 =-)B

this state can be obtained from a Bell state
by applying Hadamard gate to 2nd qubit

~]00) + |11)
[¢) = Hp NG
_ %qomg@)g +DaH]1L)p)

—I+) )

_ \%(\0>A]+>B +11)al-)8) o

61
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generation of all Bell states from one of them

e.g. from
00) + [11)
o)y _ |
20 ==~

flip qubit B = apply NOT gate to qubit B:

00) +[11) _ 01) +[10) _ - (4
X = = (U
phase flip qubit B:
ZB|OQ> + ‘1l> _ ‘OO> - |11> _ ’(D<_)>

V2 V2
flip + phase flip qubit B:

00) + |11) |01) — |10
y, 00+ 1D _ |0y — J10)

g
72 VR




How to generate Bell states from00) #1
Bell state|d(+)) :
UcnotH 4]00) = Uenot| + 0)

0) +11) 100) + [10)
= U 0) =U
oNoT— 75 0) oNoT 5

10,00 0) + 1,0 1)
V2
00y + ]11)

_ |+

Bell state|d(7))
UcnoTH 4 X 4]00) = UenotH 4|10) = Ucnort| — 0)

C0,0®0) —[1,0@ 1) ]00) — [11)

—p)

63
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How to generate Bell states from00)  #2

Bell state|¥(+)) -
UcnotH 4 X 5|00) = UcnotH 4]01)

1@ +|Lle
V2

= Ucnorl| + 0)

~]01) + |10)
W2

= [0

Bell state|¥(~)) -
UcnotH 4 X 4 X 5|00) = UcnorH 4|11)

0,160)— 1,161
= Ucnot| — 1) _ | >\/§| /

1) - [10)

_ )
\/g _|\IJ >[]
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Generation of Bell states

general formulak,! = 0, 1)

o) + (=DM e )

UCNQTHA|]<JZ> — \/5 — |Bellkl>
qubit A ‘k> H —l— Bellk|>
qubitB I} b

CNOT

obviously, we can obtain Bell states by:

D

qubit A \I> ‘Bell{d>
qubit B ‘k> — H L

CNOT




UcnoT
r
UCNOT

Uswap

CNOT and SWAP gates

CNOT CNOT’ SWAP
In | out In | out In | out

00 | 00 00 | 00 00 | 00
01 | 01 01 | 11 01 | 10
10 | 11 10 | 10 10 | 01
11 | 10 11 | 01 11 | 11

:CQOO>—|—01 01>—|—CQ 10>—|—Cg 11>ECOO>—|—01
:C()OO>—|—0101>—|—63 10>—|—CQ 11>ECOO>‘|—01
:C()OO>—|—6301>—|—CQ 1O>—|—61 11>ECOO>—|—63
= 0|00) + c2|01) + ¢1]10) + c3]11) = ¢0]0) + ¢
£
J/
G— ——

CNOT CNOT’ SWAP
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CNOT and SWAP gates

IN matrix representation

UcnoTt

)
UCNOT

Uswap

o O O = o O O

o O O =

S O = O

_ o O O
o = O O
o O = O

O = O O
o O = O

_ o O O
o = O O

_ o O O
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Generation of Bell states

» decay of a particle with spin O into 2 particles with spin %2

1
Wy = ﬁ(‘ T4y =4 )x T>y)
» light generated by paiametric down conventer (PDC II)
W= (H)V) e V)H))
1 |
@)o= = (H){H) +eIV)V))
» output light of beam splitter 50:50 with a single input photon
1 i
@)= (|01 +€"1{0))

» projection of separable state onto entangled one
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Entanglement

from a mystery to a physical resource

e An entangled wave-function does not describe the physical reality in a
complete way. [Einstein,Podolsky,Rosen]

e For an entangled state is the best possible knowledge of the whole does
not include the best possible knowledge of its parts. [E. Schrédinger]

e Entanglement is a “fundamental resource of Nature, of comparable im-

portance to energy, information, entropy, or any other fundamental re-
source.” [M. Nielsen, |. Chuang]
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Entanglement is...

e a correlation that is stronger than any classical correlation. [J. Bell]

e a correlation that contradicts the theory of elements of reality.
[D. Mermin]

e atrick that quantum magicians use to produce phenomena that cannot be
imitated by classical magicians. [A. Peres]

e a resource that enables quantum teleportation. [C. Bennett]

e a global structure of the wavefunction that allows for faster algorithms.
[P. Shor]

e atool for secure communication. [A. Ekert]

e the need for first applications of positive maps in physics.
[Horodecki family]

[collected by Dagmar Brul3, quant-ph/0110078]
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Measurement of entangled spins
and Bell inequalities

Stern-Gerlach filter

filter 2

N, (a, 8) — number of outcomes when spii was measured
In filter 1 at anglex and in filter 2 at angley

N —total number of outcomes
probability P , (a, 3) = Ny (a, 5)/N



72
o QM predictions
for electrons in singlet state

)y = | Dl e =TIl T _ [ T1)—11T)
V2 V2

then
}14%5%=R_@w%=—$ﬁ(a;ﬁ)

special cases:

l.a=p = spins of opposite values
1
= P (o,a)=P_ _(a,a) =0, Py (o,a)=P_(a,a) = 5

2.6=5+a = measurement of 2 independent spins

N ammhpmw%ﬂh@@=P®ﬂFi



e Bell inequality for 3 series of measurements

N++<Of, 5) -+ N++<67 7) > N++<057/7)

Pii(a,B)+ Piy(B,7) 2> Pii(a, )

o Vviolation of Bell inequality
occurs, e.g.,foon =0,8 =n/4,v = m/2

LHS = sin®(7/8) = 0.146 - - - RHS = 0.25
Mathematica;

Pla_, b ] := 1/2*Sin[(a - b)/2]*2
LHS = P[0, Pi/4] + P[Pil4, Pi/2]
RHS = P[0, Pi/2]
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Bell assumptions

1. reasoning by induction
— from large number of measurements probability can be determined

— this is very natural assumption

2. realism
— physical objects have properties independent of whether we measure
them or not

3. locality

— measurement by filter in position 1 does not influence
the result of measurement by filter in a distant place 2

e violation of a Bell inequality implies that
the world isnonrealistic or/and nonlocal

o “the deepest discovery In history of science[Stapp]
as enables to decide experimentally a dispute between Einstein and Bohr.
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Aspect et al. tests of Bell-CHSH inequalities (1984)

™ | | s
il Y A7AS B B M |~

| | o
@ PM PM @

@©

Key:

C — correlation systems

S — source of photons

P4, Pg — polarizing beam splitters = optical analogues of Stern-Gerlach filters
I, ~ fy; — intensity ofkth beam

PM — photon multipliers
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o What is measured in the experiment?

~ AUay = Ia )y — Ip))
Floa on) = <(AAA+A+ jA—)(ijLAﬂL [AB—>>A A A
_ <{A+{B+> + UaIp ) — Uardp ) — (IaIpy)
(Tas1IBy) + <AA— AB—> + <jA+jB—> + <]A—jB+>

at any angleg 4, ¢z.

» Bell inequality according to Clauser-Horne-Shimony-Holt

S| <2
where
S = E(¢y, ¢p) — E(dy, o) + E(94, ') + E(¢4, ¢p)
should be satisfied for realistic local theories.
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e polarization singlet state

H)alV)s — [V)alH)p
V2

) -

e QM predicts that
E(¢A7 ¢B) — P—I——I—(qua ¢B> -+ P——(¢A7 QSB) — P+—<¢A7 ¢B> — P——i—(QbA, ¢B>

whereP;.(¢4, o) in the former slides
o maximal violation of Bell inequality

max |S| = 2v/2
which can be obtained for the following angles of polarizers
/:O /:z //:z //:3z
¢A ) (rbB 47 A 27 QSB 4

as

3 3
S = —3cos’ (g) + cos? (g) + 3sin? (g) — sin? (g) = —2\/5 ~ —2.8

o Note the same setup of Aspect was used for testing
violation of Schwarz inequality
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possible loopholes of Bell’'s inequalities (Bl)

e In the present experimental Bl tests
e In the proof or assumptions of Bl
¢ In the Bl interpretation

|. experimental loopholes
there has been no loophole-free experimental test of BI.

1. detection efficiency and fair-sample assumption
None experimental test does not detect 100% the particle pairs emitted.
Thus it is not clear that the pairs registered are a fair sample of all pairs
emitted.

2. causality:

The choice of measurement settings of Alice and Bob should be
truly random and placed asufficient physical distance
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Il. loopholes in Bl assumptions

1. Independence assumption

There are physical processes independent of the Bell experiment that can
be used as an effective sourcerahdomness

lll. interpretational loopholes

Accepting that Bell's theorem is true then either locality or realism might be
false.

1. universe is non-local but real
e.g. Bohmian hidden variable theoryis explicitly non-local and
contextual, but still fairly natural looking.

2. operationalism of quantum mechanism (QM)
the standardCopenhagen interpretation

QM is just a set of recipes for calculating probabilities of measurement
results.

It says nothing about an underlying physical reality, which may not even
exist, and therefore nothing about its locality.



80
loopholes in Aspect’s et al. experiment (1982)

1. a fair-sample assumption

All experiments so far detect only a small subset of all pairs created thus it
IS necessary to assume that the pairs registered are a fair sample of all pairs
emitted.

2. causality
(1) no true randomization
Analyzers were not randomly rotated during the flight of the particles.

Aspect et al. switched the directions of polarization analysers after the pho-
tons left the source, but they used periodic sinusoidal switching, which is pre-
dictable.

(1) no true space-like separation

The necessary space-like separation of the observations was not achieved by
sufficient physical distance between the measurement stations.

o Bl test more ideal than ever by Zeilingeret al. (PRL 1998) on
“Violation of Bell's inequality under strict Einstein locality conditions”.



Two definitions of entanglement
Def. 1.A statep 4 is separable iff

PAB = szﬂix ® plp

where) . p;, = 1 andp; > 0 for all <.
Def. 2.A statep,p is separable iff

pap = Y Pl (WLl @ i) (i
where) . p;, = 1 andp; > 0 for all <.

These definitions are equivalent,@s(andp’,)
can be expanded in terms eigenvectors

Ph=>Y gl

where) . ¢; = 1 andg; > 0 for all z.
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General definition of bipartite entanglement

A statep s p IS separable iff
it can be written oapproximatedin, e.g., trace norm) by

PAB = ZP@PQ R ply
where) . p; = 1 andp; > 0 for all <.

systems of finite dimensions

If p4p acts in finite-dimensional Hilbert spaces
then theapproximationpart is redundant.

trace norm
|A|| = Tr|A] = Tr(V AT A)
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Can we decompose Bell states

Into separable states?
e.g. the ‘triplet’ state

5
WV =N " pifag) (ai| @ [b;) (b
1=1

A
101—]92—}?3—3, P4 = P5 = 5
0) + 1)
a f— b f—
a1) = |b1) 7
0) 4 e27/3]1
as) = [by) = 12 1L
V2
0) + e~127/3|1
\a3>:\b3>:|> 1)
V2

jag) = 10), |ba) = [1), las) =[1), [bs) = [0)
note thatp, = p; < 0

thus it is not aconvexcombination of product states

and the state is entangled.
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Werner state

l—p. .
P —— R N L]

4
IS mixture of maximally entangled state
’\P(i)> _ ‘01> + |1O>
V2

and maximally mixed state

1y = 1, = 00)(00| +[01)(01] +[10)(10] 4|11} (11| =

the Werner state is entangled
E(pw) > 0forall: <p <1
and violates Bell inequality
B(pw) > 0forall 5 <p<1

o O O =

o O = O

O = O O
_ O O O

34




decomposition of Werner state

7
o) =" pilas)(ai| © |b) (b

1=1

2 o 1=3p . 1=p
p1—p2—p3—§, P4 = P5 = 1 p6—p7—T
oy 0+ 1)
a1> — b1> — \/i
B B O> _|_€z'27r/3|1>
CL2> — b2> — \/5
0) + e=7/3|1)
Cl3> = b3> =
V2
ay) = [0), [bg) = |1)
CL5> = 1>, b5> = O>
CL6> = O>, b6> = O>
a7) = [1), [b7) =|1)

clearly, the state is separable only foK % when allp;, > 0.
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Werner and Werner-like states

o) = =Ll @1+ ply) i

original Werner state

[y} — [0 = B

Isotropic state (Werner-like state)

) — |0) = B

other Werner-like states

) — |wth) = o

¥} — 0o0) = B

two qudit (d-dimensional) isotropic state

p(p) = 2 194 4 ploly (@)

where——— < p <1

d— ..
04y = LS i)
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properties of Werner states

1. They are so-callethaximally entangled mixed stategMEMS)

o entanglemenE(pW) cannot be increased by
any unitary operations,

e entanglemenk(py ) is maximal
for a givenlinear entropy (and vice versa)

[Ishizaka, Hiroshima’00, Munro et al.’01]
2. Original Werner state exhibits ® U Invariance:
U Upy = pyy

3. All entangled Werner states (even foe (1/3,1/1/2))
can be used for quantum-information processing
includingteleportation [Popescu’94, Lee,Kim'00]
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nonlocality

quantum states are call@dnlocal if
there i1s no local unhidden variable model of their behavior.

Thus ameasurement of the wholean reveal
more information about the system'’s state
than any sequence of classically coordinated measurements of the parts.

1. nonlocality without entanglement
[Bennett et al. 1999]

There are orthogonal sets of product stateiswd qutrits
that cannot be reliably distinguished by a pair of separated observers
ignorant of which of the states has been presented to them,
even if the observers are allowed to communicate by LOCC.

Note: LOCC = LQCC

local quantum operations and classical communication
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2. entanglement without nonlocality

|
nonlocality and violation Bell-inequality
are often identified

(although there are some serious doubts about it)

2'. entanglement without violating Bell inequality
[Werner 1989]
two-qubitmixed states can be entangled without violating Bell inequality
e.g.Werner states and isotropic statesor

p € (1/3,1/4/2)

are entangled and satisfy Bell inequality
thus they can be described in terpgslistic local theories

Note: two-qubitpure states violate Bell inequality iff they are entangled.
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Schrodinger cat paradox

e questions
— how to interpret superposition of states and entanglement?

— can we talk about of superposition, entanglement or smearing of classical
objects?

o gedanken experiment of Schrddinger cat
Image a chamber containing:
—a cat
— a bottle with poison gas
— radioactive atom
— automatic device to release the poison when the atom decays
e state of the isolated atom after a time equal to its half-time is
1
=5 (1) +1d))

where|d) — decayed statéy) — undecayed state.
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e but the atom i€ntangledwith the cat via the apparatus

so the state is

1 .
E (|u>atom‘ahve>cat + |d>at0m‘dead>cat>

o Copenhagen interpretation
to understand it, one has to include the observer or measurement process:

the ,quantum chamber” has to be opened to check the state of the ,cat”.

(modern) definition of Schrodinger cat (state)
it is a superposition of two macroscopically distinct states

Note: the definition can be applied to a single mode, thus not necessarily has
to be related to entanglement

e €.g. superposition of two coherent states
[¥) = Nla) + €| — )]
whereV is a normalization constant assuming: R
N =24 2cos pexp(—2a2)] H/?
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special cases @InNgle-mode Schrodinger cats

—even coherent stateor o = 0:

|¢+> — N+(‘Oé>+‘_04> — \/WZ ‘277“ —‘O>
—0dd coherent stateor ¢ = =
o0 2n+1
’¢—> :N_(‘&>_‘_&>)_\/WZ\/2TL+ ‘2n+1>5’1>L

— Yurke-Stoler statesfor o = +7/2:
L (jo) £ — a))

V2

e NOte the above states amdt mixtures of coherent states

puie = 5 (l){a] + | = a)(=al) # ¥}

Wys) =
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two-mode Schrddinger cats

continuous variable (CV) version of two-qubit Bell states

D) = —(j00) + |11)1) = MV(Jav, ) + | — @, —B))

V2
@<»=§;mmfmwm=Amm—m+w—mm>
mH»=§;mn+umm=wam—\—m—m>

W) = —=(|01)1 + [10)1) = N (Jer, =) — | = a, 3))

S5 -

assumptiony = 3
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exemplary proof of a CV Bell state

definition of logical qubits¢ = ():
0)r =No(18) + 1= 8))
1) =N_(I8) — | - 5))

SO

1 NN
00} +1005) = 2= () =) (18)+1 =) (1)~ | =) )(18) ~|=5))]
NN

[|O‘75>+|O‘7_5>+|_Oéaﬁ>+|_oéa_ﬁ>

V2

+Ha ) = lo,=8) = | — @, B) + | =, =)

— \/§N+N—(‘&7ﬁ> + ‘ — G, _ﬁ>)
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Problems

— How to generate single photons?
— How to generate Bell polarization states?
spontaneous parametric down-conversion (SPDC)

a nonlinear optical phenomenon in which a nonlinear crystal splits incoming
photons into pairs of photons of lower energy.

Hamiltonians
(for simplicity assume = |g|)

1. hamiltonian for a degenerate process
Haey = hgla® + (a°)T)

2. hamiltonian for a nondegenerate procestyfe |

H, = hgalal + h.c.

Note: signal ) and idler ¢) have the same polarization
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spontaneous parametric down-conversion (SPDC)

. signal
a)p / S

. 4@
pump T~ @ idler

nonlinear crystal

S:'i ki “ lws
IZ W
p

momentum conservation energy conservation




type | parametric down convertéf

pump




type | parametric down convertéf

orange
red
deep red

type |l parametric down converter
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3. hamiltonian for a nondegenerate procestyfe |l

Hy = hg(al, b, + ab, al,) + hc.
where

V (H) - linear vertical (horizontal) polarization

&TVS — creation operator for signal mode of vertical polarization etc.

Note: signal and idler modes have perpendicular polarizations

short-time evolution

w) = e () [0(0) ~

—type | process:

1+;ﬁ+;(;ﬁ)]wm»
11(0)) = 10)4]0); |

wherer = gt



—type |l process:
19(0)) = 10)v5|0) 15]0)vi|0) a;

[$(®) = (1= 57)|0)vsl0) 1150}yl 0)
— (1w 0) s | Ol ) s+ 100w 1) s 1w 0) )

V2
e Notation:

0Ovsl0 s = [0)s,  [DvslOus = [V)s,  [0)vs|Dus = [H)s,
and analogously for mode

thus we have

96 = (1= 3710)50)s = <= (V) H): + | H) VD)
the second term ispolarization Bell state
1
Uy = —(|[V)s|H)i + [H)s|V)i)

V2

100
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How to generate other polarization Bell states?

— place half-wave plate (HWP) on the path of one beams:
1 1
= —(|V)|H)i + [H)s|VYi) — —=(|H)s|H); + [V)|V):) = [&F)
ﬂ(|>\> [H)s|V)i) ﬂ(|>!> V)slV)i) = |977)
— use phase shifter or simply rotate crystal to chamge
1
V2

e this is how all four Bell states can be obtained including:
1

V2

_ L
V2

the experimental method was developeddiyiat, Zeilinger et al. (1995)
using crystals of BBO type II.

)

(W) — [1) = —=(|V),|H)i + e[ H),|V)))

) (V)| H)i — [H)s[V)i)

20 ([H)s|H)i = [V)s[V)i)
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standard matrix representations of qubit states

so far we have been applying the orthonormal basis

o-[1] w-[!

satisfying thddentity resolution
= oo+t = | o [+ [ Sou= {501+ [0 1] =611
then theNOT gateis
£ = oal+ ol = |9 5|
and theHadamard gateis

H = 0)(+| + [1) (=] = [) (0] + [-) (1] = %[1 —11]

can we define other representations?
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another matrix representation of qubit states

P 1
[_2

|

1
1

X = [0y + 1)0] = & ][1,—1J+

let’'s use the orthonormal basis

0= | =5[]

then
om =41 L | =0

identity resolution

R Y L (e A T R T

NOT gate
1

DO | —

e 4o

Y NSl S Y B S T I
2l -1 2 -1 -1] |0 -1
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Hadamard gate

note that

+) = (10) + 1)) =

S

S

=) = 5(0) = 1)) =
SO

)+ 1) (=
1

LT

o)+ el )~ val
ohase-flip gate

Z= oo~ =4{ y |nu -4 4 o -t

S R

I 1 | 1
—_ O O =
| ] L ]

H=

-

S5l

N |—
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rotated matrix representation of qubit states

orthonormal basis

’O>:[COS€]7 m:[—sm@]

sin 0 cos 0

or equivalently
0)'] [ cos@ sind][]0)
1) | | —sinf cos@ || |1)
In terms of standard qubit representatigiys= [1; 0] and|1) = [0; 1]

identity resolution

I = COSQ] [cos 6, sin 6] + [—Smﬁ

_sin9 cos 6
B [ cos?d sin@cos@] N [ sin” 6 —sin@cos@] B [1 O]

| sin Ocosf sin’f —sinf cos b cos® f 01

] |— sin 6, cos 0]

NOT gate X = [_Sm(29> 008(29”

cos(260) sin(26

—sin(20) + cos(26), sin(20) + cos(26) ]

Hadamard gate H = 7 [ sin(260) + cos(20),  sin(26) — cos(20)

-
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singlet state and rotations of analyzer

Measurements of the polarization singlet state at different angles of the crystal
0°,90%) —190%,0% 16,6+ 90%) — |6 + 90", 6)
V2 V2

unitary transformation

0) = alz) +bly), (1) = clz) +dly)

proof
01) —110) _ (alz) +bly)) ® (c|z) + dly)) — (clz) + dly)) © (alz) + bly))
V2 V2
aclzx) +adlry) + belyx) + bd|yy) — aclex) — adlyx) — beley) — bd|yy)
N V2
_ ad(|zy) — Jyx)) — be(lzy) — |yz))
V2

V2 V2

[ZL Z] 2y) — lyz) _ islzy) — ly)
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CNOT as a cloning device?

Uexor(al0) +b[1)) ©10) = al0,0 & 0) +b[1,0 & 1) = al00) + b[11)
40)+b1,
0

now measure one of the qubits...

a{ OO> + b‘11>
CNOT

It is a cloning device iflub = 0.

requirement for a cloning device

U(a\()} + b\l}) 2 |s) — (a|0> + b|1>) ® (a|0> + b|1>)
— 2[00 + ab(|01) + [10)) + B2[11)

now measure one of the qubits...
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Quantum no-cloning theorem:

It is impossible to copy (clone, reproduce) an unknown quantum pure state.
proof
let us clone two states
Ulth) © [s) = [¢n) @ [¢n)
Ults) ® |s) = [2) @ [¢2)

SO

LHS — (<s| ® <w1|fﬁ) (U\wz> ® \s>) = (¢1]t2)
RHS = ((n @ (al) (1) @ 1) ) = (wrluin)’

equationz = z? has only trivial solutionsz = 0 andz = 1
SO

either|y) = [1)9) Or |1)1) Is orthogonal tgi),)
thus

It does not exist a general quantum cloning device
as the device can clone only orthogonal states.
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Further questions

1. Can we clone unknown mixed quantum states?
Impossible!

2. What about cloning by non-unitary operations?
Impossible!

3. What about optimal approximate cloning machines?
For example, a cloning machine of Buzek and Hillery (1996)

4. Can we clone known quantum states?
Yes.

5. Can we clone known quantum states by local operations?
In general impossible!
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Quantum cloning and stimulated emission

Wy, e (e | > ——

|0> ——

For each perfect clone there is also
one randomly polarized, spontaneously emitted, photon.

Another question

Suppose that we have several copies of a photon in an unknown state.

Is it possible tadelete the information content of
one or more of these photons by a physical process?
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Quantum no-deleting theorem:

It is Iimpossible to delete an unknown quantum state against a copy.
note
It is not (time) reverse of quantum no-cloning theorem.
proof
we try to find a unitary operatiobige such that

Usell) )| A) = [1)15)|Ay)

where
Y)Y = al0) + b|1) - arbitrary qubit state
A) —initial state of ancilla

Ay) —final state of ancilla (dependent om)

S) — some standard final state of the qubit
Let us analyze polarization states
[¥) = a|H) +0|V)



We expect

Ugel H) [ H)|A) = |H)|S)|An)
UaelV)IVIIA) = [V)[S)Av)

Udei|H>|V>\2\V>|H>‘A> _ |B)

where|B) is some combined input-ancilla state.

Thus, we have

LHS = Uaalt) )| A
= UaellalH) + H|V)) ® (al H) + bJV))|A)
= Usela®[H)| H) + ab(|H)|V') + |V} H)) + B[V)[V)]]4)
= &’|H)|S)|An) + V2ab|B) + P|V)|)|Av)

RHS = a[H)|S)|Ay) +b]V)[S)|Ay)
having only solution for

[Ay) = alAn) + b[Ay)
Vy({Ay|Ay) = 1= (Ap|Ay) =0

112
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and
[H)|S)|Av) +|V)[S)|An)

B) = 7

SO

) AV) + [V)|S) An)
V2

— (@ H)I9)|An) + ab H)S)|Av) ) + (ab|V)[S) An) + b2IV)|S) AV )

— ol H)|S) (alAu) + b|Av)) + 6|V)|S) (alAn) +b|Av) )

= (alH) +b|V))IS)Ay) = RHS

LHS = a|H|S)|Ay) + vIab T2 2 |V)|S)| Ay

Thus it is seen that
“deleting” Is just swapping onto 2D subspace of ancilla

as
|Ay) = a|Ag) +b|Ay).
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no-go theorems

1. quantum no-cloning
[Wootters,Zurek, Dieks (1982)]

It is impossible to copy an unknown quantum pure state.

2. quantum no-deleting
[Pati, Braunstein (2000)]

It is Iimpossible to delete an unknown quantum pure state.

3. quantum no-broadcasting
[Barnum, Caves, Fuchs, Jozsa, Schumacher (1996)]

It Is impossible to copy an unknown quantum mixed state.
specifically

Given a general mixed state for a qguantum system, there are no physical
means for broadcasting that state onto two separate quantum systems, even
when the states need only be reproduced marginally on the separate systems.

4. quantum no-deleting for mixed states ???
[it might be you...]
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superluminal communication?

Alice Bob

A B
—EPR|~| PM

/\4 EPR [~ PM FA
./
34\/

PM = photon multiplier
EPR = source of the polarization singlet state (e.g. BBO)

1 1

@)= (H)V), =) )= 54000 1),0-),)

®

<« »
“«—>
«—>
<« »

®
®
®

“«—>
“«—>
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a patent for superluminal communication

<l

R
Loy

Jr

g

L7

epr |~ Pm H—H1
BIT 1
N N
Yy OV VYV Vv v
—~EPR|~ PM | 888 SR
BIT 1
EPR [~ PM A S
BIT O
| |
v v
EPR|™{ PM %5k & ® ®
BIT O

“«—>
«—>
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(super)dense coding

[Bennett and Wiesner 1992]
How to send 2 bits of information by transmitting 1 qubit?

1. Alice and Bob share 2 qubits in an EPR state e.qg.

oy 040 5+ 1) AN g
‘CI)( >_ A \/i A

2. If Alice wants to send a message:

00- then she does nothing = |oM)

01- then flips phase of her qubit (Pauli Z gate) = Z|d()) = |d))

10- then flips her qubit (Pauli X gate) = X[0MH)) = |yt
11 - then flips & phase-flips her qubit (Paulli gate) = Y |d(H)) = [ W)
3. Alice sends her qubit to Bob

4. Bob measures both qubits usiBgll state analyzer
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superdense coding - a detailed analysis

1. Alice takes qubit A and Bob takes qubit B from an EPR pair:

040 5+ )AL p
‘CD( >_ A \/5 A

2. Alice encodes her message by applying proper gate to her qubit A:

00) — 1 4|@™) = |2

. 1 1
01) — X o0y =200 _ ey
V2
. 00) — |11) -
10) — Z &) 10 =7 — |p)
10) Al P) NG D)
Lo . |10) +|01)  —|10) + |01) _
11) — Z4X q><+>:Z‘— =/ _ 1= — [p-)
’ > A A| > A \/i \/§ | >

2. Alice sends qubit A to Bob. So, he has now two entangled qubits A and B.
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3. Bob applies CNOT to remove entanglement between qubits A and B:

~ 00) + [11)  [0,0®0)+|1,1 1) ]00) + |10y  |0) +|1)
T p— pu— pu—

Ucno 7 NG NG NG 0) = |+, 0)
o [10y+1]01) 1) +{o1) 1) +[0) .\
Ucnot N R NG 1) =|+,1)
o 00y = [11) _ 00) —[10) _|0) = 1), |
Ucnor \/i - \/i — \/i |O> — ‘ 70>
o [01) =10y _01) —[11) |0) = 1) .\
Ucnot A A A 1) =1-1)
4. Bob applies Hadamard gate to qubit A:
H 4|+, 0) = |00)
Hal+,1) = |01)
Ha|—,0) = [10)
Hal—,1) = |11)

4. Bob measures qubits A and B in the standard basis.



g-circuit for Bell-state generation

m) —

)

H
| Bn)

g-circuit for Bel

-state analysis

[Bran) l

%

Boo) = 1), |Bor) = [ W
or compactly

~0,n) + (=1)™1,1 = n)

| Binn) =

V2

Hi— /A |m)
A )

where

)>7 |610> — ‘CI)(_)>’

form,n=0,1

Bu1) = [¥1))

120
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What is quantum teleportation?

a method to transfer (information about) unknown quantum states
over large distances via entangled particles

and transmission of some classical information.
Remarks:

e Teleportation is a transfer of information about a quantum system without
measuring it!

e Teleportation is not a transfer of an object itself, neither its energy etc.
e Teleportation does not violate the no-cloning theorem. (why?)
e Super-luminal communication via teleportation is impossible. (why?)

e Teleportation can provide the quantum channel for communication be-
tween quantum computers.
e Universal guantum computationa teleportation:

any quantum circuit can be realized using only teleportation and single-
gubit operations.
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principles of teleportation

Bennett, Brassard, Crepeau, Jozsa, Peres, Wootters (1993)

Alice Bob

[jf :D] "4|0Ut>

ABCD
BSM P £ |
"‘0 0»‘" ”- .
1 @ 2 @(—@3

| in’>’

EPR source



123
explanation of teleportation

Problem: How to teleport state of qubit 1 to qubit 3 ?
Assumption: qubits 2 & 3 are in the singlet state

1>3 - ‘1>2‘ O>3
2
= =2 @120 (0)o+ b{1)s) | @o)sz 0 (e O)s -}

‘ in>1 [] ‘ CDA>23: (d O>1+ b‘ 1>1) [] ‘ O>2‘

+ %‘ (Dc>12 L] (a\ 1>3 + b‘ O>3) + %‘ CDD>12 u (‘# 1>3 B b‘ O>3)
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measurement in Bell basis

A>12 = 6q O>3 + b‘ > OK
®s)o=  o(a0)s—bll)s)  phaseflip|x) - (-1)*|x)

S

Oc)e = —ox(-all)s- \ 0)s) bitflip|x) - - xO1)
®o) = —ics(a)s—b0)s) phaseflip + bit flip
X) - (-1 x01)

Where ‘CDA>:‘LP(_)>,‘(DB>:‘LP(+)>,‘CDC>:‘CD(_)>,‘CDD>:‘CD(+)>
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Quantum teleportation - a detailed analysis

Let us analyze teleportation of a polarization state
as in Zeilinger’s experiment

[9)1 = al0)1 + b|1)1 = alH)1 + b|V)

via the singlet state

(W) g3 = —(|HV a3 — |V H)a3)

1
V2
main idea
Let’s expand the total initial state);|¥()),; in the Bell basis

1

(E)y —

v >—ﬁ(!HV>i!VH>)

£y _ L

|© >—ﬂ<\HH>iIVV>)
note that

[UEONEH] 4 )]+ @) (@] + [0) (@17 = Iy = id(4)
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which leads to

(1200 @)1 [ Ya3) + [T 10 (12 (U @)1 [T 5)
D12(12(P )1 [U ) ag) + (D)5 (12( D |)1 [T ) 55)

() (N, — L _ . 1
12(V 901U )a3 = —=(12(HV| — 12(VHI)( |H>1+5|V>1)\/§

NG
= (V] — V) (al HHV) - al HVH) + HVHV) ~ YV V)
= L~ awlHVIHVH) ~ b oV HIVEV))

= —%(@\Hh + b|V>3>

1

— _§|¢>3

([HV )o3 — |V H)a3)
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Term 2:

()0 )os = 2 12(HV] +1o <MI)(a|HHV> — a|lHVH) + b|VHV) —b|VVH>)

= ——(a|H)3 — b|V)3) = 12‘@3

(
( — a1 (HV|HVH) + 612<VH|VHV>>
2=y Y| [3] = | 5| et -om

since

(1o(HH| =12 (VV]) (al HHV) = ol HV H) + bV HV) — b[VV H))

(a W(HH|HHV) + b12<VV|VVH>)

O | —DNY| —DND | —

(@lV)s + b)) = 5 X10)s

Vol 5] = o] o avs

since

<

-

Py
|
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Term 4:

IO sy = 5 (1o(HH| 12 (VV|) (al HHV) — o HVH) + o[V HV) ~o[VVH))

1
= S(0u(HHIHHV) = biu(VVIVVH))

= S(alV)s — b{H)) = (T )0
since (iY = X 2)

ton= 251 [ ][] -[2] o

thus we have
)1 W )o5 = ! (—\‘I’(_>>1z|¢>3 — TN 1. Z|8)5 + X | D)) 10|05 + \@H))m(—’iy)\@?))

2
2 (0O 10ldhs + 1) 121} — X[ 10l + [0 (67 ) 6)3)

Now, Alice performs éBell-state measurement (BSM)
- a projective measurement in the Bell-state basis (on particles 1 and 2).
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g-circuit for qguantum teleportation

o) "
"9 | BSM | n H
’\I’(_)>23 9
X" — 7" — o),

wherem,n € {0,1} and BSM stands for the Bell state measurement

or more explicitly

9, T H- .
WO, %j

XM—=2Z"m— )




Zellinger's experiment

Alice Bob

7
Dl ’: : "'.".
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teleportation across the River Danube

experiment of Zeilinger at al. (2004)

Key:

qubit — polarization stated?) and|V’) of photon

F — optical fibre (length 800m) — quantum channel
RF - unit — classical channel

PL - pulsed laser (wavelength 394 nm, rate 76 MHz)

BBO — (-barium borate used to generate entangled photon pair
(wavelength 788 nm) by spontaneous parametric down-conve BG)(

EOM - electro-optic modulator to perform Bob’s unitary operation
PC — polarization controller to correct extra rotation of polarization in fibres
BS — beam splitter

PBS — polarizing beam splitter



teleportation of optical qubits
using gquantum Scissors

Alice 4 b1(1 photon) Bob
‘ lout )=-a|0)+b|1)

D, (no photon)
BS1

in)-a]0)-b1)



realization of quantum scissors

133

CCL




experimental quantum scissors
for teleportation and generation of qubit states

Key:

PL — pulsed laser

FD — frequency doubler

PDC — parametric down conversion crystal

VA - variable attenuator with narrow-band filter
CCL - coincidence counter and logic

BS, BS1, BS2- beam splitters

Dy, Dy, Dy — photon-counting detectors

D, - acts as a trigger AR I

delay - ‘trombone’ system

134



deterministic teleportation of
atomic states

experiment of Blatt et al. (2004)

detector

detector

detector

| -
@)
e}
©
| -
()
c
()
(@)
()
e}
©
o+
7))
[,
al
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Blatt et al. experiment (2004)

=) 3ions of 40Ca’

states 1)=S,,,(m, = -1/2)
0) = Dg,,(m; = -1/2)
H)=D,,(m, =-5/2)

=) U1 - ‘1>,‘0>"O>\/;1>,i\02/;1>

‘Tteleport = 28, Ty gae Jiteime — 100 MS, Ty, =10mS
m) fidelity: (66.7%<) 75% (<87%)



teleportation via cavity decay

Bob
Ch

I

S @CJ;
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3-level atom
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What is the entanglement swapping?

a method to establish perfect entanglement between remote parties

Remarks:

e it is quantum teleportation of unknovantangledquantum state
e (uantum repeatersan be based on entanglement swapping
Simple description

1. Alice has particled, Bob two particlesB;, B;, and Claire particl€’.
2. Initially particles A and B, are entangled, and 98, andC'.

3. Bob performs BSM on his particle8, and B, and informs Claire about
his measurement results.

4. Claire, as in the standard teleportation protocol, applies proper unitary
operation ta’'. So, the state aob; is teleported ta’'.

5. Thus, although Alice and Claire never interacted with each other, their
particlesA andC' are now entangled.
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entanglement swapping

3
e — O
8 < Al
BSM <{AERP SOmEY U
O‘k‘ "”0 0’»“ ”’0
4 ‘ﬁ:::z.‘ 1 2 ‘<:>‘ 3

-
EPR sources m
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teleportation - theory and experiments
T 1935 quantum entanglement - Schrodinger, and Einstein, Podolsky, Rosen
T 1982 quantum no-cloning - WootterZurek and Dieks
T 1993 quantum teleportation - Bennett,Brassard,Crepeau,Jozsa,Peres,Wootters
T 1993 entanglement swappingiukowski, Zeilinger, Horne, Ekert
E 1997 limited (conditional) optical teleportation - Zeilinger et al.
E 1998 unconditional optical teleportation - Furusawa, Kimble, Polzik et al.
E 1998 optical entanglement swapping - Zeilinger et al.
T 1999 universal quantum computation via teleportation - Gottesman and Chuang

E 2004 unconditional teleportation of atomic states
- () Barrett, Wineland at al. and (ii) Riebe, Blatt at al.

E 2006 unconditional teleportation between light and matter - Polzik et al.

E 2006 two-qubit teleportation - Zhang, Pan et al.

Key: T - theory, E - experiment
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Introduction to linear-optical quantum computing

encoding optical qubits
linear-optical elements
scattering matrices
conditional measurements
optical single-qubit gates

optical two-qubit gates

a motto
efficient quantum computation with linear optics is possible!
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What can be interesting about linear optics?

Can we construct a quantum computer composed only of:
e beam splitters

e phase shifters

e single-photon sources

e photodetectors
Yes!

[1] Knill, Laflamme and Milburn [Nature 2001]:

“A scheme for efficient quantum computation with linear optics”

[2] O’Brien et al. [Nature 2003]:

“[Experimental] demonstration of an all-optical quantum controlled-NOT gate”
[3] Briegel and Raussendorf [PRL 2001]:

“A one-way quantum computer”

[4] Zeilinger et al. [Nature 2005]:

“Experimental one-way quantum computing”
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How to encode optical qubits

e single-rail qubits

logical values of qubits are encoded by number of photons
0), = |0) —vacuum

1), = |1) — single-photon state

o two-rail qubits

encoding in spatial modes

0), = |1) ®|0) = |10) — photon in the first mode

1), =|0) ®|1) = |01) — photon in the second mode

or vice versa

e polarization qubits

encoding in polarization modes of qubits

0), = |H) = |14, 0,) — photon with horizontal polarization
1), = |V) = |05, 1,) — photon with vertical polarization

Or vice versa
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Beam splitter (BS)
= partially-transparent mirror

typical BS matrix

|t w | toar
B_[—Tt]’ B_[irt]

the most general form of BS matrix

B _ i | texp(f)  rexp(ib,)
—rexp(—i6,) texp(—ib;)

where

t — [probability] amplitude of transmission

r — [probability] amplitude of reflection

T = T = t* — transmittance = transmittivity= transmission coefficient

R = p = r* —reflectance = reflectivity = reflection coefficient
l=T+R=t"+r°

0;.r0 — phase shifts
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scheme of (asymmetrical) BS

n),
\ )}{ 0.
2 bl ‘n2>2

a1 » — annihilation operators for input modes

151,2 — annihilation operators for output modes

[Yout) - OUtPUL State,

1Y) - INput state, e.gn) = |n1)|n2)y = N1, n2)

e Cconvention

the phase of light reflected from thvhite’ surface isr-shifted
light reflected from théblack’ surface does not change its phase

light transmitted from any side of BS does not change its phase



equivalent schemes of BS

QX
3

147

b,
a, —»
61 ‘l-:uin> éz_»

BS

— Db
_>62 ‘l-:Uout>

linear optical multiport (MP)

a— b

L o — D,

A FaN

ay—> —> Db

S — scattering matrix

N



transformations of states and operators in MP
|¢out> — U|¢1n>

where

S;; — elements of unitary scattering matBx

U — unitary operator describing evolution dfinput modes
a; —annihilation operator for thgth input mode

13]- — annihilation operator for th@gh output mode

e N vector notation

a=la,as,...,ayn]"

B = [by, by, ... byl

for N-input Fock states

Vi) = N1, ..., nN) = |N)

148
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the MP transformations can be written compactly:

b=Ual =Sa
SO

al=Ub'U" = STh!

il =375,
J

e How to express output operators in terms of input operators without knowing
explicitly U?

or explicitly

|
(]
&,
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general transformations in MP

Input stateyy,) = [ny,...,ny) = n)

output state
N ~tn ~T\ny ( AT\ ~T\n
3 3 (a;)" ~(ay)" (ay)" (Gpy)™™
ou =UlYn) = U : 0 U 0
AATnlAAATTLQAA AAAT nN o
_ o) i it )™ o)
V1! No! ny!
S RPN,
1~ walvhy o
i=1 v

N . ! N M
=l | s ) 0= 2 11Sima

\/7?,1! NN i1 =1

whereM = ) . n; —is the total number of photons in system.

{e;}=(1,..,1,2,...,2, .. N,...N)forl=1,... M
e e N——
ni ng n N

>_; — multiple sumyy, ja, ..., ju
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Exemplary transformations of states by beam-splitter

assuming that
p t r

—r i
e example 1.
i) = [10)  —  [tout) = ¢[10) — r[01)
proof:
[Yout) = Ulth) = U10) = Uaf|00)
— Ual Uy |00)
=1
= UalU! U]00)
N—— N~

— S11a!|00) + S1ab]00) = S11]10) + Spy]01)
= t|10) — r|01)
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SO
10) — ¢[10) — |01)

in special case fdb0:50 BS(i.e.,t =r = 1/v/2)

1
10 —(]10) — 01)) = [W))  (the singlet state
10) = 5 (110) = o)) = [¥77) - g )
e example 2:
01) — r|10) + ¢|01)
for 50:50 BS
1
01) — —(]10) + [01)) = [T (the "triplet’ state)
V2
e example 3:

111) — V27t (]20) — 02)) + (£* — r2)|11)

for 50:50 BS

1

—(|20) — |02
ﬂﬂ ) —102))
note: state(11) is not generated — it is so-called

photon coalescencer photon ‘bunching’ (but not in Mandel's sense)

111) —
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e example 4.

20) — %]20) — V2rt[11) + 7%]02)
for 50:50 BS |

120) — 5(|20> — V2[11) + 102>)
e example 5:

21) — V/3rt?|30) + t(t* — 2r?)[21) 4+ (3 — 2rt?)[12) + V/3r%t]03)
for 50:50 BS

21) — %(\/513(» — |21) — |12) + \/§\O3>)

e example 6:

22) — (rt — 4722 1442, 2) +v/6rt [mo,4>+(r2—t2)<|1,3>—|3, 1))+ rt|4, 0)

3
22) — \[\04——|22 \£\4,0>

for 50:50 BS
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scattering matrices for BS

convention 1. convention 2.

}{ }{
}{ }{
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exemplary scattering matrices ()

8, b
b,

0
1
O -r o4
0
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exemplary scattering matrix (ll)

a9 b

%ie 0 og @1 0 0O [Fr, t, 0O
_ _ Oe _ O O
S=00 1 055=® 1, t5S=nt, r, O0f

H0 o1 ®t -r§ HO 0 1f

S=S99 =59
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von Neumann projective measurement

let us assume that theh subsystem (e.g. mode, qubit) of a bipartite quantum
system is represented by complete orthonormal set of stajethen:

projector

= projection operator = projection valued (PV) measure

= orthogonal measurement operator is
P = [m) . (m|

m

for the kth subsystem corresponding to the measurement outeome
probability of the measurement outcomem

prob, (m) = (4| B @ I|¢)

proby(m) = (¢|I @ PY)
state after projection/measurement

PV @ Ify) sy _ 18 P 1y)
JwlPY @ Dl Jwli @ B2

where, /. is the renormalization.

61} =
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requirements for the projectors

non-negative, Hermitiargrthogonal and summing up to identity:
Zpéfr) = [, PV = (plnf

measurement outcomes corresponding to non-orthogonal states
do not commute and thus are not simultaneously observable

Note: number of projectors = dimension of Hilbert space

e Can we apply a more general type of measurement?
Yes!
positive operator valued measures (POVM, POM)
describe measurement outcomes associated with non-orthogonal states

... and we will discuss it later!
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Example of von Neumann projective measurement

a projection synthesis via conditional measurements
general two-qubit pure state

1) = ¢]00) + ¢1]01) + ¢2]10) + ¢3]11)
normalization
L= o + Jei|* + |eal + Jesf”
1) probability of measuring 1st qubitin |0):
proby (0) = prob([0)1) = [eo|* + |ea]’
andpost measurement statés

co|0) + c1|1)
Vol + |ei]?

where, /. is the renormalization.

= |¢)
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2) probability of measurind st qubit in |1):
prob[1)1) = [caf* + |e3|’
if 1) = ¢0|00) + ¢1[01) + ¢2]10) + ¢5(L1)
the post measurement state is
co|0) 4+ 3|1
T =i
3) probability of measurin@nd qubit in |0):
prob[0)s) = [col* + |caf
if [¢)) = co|00) + ¢1|01) + ¢2|10) + ¢3|11)
the post measurement state Is
c1|0) + c3)1)
Vel +lesl?

4) probability of measuringnd qubit in |1):

- analogously
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another description of projection synthesis

1) = ¢p]00) 4+ ¢1|01) + ¢2]10) + ¢3|11)

= [0) ® (c[0) + c1]1)) + [1) ® (2/0) + e3]1))

col0) + c1|1 c2|0) + c3|1
0‘ >2 1‘ >2+\\/‘62|2+‘63|%‘1>® 2‘ >2 3‘ >2
Vol + lei? ~ Ve + lesf?

~" ~

= Vel +ed?10) ®

= +/prob|0)1)[0) ® |¢o) + +/prob|1)1)[1) ® |¢)
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projection synthesis

probabilistic qguantum state engineering via conditional measurements

example: Let’s analyze a three-mode state

110) = ¢1|000) +¢2|001) +¢3|010) +¢4|011) + 5 100) 44| 101) 4 ¢7|110) + 5| 111)

Problem: How to get single-mode states

[@a) ~ €1|0) + 2[1) @nd|ey) ~ ¢5]0) + ¢7|1)?
Answer: Proper conditional measurements should be performed

_). no photons _). 1 photon
‘w> _). no photons ‘w> — ‘ %>
a
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e As we know, fora two-mode systengfour-port system) holds:

ay| b a,

SH 512 T Sll 321
[ 521 S22 ] [ 512 522 ]

where

e.g.
110) — S11aT]00) + So1ab|00) = Si1]10) 4 Say|01)
01) — S12aT]00) + S90ab|00) = S15]10) 4 Saa|01)
e Analogously fora three-mode systentsix-port system) holds:

&J{ b]i &I [ S11 Sa1 Ssi | dJ{
d; — b; = ST &; = 512 SQQ 332 CAL;
&;ﬂ) b}; &}; | S13 S23 533 | aﬁg

e.g.

1100) — S11a1]000) 4 S51a5]000) + S5y

000) = S11]100) + S21]010) + S31]001)
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nonlinear sign gate (NS)

V) = c0l0) + c1|1) + 2f2) — [¢') = ]0) + c1|1) — c2]2)

2 2y




e Scattering matrix

Mathematica:
{{1, 0, 0O}, {0, r1, t1}, {O, t1, -r1}}
{{-r2, t2, 0}, {t2, r2, 0}, {O, O, 1}}
{{1, 0, 0}, {0, r3, t3}, {0, t3, -r3}}
S = S3.52.51
thus, after multiplication, one gets

S1
S2
S3

S =

_Sll 512 Sl?)_
SQl 322 323

| 531 S32 533

—7T9, tory, t11
tors, U1l3 + rirers, —it3ry + t17rors

| tots, t3rire — i3, titgre + 1173

o probability amplitudes (rn10|U|n10)

Problem: find such reflection amplitudes, -, andr; for BS that

(010]U]010) = (110]U|110) = —(210|U|210) = ¢

165

Note: transmission amplitudes for BS are calculated ftpm /1 — r?
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e [n10) — ¢|n10) for n =0

U|010> — (S12&1 + SQQ&Q + 532d£>|000> — 512‘10(» -+ SQQ|010> + S32‘001>
SO

(010]T7]010) = S12(010]100)+ S5 (010]010)+S32(010[001) = Sop = t1ts+r17rar3 =
e [n10) — ¢|n10) for n =1

2SS
o0 = 5 %5245
— (SHSQQCAL];CAL; + 521512&5&]; + - +-)|000)
— (311322 + 321512)‘11(» + ..

SO
(110|U[110) = (S115%2 + S21512)(110[110) + - - -

= 511592 + 521512
= —T2C + (t2T3)<t2T1)

:—7‘20+7"1T3t%
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e [n10) — —c|nl0) for n =2

3
Si1S11Sme .+ . 1.
U[210) = Z el 2aaa T1000)

- V211!
= L (52,8500 al 4551911100807 +511. 901 S10al adal+ - - )]000)
\/—112212 2111122 1102101201 Uollyq

L (55 + 25055 00+
Val210
= (5121522 + 2311521512>‘210> +

N

SO
(210|U[210) = 52,599 + 2511551 S19
= 15¢ — 2ro(tors)(tary)
= ric — 2rirorsts
finally, we getset of equations

c = t1t3 + riror3 = —roc + (7527°3><7527°1> = —(T%C — 27“17“27”3t%>

for which the solutions are; = r3 = L ro =2 —1

4—2/2
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simplified implementation of NS gate

(less number of optical elements but also lower probability of success!)

BS2

BS1




Implementation of CZ gate

NS

BS 50:50

BS 50:50

NS

169
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another implementation of CZ gate

control D
qubit
/1 BS]
3 A
il —| = == BS54
3 D
BS2
target
qubit D
71

transmission amplitudes for BSs:
t1 =ty = t3 = cos wheref = 54.74 andt, = cos ¢ wherep = 17.63
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multiport Mach-Zehnder interferometer

/P /P P




unitary transformations
S = PsB;P;B,P,B;P;B,P,B,P;
beam splitters

T — O O O

[ty 079 0] (1 0 0
0O 100 0 t3 T3
’ B2 B —T9 0 t9 0"’ B3 B 0 T3 tg
0 0 1_ 00 0
0 00 10 0 0]
t4 0 T4 B. — 01 0 0
0 10|’ 7100 t5 rs
—T4 0 t4 O 0 — t5_
phase shlfters
diaglexp(i&;), 1, 1, 1: dla k=1,2,6,
diag|1, exp(2&x), 1,1] dla k= 3,4,
dlag17 17 eXp(i€5)7 1

mirror

M. = diaglexp(i(d1y), exp(iC ok ), exp(iCIsk), exp(iCy )]
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projection synthesis

output state

S

-1
[bour)r = N 2(Ny| 5(Ns| (N4 |Un1)1|no)e|ns)s|tm)a = Ny Dy |n)

I
=)

where amplitudes

DT, €) = (nNoN3sNy|U|nqynongn)
depend on:
transmittancesT = [¢2, 2, 2,42, 2]
phase shifts¢ = [¢,, &, &, &, &)
Input Fock states|n,), |ns) and|ns)s
measurements resultsv,, Ns;, N,
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projection synthesis

for exemplary input states and measurement outcomes

/Lo /

] B 64
ﬁ é? B, 'I/—l 'I/—l B, 63 ‘
1> ?;13 b 1 photon
1> @ oy ol 61 2‘,photon
\ 1 photon

P>
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Interchanging polarization qubits and two-rail qubits

oH) + B|V)

> a|10)qp + B|01) 4

olH) + BIV)
PBS

— polarizing beam splitter (e.g. calcite crystal)
transmits| H) and reflectgV’) (or vice versa)
HWP (7 /4)

— half-wave plate (polarization rotator)

changes photon polarizatioW) < |H).
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How to rotate polarization qubits?

wave plate = waveplate = retarder
a birefringent crystal (with a properly chosen thickness)
changes polarization of a light

by shifting its phase between two perpendicular polarization components.

half-wave plate (HWP)

R cos(23) sin(20)
Sre(B) = [ sin(23) — cos(283) ]

guarter-wave plate (QWP)

exp (i) [cos(Zﬁ) —i  sin(2B) ]

Sxja(B) = NG sin(28)  —cos(203) — i



special valuess for HWP

. cos(23) sin(25)
Sx2(B) = [ sin(203) — cos(20) ]

NOT gate = Pauli X gate = bit flip

; 01| _ .
Srja(m/4) = | O] =0x

Pauli Z gate = phase flip
SA/2<O> — [(1) _01] — (ATZ
Hadamard gate

Sya(m/8) = \%“ _11] =1

177
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rotation of polarization in a waveplate

source: Wikipedia



Implementation of polarization NS gate

”O” , V”

179

PBS PBS
w,) I R I 7

HWP 1 HWP 2

V)

B~ 150.5" for HWP1
B~ 61.5° for HWP2

W o)
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Implementation of polarization CNOT gate

W’ out >contro| ‘L'U out >target

da
PBS 45-PBS

O~
LI\ a
45PBS bl |HH)+|wW) PBS

‘ l':U in >contro| ‘ l’U in >target



symmetric vs asymmetric BSs

convention 1.

D,

3

A,

&

A,

convention 2.

R

ir t
t Ir

|

|

-r

t

I

|

|

N\

b,

N\

b

D,



beam-splitter and interference |

classical coin tossing

O> —* . 50%
1) P 50%

BS

but here classical intuition fails

ST

(all BSs are 50-50)
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1 P 0%
‘()> }é K. 100%
1 %é_. 100%
1 }é D 0%
0) %&l 100%




symmetric Mach-Zehnder | nterferomets
> )
D

=

R
'. 1
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a single photon in Mach-Zehnder interferometer

We have already shown that 2x2 scattering matrix

S11 512
g
[ So1 59 ]

transforms
10) — S11[10) + S21/01).
Equivalently, in terms ofwo-rail qubit notation

10) = [0)z, |01) = (1),

one gets
0), — S1110) , + S21{1) 1.

L {71
5=l

setup 1.

this is they NOT' gate!



as

setup 2:

SO

setup 3:

SO

186



Mach-Zehnder interferometers with phase shi ter

T ) >§<

‘. t “
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Mach-Zehnder interferometer with phase shifter

1 0
Fy = [O ew]

S = ByPyBy

total scattering matrix

setup 1.

sl A (5 5] v s
SO
0), = |¥) = 5ul0) + Sull), = f-|0), +if+[1);
or explicitly

il0Y, + |1 il0), + 1 ,
|O>LH Bl _ | >L\/§| >L >P9 N | >L\/§ | >L N B2 _>f—|O>L+Zf+|1>L

thus
prob(0z) = [L{0[)|* = |f_|* = sin? (g) — prob. of click in upper detector

prob(1r) = |, (1])|[* = | f4]* = cos? (g) — prob. of click in lower detector
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setup 2:
G [T 0 =1 1] [ S £
ol 1 1l{oe? |1 1| | S
SO
0), — [¢) = S1|0), + Sar|1), = £[0), + f-|1),
and )
prob(02) = L (O = 11 = cos? (2)
0
prob(1.) = (L) = |7 = s (2)
setup 3:
g_Lf-11 Lo [ ] [f,—fs
T2l 1o |1 1] | fe ]
SO
|O>L_>f— O>L+f+|1>L
and )
prob(0;) = sin” (5)

0

prob(1;) = cos’ (5)
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QIP with simple linear-optical systems

1. quantum key distribution (QKD)
based on Mach-Zehnder interferometer
using Bennett’s protocol B92

2. quantum-state engineering and teleportation
of qubit and qutrit states
using quantum scissors device



B92 protocol (Bennett 1992) |

Alice Bob

‘bé

6, =0°,90° 180O 270O 900




Pyp = sin

using B92 protocol

.o (04+0p 5 (04+ 0B
(B52), P (2
04 0B | FPup How bit
0 10 0] 1 1
0° 900 11 & -
900 0o 11—
90 190° 1 | 0 @ 0O
180700 110 0
18001900 1 | & | -
2700 00 L 1=
270900 0 | 1 | 1

guantum key distribution (QKD)

probabilities of click in upper and lower detectors

)

193
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QKD using B92 protocol

1.

Alice sends photons each time randomly choosing one of 4 phase shifts
(rotations):0°, 90° 180°, 270°.

. Bob, just before measuring each Alice’s photon,

randomly applies phase shi® or 0°.

. Bob through a public channel informs Alice about his phase shifts

without, of course, telling his measurement outcomes.

. Alice publicly informs Bob, when their phase shifts fulfill the condition

04— 60p=n180° (n=0,1),
which implies the deterministic detection of photons.
Alice and Bob keep only those deterministic results.

. Alice and Bob publicly check their results for some photons.

Those photons are rejected from the key.

. In case of full agreement of the tested photons, the secret key is formed

by the remaining bits. Otherwise the protocol is repeated.



teleportation of optical qubits |
using gquantum Scissors

Alice 4 b1(1 photon) Bob
‘ lout )=-a|0)+b|1)

D, (no photon)
BS1

in)-a]0)-b1)
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phase flip In teleportation

Alice 4 b1(0 photon) Bob
‘ out )= a[0)- b1}

D.. (1 photon)
2 BS

in)-al0)+b[1) o
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teleportation of optical qutrits

Alice 2 5. (1 photon) Bob
‘ lout Yo b,|0)+b,|1)+b,|2)

:  BS1(79:21) i BS2(79:21)
in)oby|0)+b;|1)+b,[2) 1)
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guantum scissors device

Fundamental Concepts

- Entanglement
* Non-locality
e Conditional measurement

Possible Applications

e Qubit generation

» Teleportation of superposition states

« Quantum state engineering

e Conversion of a classical state into a non-classioe
e Cryptography
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quantu M SCISSOIS

|nput: coherent state

00)

_ —\a\zlz a
a)=e N
o) z 7mm
—e_‘“‘2/2<(\0>+a\1>+ CEAPI
V2

Output: qubit state
)*a \1>

\/1+ \0(
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N, clicks

n,) = g
Bl‘ 5;2 I N, clicks
r'2
)2 D\ N,k
n,) % gf?f 2 N, cicks
m% > |9



scattering matrix for quantum scissors

1

0

¥

Mathematica:

Bl:={{1, 0, 0}, {0, -r1, t1},

B2:={{r2, t2, 0}, {t2,

P:={{1, 0, 0},

0 1 0 0 r, ot
t,,P,=|0 € 0B,=|t, -r,
r, 0 0 1 0 0
r, —€rt,
S=B,P,B =|t, €r,
_O t,
{0, t1, rl1}}
-r2, 0}, {0, O, 1}}
{0, Exp[i »theta], 0}, {0, O,

S=B2.P.B1 // Matri xForm

202

16
étt,
16
-ert,

11}
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output states of the quantum scissors

Input state:
|9, no, n3) Where|y) ~ 40[0) + 7|1)
three-mode output state (before projection):
)
single-mode output state:
) = |ppln2) =1 (N1| 2(No| D)

after projective measurements®f and NV, photons in the respective modes.
O1\.

Example for [¢7;):

e [n10) — ¢|01n) for n =0

U|010> = (Slgd]i + SQQ&Q + 332d£>‘000>
= S12/100) + S92|010) + S32]001)

SO ) |
(010|U]010) = Sy = 1179
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e [n10) — ¢|01n) for n =1

3

. S11S
U110y = > ==ala

NG 000) = (Sa1S50a5a8 4+ S31.S99akad + - - -)]000)
ki=1 VL

= (S21532 + S51592)[011) + - - -

SO
(011)U[110) = S51 S50 + S515 = toty + 0 - Soo = tyts

thus we have |
‘ (1)(1)> ~ 6207“17”2’70|0> —+ t1t2’71‘1>

wherezx ~ y means that andy are equal up a renormalization constant.
Other examples
Analogously, we can show

o)~ etitayol0) + riram|1),

o)~ —etirao|0) + ritama|1),

0y~ —ePrityyo|0) + trayi|1)




PPB quantum scissors
- truncation and teleportation of qubit states

Alice A b1(1 photon) Bob
out ) 0 a0 + b|1)

D, (no photon)
BS1

in)-=a|0)+ b: 1+c|2)+ ... .Z)>
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guantum state truncation to qubit states

Note that the same solutions are for

) ~70[0) + 1) +2l2) + - -

Why?

Since, in this case, the single-mode output states

always a superposition ¢f) and|1) for any|v).

conditions for perfect qubit-state truncation and teleportation
t; = ro andf = 0 for |¢Y}) and|ai?)

t; =ty andf = 7 for |¢91) and|piy)

optimized solutions

correspond to the highest probability of successful truncation and teleportation.
In the all 4 cases, the optimized solutions are for the 50:50 BSs:

1
b=ty =—

V2



truncation and teleportation of qutrit states

Alice 2 5. (1 photon) Bob
‘ )0 2[0)- b 1)-[2)

D, (1 photon)

BS1(79:21) i BS2(79:21)

Y

in )= a:\o>+b 1y.c|2)+d|[3)+..
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guantum scissors for qutrit states

[6) ~ 70[0) +7[1) +72[2)
general output state

assumingr; =ny =Ny =Ny =11S
911) ~ 2ritirats (€2%2730/0) +12) ) + 2(r} = £)(r3 — ) ]1)

as can be shown analogouslyi¢§;).
truncation and teleportation to qutrit states

corresponds tapil) assuming

PR R L
: 2 \/1 — 3(T1t1)2

andfd, = 0 or = 7 (show this!).
optimized 4 solutions
fort? = (3 — v/3) = 0.21 ort? = (3 +v/3) /6 ~ 0.79

andt; =tjif &4=00rt5=1—t3if & = .




generation and teleportation of qubit states
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Introduction to quantum tomography

How to reconstruct density matrix of a quantum state?

Outline

. optical-homodyne tomography of a single-mode field
. tomography of a single qubit

. tomography of two qubits

. maximume-likelihood method

. tomography of a single dit

. tomography of nuclear spins I=1/2

~N O O B~ W DN P

. tomography of a nuclear spin 1=3/2
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Plato’s allegory

We are like slaves in a dark cave watching only shadows on a

wall. The shadows are projections of the “real things”.
We think the shadows are real because we do not know better.

[IINaTwrog TloAtTerar - Plato’sRepublig

guestion

Can we reconstruct a hidden object (“real thing”)
from its shadows?

tomography

a method to reconstruct the shape of a hidden object from
shadows (projections) at different angles
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guantum tomography

this is the tomography applied to quantum objects

optical homodyne tomography

this is the quantum tomography

based on homodyne detection
for reconstruction of Wigner function of optical fields

problem

We cannot measure simultaneously and p,
thus we cannot measure directly the Wigner functioni¥ (g, p).
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phase-space quasiprobability distributions
IN quantum mechanics

uncertainty principle
makes the concept of phase space in quantum mechanics problematic:

a particle cannot simultaneously have a well defined position and momentum,
thus one cannatefine a probability that
a particle has a positiopand a momentum

quasiprobabillity distribution functions
= guasiprobabilities = quasidistributions

functions which bear some resemblance to phase-space distribution functions
useful not only as calculational tools
but can also reveal the connections between classical and quantum mechanics.
examples: e Wigner (Wigner-Ville) W function
e Husimi (Husimi-Kano)() function
e Glauber-SudarshaR function

e Cahill-Glaubers-parametrizedV’ (%) function
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What is the Wigner function?

1

0.0 X N /L
Wi(q,p) = %/ dz{q + 3|plg — 5) exp (ﬁpx)

where|q £ ) — eigenstates of position operator
e Wigner function can b&egative
o density matrix p can be calculated from Wigner function.

Why Is the Wigner function so important?

marginal distributions of Wigner function correspond to classical distributions
e position distribution

(o) = () = | " Wlq,p)dp

e momentum distribution

(plplp) = /OO W(q, p)dq

pr(p)
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10 formulations of quantum mechanics:

© o N oo O A~ w D oE

=
o

matrix formalism of Heisenberg (1925)

. wave-function formalism of Schriédinger (1926)

density-matrix formalism of von Neumann (1927)
second-quantization formalism of Dirac, Jordan and Klein (1927)
variational formalism of Jordan and Klein (1927)

phase-space formalism of Wigne(1932)

path-integral formalism of Feynman (1948)

pilot-wave formalism of de Broglie and Bohm (1952)

. many-worlds interpretation (MWI) of Everett (1957)

. action-angle quantum formalism of Hamilton and Jacobi (1983)
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simple examples of Wigner function

& coherent state|o):

2
W(0) = = exp[~2la — apf)

wherea = g + ip
& Fock state|n):

W (a) = 2 (1) Ly(4]af?) exp[—2|a?

70

whereL,(z) is Laguerre polynomial
& Schrodinger cat stategy+) ~ |ag) £ | — ag):

f1 £ fo cos(4pay)
[l + exp(—2a3)]

Wilao=q+ip) =

whereo, € R and

fi = exp[—2(q — a)® — 2p7] + exp[—2(q + @)* — 2p%],  fo = 2exp[—2¢" — 2p7]



Wigner function for Fock states|0), |1), |2)

\-““A‘Ao‘>

.-“’v V o‘ i

*Hw/,;f

W\
il A
“\\Q\\\\&‘

217
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a)|y4), (b) |v—)
function for Schrc‘jdingtersgf}t Siars(; goé)o“ﬁ_ o) (—ap
pigner I of coherent stateg,,;;x =
and (c) mixture

SIS //Illl
2N / "
I MR
=7 "‘o 7%
% % /,,m,“‘\\\\\
XS
"o“\g\(\ ) /Il"
I 'v
l"‘z",}rli"
(257>

N
2
2255
503002
RIS
o"::: 23

<SXS
EEKS

75

0.5

AN
Yy \

: f" ¢ “\\
AN
oo
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Pmix

N

T TN SS——

NN
==

|

[ TNSSSS—

0.8

0.6

i
<
[S)

0.2

i

N

(=)
T

-0.4+

—0.6

-0.8F

0.8

Wigner function for (a) ‘|¢+‘>, (b) [p_) andv (C),

-0.6

-0.8}F

0.8F

0.6

-0.2r

-0.4r

-0.6

-0.8F

-3
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marginal distributions of Wigner function

W(X, F)

pr(z) = {xlpla) = /_Oow,p)dp, orp) = (lol) = [ Wlapda



balanced homodyne detection

I2
detector | ‘

detector

laser
(local oscillator)

221
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& What is measured in homodyne detection?
e INtensity I, (k = 1,2) is proportional to the number of photons:

A /\’1'/\/
I ~ np=aja;

A /\’T/\/
Iy ~ ngy = aya,

e parametric approximation for laser field:
<ﬁL> > 1 = ap ~ o

e beam splitter (BS)is 50:50 " = R = 1/2),
thus it is called ‘balanced’ detection.

e relations between inputy, and outputg;, annihilation operators:

g L. L
a; = ﬁ(ag —ay) & ﬁ(ag — ayg)
i = —(ag+ L) ~ —=(ag + ay)
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o we measurélifference of intensities which is proportional to:
o Lo Lo .
Ny —mn1 = 5(% +op)(as + o) — 5(% —ap)(as — o)
= ajds + ardk
— |az|(e Pag + e’al) = 2|ar| X (6)
wheref = arg(ay) and
X(6) = olase™ + ke’
is thegeneralized quadrature operator
e special cases:
X(0)=¢ -position operator

X(Z)=p -—momentum operator
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marginal distribution of Wigner function at angle ¢

pr(X,@)z/ W(gcos® — psinf, gsin€ + pcosf)dp

describes probability of measurement result of the quadrature
X(0) = Gcost — psinb
Remarks:
e this is so-calledRadon transformation
e pr(X,0)is directly measured in homodyne detection

Can we reconstruct Wigner function from its
marginal distributions?

(271r>2/ /0/ pr(X, 0) expli&(q cos @+psin 6 — X)||£|d X dOdE

this is thelnverse Radon transformation
[K. Vogel and H. Risken, 1989]

Wiq,p) =
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marginal distribution of Wigner function at angle 6

Marginal distribution

Projection plane

o =
. o

I-...‘l;.l.'

pr(X,H)z/ W(qcos@ — psinb, qsin€ + pcosf)dp

Note:z=¢q, y=p, pr(X,0)=(glplg), pr(X,%) = (p|plp)
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one repeats measurements on many copies
l.e. identically prepared quantum objects

number of measurements

e.g., in the first experiment, Smithey et al. performed 4000 measurements at
27 angled, so in totall08 000 measurementsn the second experiment
they performedL60 000 measurements

history

1. theoretical proposal — K. Vogel and H. Risken (1989)

2. first experimental reconstruction of nonclassical state
[l.e., squeezed vacuum] — D. Smithey, M. Raymer et al. (1993)

3. first experimental reconstruction of single-photon state and
Its superposition with vacuum (qubit state) — A. Lvovsky and J. Mlynek (2002)



227

Summary

1. We cannot measure simultaneougndp, thus we cannot measure directly
Wigner function.

2. But we can measure its marginal distributipngX, #) at various angleg

3. By applying the inverse Radon transformation, we can reconstruct Wigner
function and thus the density matrix.

hidden object <—— Wigner function
guantum “shadows” «—— marginal distributions
of Wigner function

4. How to reconstruct finite-dimensional states?

In principle, the same method can be applied,
but there more effective methods, which will be described in the following.
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Optical-qubit tomography (part I)

single-qubit tomography by measuring Stokes parameters
e Notation:
H) — horizontal polarization

V') — vertical polarization

D) = ﬁ (|H) — |V')) — linear-diagonal polarization at 45
D) = % (|H) + |V)) — linear-diagonal polarization at 135
R) = 7 (|H) —|V)) — right-circular polarization

L)= E (|H) + ¢|V)) — left-circular polarization

thus we readily have the inverse relations:

H) = % _ % V) = |R>¢§\L> _ |D>—2@>
R) = %Dy —i|D)) = 2D 1) = cimlD D)
D> _ ez’w/4\R>—i|L> |E> _ 6m/4]L>—z’]R>

V2 7 V2
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moreaover
H)(H| = PR L (1 Ry (R| + [R)(L| + |L)(R| + |L)(L])
V(V] = BRI L\ RYR — [R)(L| — |L)(R| + [L)(L])

D)(D| = Qg‘L R — L(|R)(R] + il R)(L| — i L)(R| + [L){L])

7» L|+Z<R\ %(\L (L| —i|R)(L| +i|L){(R| + |R)(R |)

D)(D| =
Pauli operators
o9 = |R)(R| + |L){L|
= |R)(L| + [L)(R]
o2 = (| L)(R| — [R)(L|)
o3 = |R)(R| — |L)(L|



four measurements of intensity, e.g.:

(1) with a filter that transmits 50 of the incident radiation,
regardless of its polarization:

N

no = - ((H|plH) +(V|p|V)) = = ((R

2

N
2

AN

%

R) + (L|p|L))

(2) with a polarizer that transmits only photons in stdfe:

m = N(H|[p|H)
(3) with a polarizer that transmits only photons in stab:
ne = N(D|p|D)
(4) with a polarizer that transmits only photons in stdte:
n3 = N(R[p|R)
Stokes parameters via photon counts
Sy = 2nyg
S1 = 2(ny —ny)
Sy = 2(ngy — ny)
S3 = 2(ng — ny)

230



231
Single-qubit density matrix via Stokes parameters

Why do we needs,?

for renormalization of the count statistics

to compensate experimental inefficiencies (e.g. of detectors)



232
single polarization-qubit measurement operators

there are infinitely many sets of such projectors

the common ones are e.g.

fy = [H)(H| + [V)(V]

= |[L)(L] + [R)(R)
iy = |H){H|

~ [R)(R| + [R)(L| + [L)(R| + | L) (L]
fly = |D)(D)

~ [L){L] = | R)(L| + 1| L) (R| + [ R)(R]

= [H)(H| = [H)}{V] = [V){H| + [V ){V]
fiy = |R)(R|

~ [H)(H| = i H) (V] +d[V){(H] +[V){V]

or . . N N A
[ty = [, [ = [, fi3 = |D)(D], fl3 = iy



or

fio = Naog = fig

= Noi= g — fi
fto = Né&oy = [y — [ig
ft3 = N3 = [13 — [ig

assuming loss-free detection (perfect detectors and wave plates)
Nzljﬂk:&k (]f:O,...,3>
two-qubit measurement operators
standard 16 projectors:
floo = Ny ® o,
fior = Noy® o,

fi33 = No3® o3
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measurement operators required for tomography

234

1 qubit Lo

| |
2 qubits ﬁo ﬁ_l

A N N A

MollaHo|H s

/l\ A N A
MollaHo|H s
i

M

| |
Ms  Ho
/l\ A N A
MolliHo|HLs
- T

i

/l\ A N A
MoliHo|H s
[ 1 [T

M2

| |
Hs  Ho
/l\ AN N A
MoliH2| 3
- T

i

/l\ AN N A
MollaH2| 3
[ 1 [T

Hs

| |
Mz Mo
/l\ AN N A
MolaH2| s
- T

(s

/l\ AN AN A
MollaHlo|H s
[

|
Hs

(lofLtafls

(lofttafts

(lofLiafts

(lofLtafts

[lofLtafts

[lofLtafls

(lofLiafls

3 qubits —T T
HL MollaHo| s

1 qubit —4 measurement operatofs:
2 qubits — 16 measurement operatQrs® f;
3 qubits — 64 measurement operatQrs® [i; & fix

n qubits 4" measurement operators;, @ ft;, ® - -+ & fi;,
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tomography of a polarization state of two photons

black box output

black box — a source of photon pairs in an unknown state
Q1, Q2 — QWPs, Hy, Hy — HWPs
Py, P, — polarizers transmits only photons of one polarization (say, vertical)

CCL - coincidence counter and logic



wave plates - a reminder
half-wave plate (HWP)

S)\/Q(ﬁ) —

specia

[ cos(28)  sin(283)
| sin(23) — cos(20)

cases of HWPs

Sy2(0) = 6

Sy a(22.5") = H
Sy2(45°) = ox

guarter-wave plate (QWP)

Sya(B) ~ %

cos(268) —¢  sin(20)

sin(20) —cos(28) — i

slightly modified defs.

S2(8) = Sna(=B), 5,4(8) = =Sna(=B)
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tomography of polarization state of two photons

5

No. Mode 1 Mode 2 HWP 1 QWP 1 HWP 2| QWP 2
1 H) H) 459 0 459 0
2 H) V) 459 0 0 0
3| V) V) 0 0 0 0
4 | |V) H) 0 0 459 0
5 R) HY | 22.5° 0 459 0
6 R) Vy | 22.5° 0 0 0
7 | |D) VY | 2250 | 45° 0 0
8 | |D) H) | 22.5° | 45° 45° 0
9 | |D) Ry | 22.5° | 45° | 22.5° 0
10| |D) D) | 22.5° | 45° | 22.5° | 459
11| |R) D) | 22.5° 0 22.5° | 45°
12 | |H) D) 45° 0 22.5° | 45°
13 |V) D) 0 0 22,50 | 45°
14| |V) L) 0 0 22.5° | 90°
15| |H) L) 459 0 22.5° | 90°
16 | |R) L) 22.5¢ 0 22.5° | 90°
D) = \H>ﬂV>7 L) = [H) +4[V) R) = |H>ﬂz|V>
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Mathematica program for the tomography scheme

e def. of Kronecker tensor product (Kron) and Hermitian conjugate (hc)

<< LinearAlgebra‘MatrixManipulation’

fix_, y_1 = x*y;

Kron[matrixl _, matrix2_]:= BlockMatrix[Outer[f, matrix1l, matrix2]]
hc[x ] := Transpose[Conjugate[Xx]]

e def. of rotation by HWP and QWP and def. [0f,,,]4x4

_ Cos[2t] SIin[2t]
I_MP[t—]'_(Sin[Zt] -Cos[2t])
1 i-Cos[2t] -Sin[2t]
t L — .
QP _] ‘\/? ( -SIin[2t] ]'1+COS[2'[])
( £PO,0 PO,1 PO,2 PO,3 )
P1,0 P1,1 P1,2 P1,3
rho =
P20 P2,1 P22 P23
\ P3,0 P3,1 P3,2 P3,3 )




e rotation matrix4 x 4 of 2 beams by 2 HWPs and 2 QWPs
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rotationfhl , ql1 , h2 , g2 ] :=
Kron[HWP[h1 Degree].QWP[gl Degree], HWP[h2 Degree].QWP[g2 Degree]]

e OUr sequence of rotations

R[1]
R[2]
R3]
R[4]
R[5]
R[6]
R[7]
R[8]
R[9]

R[10] :
R[11] :
R[12] =
R[13] :
R[14] =
R[15] :
R[16] :=

rotation[45, 0, 45, 0];
rotation[45, 0, 0, O];

= rotation[0, 0, 0, O];

rotation[0, 0, 45, 0];

= rotation[45/2, 0, 45, 0];

rotation[45/2, 0, 0, O];

= rotation[45/2, 45, 0, 0];

rotation[45/2, 45, 45, 0];

= rotation[45/2, 45, 45/2, 0],
rotation[45/2, 45, 45/2, 45];

rotation[45/2, 0, 45/2, 45];
rotation[45, 0, 45/2, 45];
rotation[0, 0, 45/2, 45];
rotation[0, 0, 45/2, 90];
rotation[45, 0, 45/2, 90];
rotation[45/2, 0, 45/2, 90]




e rotatedp™ = R™ (R for thenth measurement

RhoRotated[n_] := R[n].rho .hc[R[n]]

e examples

RhoRot ated[1] 7/ MF

03,3
102 3
101, 3

- L0, 3

-1 03,2
P2, 2
R1,2
1 0o, 2

-1 03,1
£2,1
L1, 1
1 0o, 1

RhoRot at ed[2] // MF

P2 2
103 2
1 pg, 2

—P1,2

-1 02,3
L3, 3
20, 3

1013

-1 02,0
£3,0
20, 0
1010

-03.0
-1 02 0
-1 01,0

L0, 0

-p2.1
-1 03 1
-1 pg, 1

P1,1
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RhoRot at ed[5] // FS // MF

3 (PL1+1 (P13 -Ps 1) +03,3) -5 L (p10+1 (p1,2 -P3,0) +23,2) (p1,1 -1 (P13 +P3,1) —P3,3) ~— (1,0 -1 (1,2 +P3,0) —P3,2)
{ (Lo 1+p0,3+P21—-1p23) 20,0 - 1 (o, 2 +p22,0) —p2,2]

©o,0+ 1 (Lo, 2 —pP2,0) +£2,2)

N[ N N =

(p1,1 -1 p1,3+1p31+p33] -~

1
(
(-1 01,0+P1,2+03,0+ 103 2] 1 {p1,0-1p1,2+1p30+032)
(

INIEENT
= NI N NI
N NSRS N =

i (po,1+1 (po,3-p2,1) +023)
(o110 +1 (p1,3+ 03,1+ 1 p3 3))
1

%ﬂ(po,1+ﬂ(po,3+r02,1+1'lr02.3)) 5 (Poo+1 (po2+i20+1m22)) <

1 {po,1 -1 po,3+1o21+023) ©o,0-1p0,2+1p20+P22)

measured probabilities, = (VV |5 |VV) = pl?) where|V) = ?

SO

ketV: = ((1))

ket W : = Kron[ketV, ketV];

braVW: = hc [ket W]
P[n_]:=DbraV. RhoRotated[n]. ketW // FS

P[1]

{{po,0}}

P[2]

{{p1,1}}

P[5]

{{_ (00,0 -1p0 2+ 1p20 +.02,2)}}
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alll=Do[Print ["P[", n, "]=", P[n]], {n, 1, 16}]
P[1]={{m0,0}}
Pl2]={{01,1}}
P[31={{nms3}}

Pl4]={{p2 2}}

1 , ,
P[S]:HE (Po,0 ~ 1 00,2 +1 02,0 +02,2) } |
1 , ,
P[6]=HE (P11 -101,3+10351+033)}}
1
P[7]={{? (P1,1-21,3-03,1+033) }}
1
P[8]=H§ (Po,0 - 0,2 — 02,0 + P2,2) } }
P[9]={{Z (P00 -100,1-002+1003+1L01,0+01,1-101,2-P1,3-020+L021+0,2-1(023+030-1031-032) +03,3)}}
1
P[10]={{Z (00,0 ~ 00,1 ~ 00,2 +00,3 — 01,0 + 01,1 + 01,2 — 01,3 02,0 + 02,1 + P2,2 — P2,3 + 03,0 — 03,1 — 03,2 +03,3) | |
1 . . . . . .
P[11]={{Z (P00 - P0,1 -1 (P02 - 00,3 -101,0+101,1-01,2+01,3-020+021+1(022-P23-1p30+1031-P32+033)1)}}
1
P[12]={{§ (P00~ P0,1 - 01,0 +P1,1) }}
1
PHS]:HE (P2,2 - 92,3 -03,2 +23,3) } }
1 .
P[14]={{§ (P22 +1 (02,3 -P32) +03,3) }}
1 ,
P[15]={{E (Po,0+1 (00,1 -PLo0) +01,1) }}
P[16]={{Z (Po,0+1 00,1 -1002+003-101,0+01,1-01,2-101,3+1020-02,1+082,2+10p3+030+1 (031-032) +033)}}
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equivalent approach using tomographic states

1 0
ketH.:(O), ketV.:(l),
ket H+ ket V ket H- ket V
ket D: = — ket Dbar : = :
A2 2
ket H+ 1 ket V ket H- 1 ket V
ket L : = — , kKetR: = — ;
A2 A2

braH = hc [ket H]; braV = hc [ket V];
braD = hc [ket D]; braDbar = hc [ket Dbar ];
braR = hc [ket R]; bralL = hc [ketL];

where| H)=ketH, ( H|=braH, etc.



our choice of tomographic states

= (projection) measurement states = projectors

1) = [HH), [ihs) = [HV), ... |ig) = [RL)
psi[l] := Kron[ketH, ketH];
psi[2] := Kron[ketH, ketV];
psi[3] := KronlketV, ketV];
psi[4] := KronlketV, ketH];
psi[5] := KronlketR, ketH];
psi[6] := KronlketR, ketV];
psi[7] := Kron[ketDbar, ketV];
psi[8] := Kron[ketDbar, ketH];
psi[9] := Kron[ketDbar, ketR];
psi[10] := Kron[ketDbar, ketDbarf];
psi[11] := Kron[ketR, ketDbarl];
psi[12] := Kron[ketH, ketDbarl];
psi[13] := Kron[ketV, ketDbar];
psi[14] := Kron[ketV, ketL];
psi[15] := Kron[ketH, ketL];
psi[16] := Kron[ketR, ketL];
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projection measurements

enable determination of the probabilities

P1 = <HH

pIHH), p» = (HV|p|HV) , etc.:

p[1]
p[2]
p[3]
p[4]
p[5]
p[6]
p[7]
p[8]
p[9]

all2 :

p[10] =
p[11] :
p[12] :
p[13] =
p[14] :
p[15] =
p[16] :

= Kron[braH, braH]

= Kron[braV, braH]

= Kron[braR, braV]

.rho.Kron[ketH, ketH];
.rho.Kron[ketH, ketV];
.rho.Kron[ketV, ketV];
.rho.Kron[ketV, ketH];
.rho.Kron[ketR, ketH];
.rho.Kron[ketR, ketV];
Kron[braDbar, braV] .rho.Kron[ketDbar, ketV];

Kron[braH, braV]
Kron[braV, braV]

Kron[braR, braH]

= Kron[braDbar, braH] .rho.Kron[ketDbar, ketH];

Kron[braDbar, braR] .rho.Kron[ketDbar, ketR];
Kron[braDbar, braDbar].rho.Kron[ketDbar, ketDbar];
Kron[braR, braDbar] .rho.Kron[ketR, ketDbarl];
Kron[braH, braDbar] .rho.Kron[ketH, ketDbar];
Kron[braV, braDbar] .rho.Kron[ketV, ketDbar];
Kron[braV, bral] .rho.Kron[ketV, ketL];
Kron[braH, bral] .rho.Kron[ketH, ketL];
Kron[braR, bral] .rho.Kron[ketR, ketL];

Do[Print[n, " -> ", p[n] // FS], {n, 1, 16}]
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projection measurements

enable determination of the probabilities

p1 = (rlplr) = (HH|p|HH), ps = (12|plth2) = (HV |p|HV), etc..

p[1]
p[2]
p[3]
p[4]
p[5]
p[6]
p[7]
p[8]
p[9]
p[10]
p[11]
p[12]
p[13]
p[14]
p[15]
p[16]

hc[psi[1]]
hc[psi[2]]
hc[psi[3]]
hc[psi[4]]
hc[psi[5]]
hc[psi[6]]
hc[psi[7]]
hc[psi[8]]
hc[psi[9]]

.rho.psif1] ;
.rho.psi[2] ;
.rho.psi[3] ;
.rho.psif4] ;
.rho.psi[5] ;
.rho.psi[6] ;
.rho.psi[7] ;
.rho.psi[8] ;
.rho.psi[9] ;

hc[psi[10]].rho.psi[10];
hc[psi[11]].rho.psi[11];
hc[psi[12]].rho.psi[12];
hc[psi[13]].rho.psi[13];
hc[psi[14]].rho.psi[14];
hc[psi[15]].rho.psi[15];
hc[psi[16]].rho.psi[16];

all2 := Dol[Print[n, " -> ", p[n] // FS], {n, 1, 16}]
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both methods give the same probabilities

P(n) = p(n)

test =Do[Print ["P[", n, "]-p[", n, "1=", P[n] -p[n] // FS], {n, 1, 16}]

P[1]-p[1]={{0}}
P[2]-p[2]={{0}}
P[3]-p[3]={{0}}
Pl4]-p[4]={{0}]
PI5]-p[5]={{0}}
P[6]-p[6]={{0}]
PI7]1-p[7]={{0}}
P[8]-p[8]={{0}}
P[9]-p[9]={{0}}
P[10]-p[10]={{0}}
P[11]-p[11]={{0}}
P[12]-p[12]={{0}}
P[13]-p[13]={{0}}
P[14]-p[14]={{0}}

P[15]-p[15]={{0}}

P[16]-p[16]={{0}}
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reconstruction analysis

convert 4x4 matrix into 16-dim column vector
represent operators of Hilbert spacesageroperators in Liouville space

possible methods:

e method 1:
pP1L P2 P3 P4 P1 P00
H = pPs P6 P71 Ps | /).2 — ,0(.)1
P9 P10 P11 P12 : :
| P13 P14 P15 P16 | P16 | | P33 |
e another labelling:
1 To + 1211 T3+ iT10 T4+ iT13 | B
.| T2 — 1011 T Tg+ 1T14 T7+ 1715 . To
P rs3 — iﬁClg T — i5614 s Tg + 7:3316
| Ty — T3 Ty —1T15 Tg — 1T Tip | | T16 |
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In[81]:= alll=Do[Print ["P[", n, "1=", P[n1[[1, 1111, {n, 1, 16}]

P[1]=x[1]
P[2]=x[5]
P[3]1=x[10]
P[4]=x[8]
1
P[S}:j (X[1] +X[8]) +X[12]
P[G}:% (X[5] +x[10]) +x[15]
P[?}:% (X[5] -2x[7] +x[10])
1
P[8]=% (X[1] -2X[3] +X[8])
P[Q}:% (X[1] -2X[3]+X[5] -2X[7] +X[8] +x[10] +2 (x[11] -x[13] +x[14] +x[16]))

P[10]= (X[1] -2X[2] -2X[3] +2X[4] +X[B5]+2X[6] -2X[7] +X[8] -2%Xx[9] +x[107])

4
P[ll]:% (X[1]-2X[2] +X[5] +X[8] -2X[9] +X[10] +2 (x[12] -x[13] -x[14] +x[15]))
P[lZ]:% (X[1]-2x%x[2] +X[5])
P[13]:% (X[8] -2x[9] +x[10])
P[14]:% (X[8]+x[10] -2x[16])
P[15]:% (X[1] +x[5] - 2x[11])
P[lB]:% (X[1]+2X[4] +X[5] -2X[6] +X[8] +x[10] -2x[11]+2x[12] +2x[15] -2x[16])
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set of equationsP = Ax

0] -x =) a,x,, etc.

1,0,

'+O'3316

Pr=xz1=1-21+0-29+--

Coefficient [P[n], x[m]]

a[fn_, m]:
Table[a[n, m [[1, 1]],
A/l M-

A:

{m 1, 16}]

{n, 1, 16},

O O dHN A ds

|y

<

o
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=l nverse[A]

A~'P whereA!is equal to

i NVA :
i nVA // MF

o o 1_2 O-dno oo o o 1_2 v o ©
o o 1_2 O +“dvo o0 oo o 1_2 v o
o o 1_2 ) 1_2 © o 5 oo o dvu-dno o
"4 o NN 6000 0 dvdn o ©

o O O O O O O o o o o

©O O 1tOHd OO0 OO0 O O © © O
© O ooo ooooo o T 4 o0 o
o - 1_201_200000 o l_21_20 o
o o 1_201_21__0000 o l_21_20 o
o o MNModno oo oo o dnudn = ©

|

_01_200000 - N dn O O

O HNdHNO O O H Hvno O | o : O
O O “dNO O HdNoO dnH O O O 1_2 1_2 ey
dN O HaH O HNo O O Hn O O 1_2 1_2 o
dudadno © © 0 0 O da N o TN o o

solution of the set of equations
exists if A is non-singular and it is simply given by

X
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experimental data [James et al. 2002]

experimental coincidence coult&,, = {n1, ..., ns}

experimental estimations of probabilitiBs,, = { Pexp1, -, Pexpi} = {5 - o}
wheren, = N {4, |p|,) so

4
ZnV:NH )+
v=1

N

HN(VH|p|VH)+N{(VV

VV)

>

Nexp : = Transpose[{{34749, 324, 35805, 444, 16324, 17521, 13441,
16901, 17932, 32028, 15132, 17238, 13171, 17170, 16722, 33586}}1]

Norm= Sum[Nexp [[i 11, {i, 1, 4}1[[1]]

Pexp =1. Nexp / Norm

Pexp 7/ MF

0.487213
0. 00454278
0. 502019
0. 00622529
0.228877
0. 245661
0. 188455
0. 236968
0. 251423
0. 449062
0. 212165
0. 241693
0. 18467
0. 240739
0. 234458
0. 470907
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reconstructed p by linear tomography

final solution forx assuming the analyzed experimental data:

I | T2 +i$11 X3 —|-i5612 $4+?;I13
i) A= A . Lo — iiEH Xr Te 1 ’iZE14 Tr7 + i$15
P = Pexp X3 — ixlg Tg — z'a:14 I Tg + ’i[lﬁl6

| T16 | Ty —1X13 X7 —1T15 Tg — 1X1g  T1p |

x = Fl atten[i nvA. Pexp]

{0.487213, 0.00418524, 0.00975155, 0.519209, 0.00454278, 0.0271305, 0.0648257,
0. 00622529, 0.0694526, 0.502019, 0.01142, -0.0178416, -0.0380247, 0.0145958, -0.00762037, 0.013383}

X[[1]1] X[[2]11 +ax[[111] Xx[[311+&x[[12]] Xx[[41] +ax[[13]]

f hoexp : = X[[21] -4 x[[11]] X[[511 X[[611 +ax[[141] X[[711+&X[[15]]

' X[[311 -4 x[[12]]1 x[[61] -&x[[14]] X[[8]1 X[[911 +aXx[[16]]

X[[41]1 -4 x[[13]1] X[[7]11 -&x[[151] X[[9]1-#&x[[16]] X [[10]1
rhoexp /f MF

0.487213 0.00418524 + 0. 01142 1 0.00975155 -0.0178416 = 0.519209 - 0. 0380247 1
0. 00418524 -0.01142 1 0. 00454278 0. 0271305 + 0.0145958 1 0.0648257 - 0. 00762037 1
0.00975155 + 0. 0178416 = 0.0271305 - 0. 0145958 1 0. 00622529 0.0694526 + 0. 013383 1

0.519209 + 0. 0380247 1  0.0648257 + 0. 00762037 i 0. 0694526 - 0. 013383 1 0.502019
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e method 2:p — [r,]16x1

find a set of 16 linearly independehtx 4 matrices{~, } satisfying:
Tr {4, - ”AY/L} = Opp
16 16
Vo p= D> AT {A =D A,
v=1 v=1
aregeneralized Pauli operatorsor their products chosen as,
e.g..,generators of the Lie algebraSU (4) or just SU(2) 2 SU(2).

ﬁ4m+n:§&m®5—na (m,n:O,...,S)

whereg,, are the standard Pauli operators.

for convention we denotg; = 7
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exemplary generators of the Lie algebraSU (2) ® SU(2)

10 0 1 0 -i 1 0
o0=(g 1) oa=(1 o)ioe=(s 0)iom={o 1)

1
Gener at eGamma = Do [y[4 m+n] = EKron[om, on]l, {m 0, 3}, {n, 0, 3}]
¥[16] : = ¥[O]

y[1] 7/ Sinmplify // MF

O O Nk O

O O O N
NPk ©O O O
O N O O

Y[2]1 7/ Simplify /7 MF

o O

O O nN= O
© o o .

NE O O
|
o N| =
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generators of the Lie algebraSU(2) ® SU(2)

9
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reconstruction analysis

projection measurement

fly = ‘¢V> <¢I/‘

average number of coincidence counts

ny, = N<¢V‘,@|¢V>
reconstructeg

/3 — <N)_1 Ziil Muny

where
X 16
M, = Z (B_l)z/,,u /3//"
v=1

B = [By”u]lﬁxlﬁ with B, , = <¢1/W/~L‘¢V>

non-singularity of B «+ sensitivity of method
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Y| )

mmn <¢m

B

where

B = [By.)16x16

hc [psi [mM]]. y[n]. psi [M]

b[m, n_]:

{m 1, 16}, {n, 1, 16}]

Table[b[m n][[1, 1]1],

B:

Brs/ M-

o Ao A Hw N e H N e e e e

|y

|y
|

o O

o O

ey
|

o O O O O o o o

o O O O O O o o o
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o

| e
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ey
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ey
|

|

(@]

o

o

|
|
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|
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| | |
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|
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inverse matrixB—!

I NVB :

| nver se [B]

i nvB /7 MF

-1 0 0 O
1

0
0
0

-1

O 0 0 O
O 00 O0 O
O 00 O0 O
-1 0 0 0 O
-1 0 2 O

0
0

o O
|

|y

ey

0
0

0
-1
-1
-1

0
0
0

0
0

-1 0 0 O

0
0
0

-1

-1 2 0 0 O
-1 0 0 0 O
O 00 0 O

O 0 0 2

0
0

1
0
0
0
0
0
0
0
0
0

ey

|

ey

ey

-1 0 0 O

0
0
0

-1

O 00 O0 O
O 00 O0 O
O 00 O0 O
O 0 0 O

|

v

ey

ey

0
0

1

-1

0
0
0

O 00 O0 O
O 00 O0 O
O 00 O0 O

0
0
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M, =37, B, 4, for our set of tomographic states

MIn_] : = Sum[i nvB[[m n]] ¥y[m], {m 1, 16}]
M[1] 7/ MF

1 1 1 1
1 s+5 5-3

o

N[ M| -

N Nk
O O O N

7
0
0

N+
O N+

M[2] // MF

1 1 1

=

1 _ i _ 1 _ 1
2 2 2 2

7
0
0

N )
+ N
o O

1l 1
2 2

M[16]1 7/ MF

O 0 O
0O 0 -1
0O -1 O

1
0
0
0




another common set of tomographic states

No.| Mode 1 Mode 2
1 H) H)
2 H) V)
3 V) V)
4 V) H)
5 R) H)
6 R) V)
7 D) V)
8 D) H)
9 D) R)
10 D) D)
11 R) D)
12 H) D)
13 V) D)
14 V) L)
15 H) L)
16 R) L)

Note: we have just replaced by D.
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M, =37, B, 4, for the new set of tomographic states

b[m, n_]:=hc[psi [M]].y[n].psi [mM]
B:=Table[b[n, m[[1, 111, {n, 1, 16}, {m 1, 16}]

| nvB: =1 nverse[B]
M[n_] :=Sum[invB[[m n]]y[m], {m 1, 16}]
M[1] 7/ MF
1 1 1 1 1
1 -2 t7 77 %
1 1 hil
-7 -7 0 7 0
1 1 1
—7+7 —7 0 O
1
> 0) 0 0
M[2] 7/ MF
1, i 1
O —?4‘? O >
1 1 1 1 1
-7 -7 1 7 "7 7%
0 -5 0 0
1 1, i
7 —?4—7 O O
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A

16 matrices M, for the latter tomographic states

)

0 -6 0 1
—a 2 1 —«

0 —2 0 0

1 —a 0 0

—
?
2 —p
—a 0

0
0
0
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—0
_6 0

—a 0

—2
0

0
21

0
0

0
0
0
—a 0

)
— O O O
—
O_OO
—

1
2

M5 =

1 —u.

=14+1¢,08=

wherea

AN

Note: other)M,’s are obtained for other sets of rotations.
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experimental example of James et al.

counts for 16 projection measurements
ny = 34749, ny = 324, n3 = 35805, ngy = 444,
ns = 16324, ng = 17521, ny = 13441, ng = 16901,
ng = 17932, nyg = 32028, n1; = 15132, nyy = 17238,
ni3 = 13171, nyy = 17170, ny5 = 16722, 1165 = 33586
reconstructedp by linear tomography

0.4872 0.0042 +20.0114 0.0098 — 20.0178 0.5192 — 20.0380

.| 0.0042 —140.0114 0.0045 0.0271 +20.0146 0.0648 — 20.0076

P =1 0.0098 + i0.0178 0.0271 — 0.0146 0.0062 0.0695 + ¢0.0134
0.5192 + 20.0380 0.0648 + 20.0076 0.0695 — 20.0134 0.5020

problems with semi-definiteness and normalization
cig p = {1.02155,0.0681238, —0.065274, —0.024396}
Tr p> = 1.053
this is not a physical density matrix!
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maximume-likelihood (MaxLik) method

1. construct explicitly a “physical” density matrix pp,

e Nnormalized

e Hermitian
e poOSitive
e.g.

. . T
Pphys = Pphys(t1, 2, - - - ti) = Tr{TTT}
with e.g.

t 0 0 0
ts + 16 to 0 0

T = . .
t11 + Ztlg t7 + Ztg t3 0 7
ti5 + 1t1g t13 + 1t1a tg + 1t10 ta

of lower-triangular (or upper-triangular) form, which is easily invertible
By the Schur decomposition any normal matrix4 (i.e., ATA = AAT)

AN AN AN

can be represented ds= UTU' in terms of a trlanguIaT and a unitaryl/.
For simplicity, we neglect/.
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maximum-likelihood method

2. construct a likelihood function
assuming e.gGaussian Noisef the measurements,
the probability of obtaining a set of counts

n = (ny,ny,...Nng)

for given ppuys(t) with t = (¢4, o, . . . t1g)

where

n,(t) = N (¢, |ppnys (t) [1,) — number of counts expected feth measurement
0,(t) ~ /n,(t) — standard deviation

N =30 n, > 1—normalization, s@x corresponds to a probability

Nuorm(t) = const — normalization assumed to be independerit of



maximume-likelihood method
3. optimize ppp,s(t):
find numerically a maximum oP(n, t)

for a given measured data

N =)’
maXHeX ON (15 ()

or, equivalently, analyze logarithm éf(n, t):

i . (N<¢V|ﬁp<t)‘wu> o ny>2 N

ma v=1 2N (| pp(t)]20) ) mtin L(t)
where
L) =" ((Wulpp(®)]e0) — %)

— (h[pp(t)|Yhy)
is a usefuflikelihood’ function .
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‘likelihood’ function

Litl , t2 ,t3 ,t4 ,t5 ,t6 ,t7 ,t8 ,t9 , t10 , t11 ,
t12_, t13_, t14_, t15_, t16_] : = Modul e[{T, RhoPhys, sum Nmean},

t1 0 0 0

.| t5+1t6 t2 0 0
T lt11+4t12 t7+4t8 t3 o\
t15+2t16 t13+4t14 t9+atl1l0 t4

RhoPhys : = hc[T]. T/ Tr [hc[T]. T1;
sum= 0;
Do [
{Nmean = Re[Nor m« hc [psi [M] ]. pphys. PSI [M] ];
sum=sum+ (Nnmean - Nexp[[m]])"2/2/Nmrean}, {m 1, 16}];

Return[Re [sum] ]

|:

numerical optimalization
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FindMinimum|
L[t1,t2,t3,t4,t5,16,t7,t8,t9,t10,t11,t12,t13,t14,t15,t16],
{t1,tinil1},{t2,tini2}{t3,tini3},{t4,tini4} {t5,tini5},{t6,tini6},
{t7,tini7},{t8,tini8},{t9,tini9},{t10,tini10},{t11,tini11},
{t12,tini12},{t13,tini13},{t14,tini14} {t15,tini15},{t16,tini16}]

thus, we need initial valudgs,;.




How to estimate initial ‘physical’ matrix 7'(t;,;)?

By calculating?’ from our “unphysical’s:

where
MO = Det(p),

M
M

(1) _ Det

i

( VG
@ 0
00
1 1
NI
1 2
A \/Méo)Méo),n Moo.11
T(tw) =
2 2
Mé1),12 M(()o),m
\/033\/ M(()%{n x/ﬂBs\/ Mé%),n

<pwith0ut row i & col j):

(2) A
ikl Det(ﬂwithout rows i,k & cols j,l)
ik 1=0,..3

0 0 \

2
Mo

P33

270
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for our experimental data

0.59483 0 0 0
Plte) = 0.8706 + 0.72823 0.4060 0 0
i —0.0215 4 0.99337 —0.2827 — 0.2982; 0.0615 0
| 0.7328 +0.0536i  0.0915 + 0.0107i  0.0981 — 0.0189i 0.7085
0.7870 0.0325 — 0.00147  0.0328 — 0.00517  0.1289 — 0.00944
. 0.0325 + 0.00144 0.0850 —0.0024 — 0.0050¢ 0.0161 — 0.0019;
Phys (bini) = 0.0328 + 0.00517 —0.0024 + 0.00503 0.0034 0.0173 + 0.0033:
| 0.1289 +0.00947  0.0161 +0.0019;  0.0173 — 0.0033: 0.1247 |

L(ty;) = 3.0695
by applying the optimalization procedure we can diminish this value to
L(topt) = 0.0104

for the following matrix ...
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our matrix reconstructed by MaxLik method

0.5028 0.0230 + 0.0117¢ 0.0279 — 0.01304 0.4686 — 0.0346i
. 0.0230 — 0.01172 0.0051 0.0050 4 0.0001z 0.0333 — 0.0082¢
Prbys(topt) = 0.0279 + 0.0130z 0.0050 — 0.0001%2 0.0066 0.0416 + 0.01022
| 0.4686 + 0.03462 0.0333 + 0.00822 0.0416 — 0.01022 0.4854

IS a physical density matrix as it is
e positive (semidefinite)
eig Ppnys = {0.9687,0.0313,0,0}

e Hermitian

~ o
Pphys = pphys

e normalized

Tr{[)phys} =1

Te {2} = 0.9304 < 1
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comparison of reconstructed matrices

p by linear tomography (left) ang,.,s by MaxLik tomography (right figures)

phys

005, 005,
3 : N ") :
£ 2 s
E £
-0.05( " —-0.050
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reconstruction of a qutrit density matrix

B R (CRRVEC R (AR IC VI (CARICE)
p=3 << D Hiae)) 1+ ((6s) — V3(a3)) 2((66) — i{67))
- 5((0u) +i(03)) 5((G6) +i(a7)) 1 —V/3(0s) |

via measurement of the generalized Pauli operators

which can be chosen as generators of the Lie algebra)

010 0 —i 0 1 0 0 001
6o=1100|, Go=14¢ 0 0],63=]0-10|.,6,=1[000],
1000 00 0 00 0 1100
(00 —7 | (000 ] (00 0 (10 0 |
65=100 0 |,66=1]001]|,60.=]00 —i ,&8:% 01 0
i 0 0 1010 07 0 00 —2 |

Analogously@ qudit density matriX can be reconstructed
via measurement of generators of the Lie algefivdd)
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Questionl

Quantum tomography and no-cloning theorem

For complete reconstruction @fwe need to repeat measurements on many
copies ofp.

But unknownp cannot be copied.

Thus, do we violate the no-cloning theorem?

Answerl

No! The term “copies” refers to identically prepared quantum objects.

Copies ofp are generated from the same (known) initial state(s) by applying
the same transformations in the same experimental setup.
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Quantum gates
(part Il)

reversible gates
Toffoli and CCU gates

simulation of gates by various circuits
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reversible computing

- a computational process that is (or almost is) time-invertible (time-reversible).
Landauer’s principle

- a computational process to péysically reversible
it must also bdogically reversible.

logically-reversible process

- a discrete, deterministic computational process for which the transition func-
tion that maps input states to output states is a one-to-one function.

examples of reversible quantum gates
all unitary quantum gates are reversible, e.g.:
ﬁ(qﬂ()) +c1|1)) = ¢ol+) +c1|—) — f[((:oH) + c1|—)) = ¢]0) + ¢1]1)
[9m) = ¢0]00) 4+ ¢1|01) + ¢2]10) + c3]11)
Ucnot| i) = 0|00) + ¢1]01) + co|11) + ¢5]10) = [thour)
Ucnot|tout) = ¢0[00) + ¢1]01) + 2|1, 1@ 1) + ¢5|1,0 @ 1) = [ahy)
but measurement is irreversible
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examples of irreversible classical gates
logic gates in a classical computer, other than NOT gate, are irreversible, e.g.:

AND OR XOR=CNOT
ab | c ab | c ab | c
00 | O 00 | O 00 | O
01| 0O 01| 1 01| 1
10 | O 10 | 1 10 | 1
11 | 1 11 | 1 11 | O

how to make these gates reversible?
keep input(s) together with the standard output, e.g.:

R-AND R-OR R-XOR

ab | abc ab | abc ab | abc ac bc
00 | 000 00 | 000 00 | 00O 00 00
01 | 010 01 | 011 01| 011 01 11
10 | 100 10 | 101 10 | 101 11 01
11 | 111 11 | 111 11 | 110 10 10




CNOT and Toffoll gates

|a O b)

&)

29 |a)

&)
1)

(1 0 0 0
0100
0001
0010

(1 0 00 00 0 0

b)—®— |b)

Icy —b— [ab O c)

01 00 O0O0O0O
O 0 10O0O0O00O
OO0 01 O0O0O00O

OO0 O0OO0O1O00O00O0

OO0 00 O0O1O00O0

00 0O0OOGO 1
\ 00 000010




replacement for CCU gate

theorem of Barenco,Bennett et al. (1995)

Any CCU gate can be built from
CNOT, CV, and CVT gates, where V2= U

-® = \IITI

\A V -

U |-

Note: Toffoli gate is a special case of CCU



replacement for CCU gate (proof)

0 0

|>* 0) 0) 0 _ |0) 0 g 10 o 19
|0>* 9 2 | T 0| [0) T |0>I 0 | 10
Porg 1 O o R
0 0

|>* 0) 0) 0 _ [0 0 g 10 g 19
Ve " 2 |1>T D4 T LLw W
Ty O VR [l R




replacement for CCU gate (proof)

1 1
AP A VS DR« R b

®
o210 2 o ol |1>I 0 | 10

—@ T D T &
Ty OV b [ VR R
AV Y 1) IO O VA S Y
® ® ®
S N O S R
@- — T N N
DO [UR 0 [ VIO [ VRO Uk
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Implementing gates InMathematica

e two-qubit states
ket|ni,no| = |ny1, ng) — 4-element column vector with ‘1’ at po3un, + ny + 1

bra|ny, ne] = (n1, ny| — row vector

ket [n1_, n2_]:=NMdul e[{state},
state = ZeroMatri x[4, 1];
state[[2nl+n2+1, 1]] =1;
Return[state]]

bra[nl , n2 ] :=Transpose[ket [nl, n2]]

ket [0, O] 7/ MF

1
0
0
0

ket [1, 1] 7/ MF
0

0
0
1
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CNOT gate —cnot = [00)(00] + |01)(01] + [11)(10] + |10)(11]

cnot : =
ket [0, O]. bra[0O, O] +ket [0, 1].bra[0O, 1] +ket [1, 1].bra[l, O] +ket [1, O].brafl, 1]
cnot // MF

O O O
O OO

o O Ok
ool el

CV gate — control unitary V' = [

V0,0 0,1
v1,0 V1,1
cv = [00)(00] +|01) (01| +vg.0| 10) (10| +vg.1|10) (11| +v1 0 11) (10| w1 1|11) (11|

CV : =
ket [0, O]. bra[0O, O] +ket [0, 1].bra[0O, 17 +
Vo o ket [1, O]. bra[l, O] +vqo 1 ket [1, O]. braf[l, 1] +
Vi o ket [1, 1]1.brafl, 0] +vy1 1 ket [1, 1].braf[l, 1]
cv // MF

1 0 0 0
1 0 0
0 Vo0 Vo1
0

0
0
0

Vi,0 Vi1
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e three-qubit states

KET[n1, na, n3] = |n1, na, n3) — 23-element column vector with
‘1’ at position4n, + 2ns + ng + 1

BRA[nl, N9y, ng] = <n1, N9y, 713‘ — FOw vector

KET[n1 , n2_, n3_]:=NModul e[{state},
state = ZeroMatri x[8, 17;
state[[4nl+2n2+n3 +1, 1]] =1;
Return[state]]

BRA[N1 , n2_, n3_] :=Transpose[KET[nl, n2, n3]]

KET[O, O, O] 7/ MF

BRA[O, 0, 1] // MF

(001 00000 0)

BRAT1, 1, 11 // MF

(0000 O0O0O0 1)
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control gates for 3 qubits

1. CNOTy3=kron(id,cnot) whereid = [(1) (1)]

or CNOTa3 = |000)(000] + [001)(001] + [011)(010] 4+ |010)(011|
+[100)(100] 4 [101)(101| 4 |111)(110] + |110)(111]

CNOT23 : =
KET[O, O, 0].BRA[O, 0, 0] + KET[O, O, 1].BRA[O, 0, 1] +
KET[O, 1, 1].BRA[O, 1, 0] + KET[O, 1, 0].BRA[O, 1, 1] + KET[1, O, 0].BRA[1, O, O] +
KET[1, O, 1].BRA[L, O, 1] +KET[1, 1, 1].BRA[1, 1, 0] + KET[1, 1, 0].BRA[L, 1, 1]

CNOT23 7/ MF
1 00 0 O0O0OO
01 00O0O0OO0GO
0 001 0O0O0TGO
0O 01 00 O0O0OTO
0O 00 0O0O1O0O0O
0O 00 0OO1O0TPO0
0O 00 O0OOOT 01
0O 00O 0O0OOOT11O0

2. CNOTo=kron(cnot,id) — analogously
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3. CVo3=kron(id,cv)

CV23new: = Kron[id, cv]
CV23new // MF

1 0 O O O O O O

O 1 O O O 0 O 0

O O Vo.o Vo 1 O O 0 0

O O Vio Vi1 O O 0 0

O O O O 1 0 O 0

O 0O O O 01 O 0

O O 0 0 O O Vo,o Vo, 1
\\O 0 0 0 O O Vio V1,1
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or explicitly

CV23: =

KET[0, 0, 0]. BRA[O, O, 0] + KET[0, O, 1]. BRA[O, O, 1] +
Vo.o KET[0, 1, 0].BRA[O, 1, 0] +Vo 1 KET[O, 1, O]. BRA[O, 1, 1] +
V1o KET[O, 1, 1]. BRA[O, 1, 0] +v1 1 KET[O, 1, 1]. BRA[O, 1, 1] +
KET[1, O, 0]. BRA[L1, O, 0] +KET[1, O, 1].BRA[L, O, 1] +
Voo KET[1, 1, 0].BRA[1, 1, 0] +Vvo 1 KET[1, 1, 0].BRA[1, 1, 1] +
Vi oKET[1, 1, 1]1.BRA[1, 1, O] +vy 1 KET[1, 1, 1].BRA[L, 1, 1]

CVv23 /7 MVF

1 0 O O 00 O 0
01 O O 00 O 0
0O O Vo,0 Vo,1 0O O 0 0
0 0 Vig vis 00 0O O
O 0 O O 1 0 O 0
O 0 O O 01 O 0
O O 0 0 0O O Vo,o Vo, 1
0O O 0 0 0O O Vio V1,1




CV13 = [000Y(000] + ]001)(001] + [010)(010] 4 |011){011|

4. CVy3 gate

289

‘|‘U0’0|100><100| + U0’1‘100><101‘ + U1’0|101><100| + U1’1‘101><101‘
+0,0|110) (110] + v 1 |110) (111] + vy 9|111)(110] 4+ vy |111)(111]

PR o o

0].
1].
0].

1].

BRA[1, O,
BRA[1, O,
BRA[1, 1,
BRA[1, 1,

CV13: =
KET[O, O, 0]. BRA[O, O, O] + KET[O, O, 1]. BRA[O, O, 1] +
KET[O, 1, 0].BRA[O, 1, O] + KET[O, 1, 1].BRA[O, 1, 1] +
Voo KET[1, 0, 0].BRA[1, 0, O] + Vo 1 KET[1,
V1o KET[1, 0, 1].BRA[1, 0, O] +Vy 1 KET[1,
Vo o KET[1, 1, 0].BRA[1, 1, 0] +vq 1 KET[1,
V1o KET[1, 1, 1].BRA[1, 1, O] +vy 1 KET[1,
CVv13 /7 MF
100 0 O 0 0 0
01 00 O 0 0 0
0010 O 0 0 0
O 001 O 0 0 0
O 0 OO Vo,0 Vo,1 0 0
0 000 vig Vii O O
0000 O O Voo Vo
O 000 O O Vio Vi1

1] +
1] +
1] +
1]



tricky way to calculate CV 3
CVi3= SWAP,; CVy3 SWAP;; = kron(swap,id) CV; kron(swap,id)

CV13new: = Kr on [swap,

CV1i3new // MF

0

O O O OO oo Bk
O O O O O O

test = Max [CV13 - CV13new]

0

0

O O O OO rFr o

O O O OoOPFr OO0 OO0

0) 0)
0) 0)
0) 0)
0) 0)
Vo,0 Vo,1
Vi,0 V1,1
0) 0)
0) 0)

1 d]. CV23. Kron[swap, 1d]

O O OO O

0

Vo,0 Vo,1
Vi,0 V1,1

O O O O O

0

290

or



substitution circuits for CU {3 gate
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e

substitution circuit for SWAP gate

(1N
—X— ° T ®

— i )
X N, ¢ N,



5. CCU gate(U = v?)

r1 0 0O O O O O 0

O 1 00 OO0 O 0

O 01 0 00O O 0

. O 0 0O1 00 O 0
Ur=1o 00010 0 o
O 0 OO0 O 1 0 0

O 0 OO0 OO Up, o0 Up, 1

\O O 00O OO Ui, 0 Ujp 1 )

fUpg, 0 Up, 1) (Vo,o Vo,1) (Vo,o Vo,1)

\ U1, 0 Uz, 1, Vio0 V1,1 V1,0 V1,1

fUp, o0 Up, 1) /) N

\ U1, 0 Uz 1,

V§0+Vo1Vi0  VooVo,1+Vo1Vi1

2
Vo,oVi,0+Vi0V1 1 Vo,1V1,0+V1 1

292
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a substitution circuit for CCU gate

® o 0

gatel gate2 gate3 gated gates
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substitution circuit for CCU gate

(1 0O O O\ (1 O O Oy
swap : = O 01 O . enot = O 1 0 O
O 1 0 O} O 0 0 11}
.0 0 0 1 .0 0 1 0
1 O O 0
O 1 O 0 _ . :
CV = 0 0 Voo Voi ,1d=IldentityMatri x[2];
\O 0 Vi,0 V1,1 ]

gatel : =Kron[id, cv]
gate2 : = Kron[cnhot, id]

gate3 : =Kron[id, hc[cv]]

gated : =gate2

gate5: = Kron[swap, id].gatel. Kron[swap, 1d]
CCULt enp : = gat e5. gat e4. gat e3. gat e2. gatel




properties of unitary matrices

a matrix is unitary iff its row and column vectors are orthonormal

thus for

|

we have

V0,0 Vo,1
V1,0 V1,1

* *
’UO’O/UOJ + U1,0U171 =0

x S
Up,0v0,0 + Vp V01 = 1

etc.
r1:={Conjugate[vog o] Vo o+ Conjugate[vy o]l V1,0~ 1}
r2: = {Conjugate[vp o] Vo o+ Conjugate[vp 1] Vo, 1 » 1}
r3: = {Conjugate[vp 1] Vo, 1 +Conjugate[vy 1] v1 1 > 1}
r4:= {Conjugate[vy o] V1,0 +Conjugate[vy 1] Vi1 -1}
r5: = {Conjugate[vp o] Vo 1 +Conjugate[vy o] V1,1 - 0}
ré : = {Conj ugate[vg o] V1,0 + Conj ugate[vp 1] V1,1 » 0}
r7:={Conjugate[vp 1] Vo o+ Conjugate[vy 1] V1,0~ 0}
r8: = {Conjugate[vi o] Vo o+ Conjugate[vy 1] Vo 1 = 0}
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.finally

CCUl:=CCUltenmp /. r1 /. r2/.r3/.rd4/.r5/.r6/.r7/.18
CCUL 7/ MF

1 0 00 0O 0) o)

O1 0 0 0O 0) 0)

O 01 0 0O o) o)

O 001 0O o) 0)

O 000 10 o) o)

O 000 01 o) 0)

O 0O OO OO V(%,O +Vo,1V1,0 Vo,o0Vo,1+Vo,1V1 1
0 000 0 O vgoVi0+VioV1i1 Vo 1Vio+Viq

test = Max [CCU- CCU1] // MF

0

we have shown that our gate CCslmulates the original CCU gate



or more explicitly
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CCU2tenp : = CV13. Kron[cnot, id]. hc[CV23]. Kron[cnhot, id]. CV23

CCUR2:.=CCUl2tenp /. r1 /. r2/7.v3/.r4/.v5/.r6/.r7 /.18

CCU2 /7 MF
1 0 O
010
0O 01
0O 0O
O 0O
0O 0O
0O 0O
0O 0O

O O O o+ OO Oo

o O OFrr OO0 O O

o O L OO O O o

O O OO oo

2
VO,O +V0,1V1,0

Vo,oV1i,0+Vi,0V1 1

test = Max [CCU- CCU2] // MF

0

O O O OO

0
Vo,o0Vo,1+Vo,1V1,1
Vo,1V1,0 +V%,1
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Introduction to
guantum error-correction codes

guantum vs classical errors
correction of bit-flip and phase-flip errors
Shor's ECC
Steane’'s ECC

fault-tolerant gates

a note

without quantum ECCs construction of
practical quantum computers would be impossible



errors in classical computers
bit-flip errors
0—1&1—0
errors in guantum computers
1. bit-flip errors = amplitude errors
0) = [1) & [1) — [0)
2. phase-flip errors = phase errors
0) = 10) & [1) — —[1)
e.g.|+) — |—) & |—) — |+) (orthogonal)
3.small errors
al0) + b|1) — Va2 + €]0) + Vb2 — €[1)

which can also correspond to

removing the qubit and replacing it with garbage!

thus

there is acontinuous set of qguantum errors

299
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error-correcting code (ECC)

guantum states are very fragile to decoherence and dissipation,

thus we need a quantum ECC — an analog of classical ECC

can we really correct quantum errors?
1. errors are continuous
there are infinitely many quantum errors
2. measurement destroys quantum information
qubits cannot be measured without disturbing quantum information they carry,

l.e., by measuring
al0) + b|1)
we get eithelf0) with probability |a|* or |1) with probability |b|*
3.no cloning

guantum information cannot be copied with perfect fidelity



guantum repetition code
[¥) = a|0) +b[1)
UKorl$)[0) = Ukor(al00) + b[10))

= al0,080)+0|1,08 1)
= a|00) 4 b|11)

UCNOT CNOT|¢>\0>|O> = UCNOT<CL|OO>+5\11>>\O>
= al0,0,00) +b[1,1,0® 1)
— |000) + b|111)

note that

UCNOTUCNOT - UCNOTUCNOT

In general

HUCNOT al0) +b1))[0)* 7 = a0)*Y + b]1)*Y

301
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bit-flip error

o) = a|000) + b|111) — [3rd bit flip| — [¢1) = a|00L) + b|110)

error detection = error syndrome diagnosis/measurement

) = [16,)]00) = @|00100) + {11000}

W3> = UCNOT CNOTW2>
= a|0,0,1,08060,0) +b/1,1,0,0® 1 & 1,0)
= a|0,0,1,0,0) +b[1,1,0,0,0) = |1b9) (sic!)

’¢4> — UCNOT CNOTW3>
= a|O,Q,l,0,0@O@1>+b[1,l,Q,0,0@O@1>
= a|0,0, 1,%) +b|1, 1,0,%)

_ (a\o,o, 1)+ b1, 1,o>) ® 0, 1)
so let us measure modes 4 & 5:

|¢5> — 45<M/7 MN‘¢4> — CL‘O, 07 1> + b|17 17 O>
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In our case the measurement result (i.e. error syndrome) is:

M =0M"=1
error correction = recovery
so we know that we have to flip the 3rd qubit
[V6) = Xs|ibs) = al0,0,0) +b|1, 1, 1) = |¢)
Analogously, we can find a proper action for other measurement results:

error syndrome —- error correction

M= 0,M" =1= |¢g) = X3[15)

M =1,M"=0= |¢y) = Xo|v5)

)
M =1,M" =1= [1y) = X1|¢s)
M= 0,M" = 0= |1y) = |15)

So in general

|’(ﬁ0> = X!BM”—QM’|‘¢5>7 WhereXQ = j,
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bit-flip error |yg) — |17)
[1h0) = a|000) + b[111)
|¢1> — a\OOl} — b\ll()), a\OlO) + b\lOl), a\lOO) + b|011) Ora|OOO> + b|111>

bit-flip error correction |y1) — |v)

Syndrome Measurement Recovery
' [

) — o« . R — lio)

==

~— ~——
)
NP
o
NP

o

NP

T

NP

Vo) = Xigarm— 2M’|(45<M/ M"U&orUorUNor CN0T|¢1>|00>)
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a typical error correction code (ECC)

) — encode — //— syndrome detect — error correct — decode — |¥)
where—//— denotes quantum channel where an error can occur
example: a quantum bit-flip ECC
[4) ’ l // ’ . l [4)
0) b—// *—9 R D
0) —& // . &
0) —5—D (M'——e
0) O—D—”
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phase vs amplitude errors

LTl

oo L1 10110 1ol .
ot =gl Aol A= Lo ) =

thus
a phase error (phase flip) in a rotated basis

appears as an amplitude error (bit flip) and vice versa.
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phase-flip error

a|0) + b|1) — |phase flip— a|0) — b|1)
SO
0) +11) - 0) — 1)
+) = — |phase flip — |—) =
+) 7 p p— 1= 7
|—) — |phase flip— |+)

Initial encoding

al0) +b|1) — [tbo) = a]000) + b|111)

[1bo)

— [éf) =al +

++) + b — ——)

or explicitly

= H%UlxorUnor(al0) +b[1))

= ﬁlﬁgﬁg(a‘OO(D
= al +++) + b -

+b|111))
--)
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encoded Initial state

[¥0) = a + +4) +b] = —=)

phase-flip error |¢) — |)
Y1) =al ++-) +b] — —+)
oral + —+) + b — +—)
oral —++) + b/ +——)
oral+++) + b — ——)

apply Hadamard gates to|) — |¢1)
1) = HE3|t) = HyHoHs(a| + +—) + b| — —+)) = a|001) + b]110)
and analogously
al + —+) + b — +—) — a|010) + b|101)
a| — ++) +b| + ——) — a|100) + b|011)
al| +++) + b — ——) — al000) + b|111)
so now our standard bit-flip ECC can be applied
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phase-flip error correction |¢}) — |¢y)

Syndrome Measurement Recovery

g e : -
Y1) ——H > R — |vo)
——H . —
) ——0 M
o) e M

AN A AN

|¢O> — X\BM”—ZM’I ( 45<M/> M”| U%5NOTU(235NOTU(234NOTUé4NOTH®3’¢1> |00>)
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encoding qubit against bit-flip error

al0) +b|1) —e L
0) $— a|000) + b|111)
0) —

encoding qubit against phase-flip error

al0) +b[1) —e l H
0) D H+ al+++)+b — ——)
0) —& H

How to encode qubit against both errors?
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encoding code for Shor’s nine-qubit ECC

0) | L

N

al0) + b|1)

T

=
~——
)
NP

0) .

0) —bD HH+—e l
0) &
0) D

first real error correction code against both bit-flip and phasesfliygleerror



313
encoding code for Shor’s nine-qubit ECC
0) — ]000)
—W++ﬂ=5%W%HMWWHUM®+M)

— #(MOO) +[111))(]000) 4 [111))(]000) + |111)) = |0),

= |===)= ﬁ(l@ = [1)(10) = [1)(10) = 1))

W(\OOO) — |111))(|000) — |111))(]000) — |111)) = |1)1,

al0) +0|1) — a|O), +0[1)r,

Note that:
e the corrections of bit and phase flip errors are independent
e thus Shor’s code can correct combined bit and phase flipssthgle qubit

e there are other more concise ECCs
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encoding code for Steane’s seven-qubit ECC

H

H

H

N
N

N
N

N
N

N
\

N

N

N

(N

N
\V

N
N

N
N

AR\

<V

N
N

CL‘O>L -+ b‘1>L
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encoding code for Steane’s seven-qubit ECC

let
) =10)
[40) = 10)*°¢)
step 1. -
‘¢1> — H1H2H3’O>®6|¢0> — H_) +7 +7 Oa 07 07 O>
step 2:
’¢2> CNOT CNOT‘¢1> |¢1>
step 3.

|¢3> — UCNOTUONOT CN0T|¢2>

N ﬁ<‘97+7+70707070>+|la+7+70@17070@170@1>>

— 1(]0++0000>+|1++1011>)
\/5777777 >y by by =y My
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step 4:

[94) = UCNOTUCNOT Ubvorlis)
— §<|0797+70707070> + |Oala+ao@1ao@1aoao@ 1>
+|1797+71707171> + |1ala+71@170@17171@ 1>)

1
- §<|O7 O? +, 07 07 O? O> + ‘07 17 —i_’l’ l’ O’l>
‘|‘|17 07 +, 17 07 1al> + ‘1? 17 +7Q7 l’ 1’Q>>

final step 5:

Vs) = UdhorUevorUsvor|ia)

1
= —(]0,0,0,0,0,0,0) +[0,0,1,00 1,00 1,0 1,0
\/g(‘ )+ | )
0,1,0,1,1,0,1) + 1[0, 1,1 1,10 1,0 1,1)

_|_
+(1,0,0,1,0,1,1) + (1,0, L, 1 1,00 1,1 & 1,1)
+[1,1,0,0,1,1,0) + 1,1, 1,0 1,1 1,1 & 1,0))
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so finally
1
0), = |1b5) = %(mooooom +]0011110) + |0101101) 4 |0110011)
+[1001011) + [1010101) + [1100110) + ]1111000))
1
-F > W
\/é evenveHamming
Analogously
W) =|1) — |[v5) = 1)L
where
1
1), = \ﬁ(mmm + [1110000) + [1001100) + |1000011)
+[0101010) + [0100101) + [0011001) + ]0010110))
1
=7 >,

odd veHamming

Thus, in general
al0) + b|1)—al0)r + b|1)
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bit-flip syndrome detection in Steane’s 7-qubit ECC

N

0) - DD

l i
0) BDDE{A

N
O JAAVAAVAAYE
NZANVANPAN

;

phase-flip syndrome detection
- the same circuit but with extra Hadamard gates, as for Shor’s code

fault-tolerant syndrome detection

to make the circuit fault tolerant, each ancilla qubit must be replaced
by four qubits in a suitable state.
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fault-tolerant device

- a device that works effectively even
when its elementary components are imperfect.

fault-intolerant and fault-tolerant circuits

@ @
@ L
data data
® @
@ @
ancilla O———D D
: b
ancilla 1
L/
D
N

wrong! correct!
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most general single-qubit error

the most general single-qubit unitary error transformation
(apart from irrelevant global phase factor) can be expanded to eeter

AN

Usieor = €:1 + @(e) — ;] +e,6, + €,0, + €0

discrete set of quantum errors
fundamental result of quantum error correction theory:

correcting just a discrete set of errors
(bit flip, phase flip and combined bit-phase flip)
a quantum error-correcting codes can correct a continuous set of errors.

Shor’s and Steane’s ECCs

e they protect not only against bit and phase flip errors
but against arbitrary errors affecting only a single qubit

e by measuring the error syndrome,
the state collapses into one of the four states

o), 6y |0), G2]1)), )

which are correctable with the codes.
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fault-tolerant memory

so far we have analyzed coding for
fault-tolerant storing of quantum information, but we also need:

fault-tolerant gates
1. fault-tolerant single qubit-gates
can be applied bitwise with majority vote

_Rei

_Rei PR _Rei

N RQ I
2. fault-tolerant CNOT (XOR) =transversal CNOT
can also be applied bitwise with majority vote

data P
! l
<—>
N
data

N
U

Jah)
YV

/A
N



322
3. fault-tolerant Toffoli gate

Toffoli gate = controlled-controlled-NOT (CCNOT)

U G ¥ S S

y) —p— |z y)

T) —D— |2 D Ty)

NOT CNOT Toffoli gate
naive solution but not fault-tolerant

N
N

[
N

N
N
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Shor’s construction of fault-tolerant Toffoli gate

0){H] ’ ’ ’ ’ T—-. e+ |x)
0){H $ $ ¢ ' ZHrort1y)
0){HH ' T O o—ZHo— - |2 © xy)
Vet TH- FT
Yeat) ZHHFS /;4/
Veat ) —ZHHFOH A

%) < P

y) & 7

2 —H A

e each line represents a block of 7 qubits!

o [Year) = (1007 + 1)), [0) = [0)°7, [1) = [1)7, |x) = |2)*", ete.

e gates are implemented transversally

e if a given measurement outcome is 1, the arrow points to the set of gates to
be applied; no action is taken if the outcome is 0.
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Error correction codes
(part 11)

perfect ECC with the smallest number of ancillas
requirements for scalable QIP

error-threshold theorem

Note: for convenience we neglect normalizations
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Hilbert space for ECC

subspaces corresponding to different errors should be orthogonal

thus the total Hilbert space for ECC should be
large enough to contain all the orthogonal subspaces.

number of subspaces i2(3n + 1)

Orthogonality requires a subspace for each of the three errors every qubit can
suffer and another one for the unperturbed logical state.

We must double this to have enough space to accommodate both logical states
and their erroneous descendants.

minimum number of encoded qubits isn = 5 for ECC
2Bn+1)<2" = 2604 16forn=4 & 32<32forn=>5

number of encoded qubits for ECC
n =9—Shor ECC
n = 7— Steane ECC
n =5—Los Alamos ECC = it requires the minimum number of ancillas



Los Alamos ECC
[Laflamme, Miquel, Paz, Zurek (1996)]
1. 5-bit encoder

326

la) — H .

by —— H . ® .

Q) G o T

¢) —— H—eo— . .

d) T O—D —e
gates 1 2 3 4 5 0 7 8



encoded qubits

0)r = [B1|00) —|Bs)[11) + |B5)|01) + | Br)[10)
1) = —[B2)[11) — [By)|00) — |Bg)[10) + [Bs)|01)

In terms of the (unnormalized) 3-qubit Bell states:

B:)

)
)
)

oy

—~

oy

S Ot

Sy

Other allowed encodings can be found from those by
permutation®f bits and coordinated signs.

Thus, all the allowed encodings have the same sign pattern

000) +
100) +

010) +
110) =+

111)

011)
101)
001)

327

with two minus signs in one of the logical states and fiouthe other.
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encoded qubits explicitly

0) = [B1)|00) — [Bs)[11) + |B5)|01) + | Br)[10)

= (]000) + [111))]00) — (]100) 4 [011))[11)
+(|010) + |101))|01) + (|110) 4 [001))|10)

— |00000) + |11100) — |10011) — [01111)
+|01001) + |10101) + |11010) + [00110)
(lexicographic order)

— |00000) + |00110) + [01001) — |01111)
—[10011) + [10101) + |11010) + |11100)

— Bo)[11) — [BR[00) — | B)|10) + [ B [01)

= —([000) — |111))|00) — ([100) — |011))[11)
—(]010) — [101))]01) + (|110) — |001))|10)

— —|00011) + [11111) — [10000) + [01100)
—[01010) + [10110) + [11001) — |00101)
(lexicographic order)

— —[00011) — [00101) — |01010) + [01100)
—|10000) + [10110) + [11001) + |11111)
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Los Alamos ECC

2. decoder
(reverse of the encoder)
o H— |d)
® J ® H — ’b/>
T ] —e ° ® ‘Q’>
. . ——eo—H — |d)
o« O—D T d")

gates & 7 6 o5 4 3 2 1



errors and their syndromes

error] syndrome| resulting state
a'b'd'd’) Q)
none 0000 al0) +b|1)
X373 1101 —all) + b|0)
X575 1111 —al0) + b|1)
Xo 0001
73 1010 al0) — b|1)
Zs 1100
X975 0101
X5 0011
Z 1000 —al|0) — b|1)
Z5 0100
Zy 0010
X1 0110
X3 0111
Xy 1011 —all) — b|0)
X.Zy 1110
X4z, 1001

330

iInput statg @) = a|0) + b|1), X; — bit flip error, Z; — phase flip error



Matlab program for Los Alamos ECC

331

|I=eye(2); % identity operator
H=[1 1;1 -1]; % Hadamard gate - for simplicity we neglect 1/sqgrt(2)
R=-1; % pi-rotation

CNOT=]
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
]

CCNOT=]
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

e
- =
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double-controlled rotation: CCR

_Ri

- [ Ry Rp
p—
& [ Ro1 Ros ]

CCR = I+|110)(110|(R11—1)+|110)(111| Ryo+|111)(110| Roy+|111)(111|( Rop—1)

P

CCR= [ 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 R(1,1) R(1,2)
0 0 0 0 0 0 R(2,1) R(2,2)]:
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triple-controlled rotation: CCCR

_Ri

- [ Ry Ry
p—
i [ Ro1 Ras ]

CCCR = I+|1110)(1110|(R11—1)4|1110) (1111 Ryo+|1111)(1110| Ry1+|1111) (1111|( Rop—1)

CCCR=eye(16)+...
ket(1 1 1 OD*bra([1 1 1 OD*(R(1,1)-1)+...
ket(1 1 1 OD*bra([1 1 1 1)D*R(1,2) +...
ket(1 1 1 1D*obra([1 1 1 0]D*R(2,1) +...
ket((1 1 1 1]D*bra([1 1 1 1]D*(R(2,2)-1);
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CCCR gate explicitly

1 0 0 0 0O 0O 0O OO 0O O O O O0O0
o 1 0 0 0 0 0O 0O OO O O OO O DO
o 01 0 0o 0O 0O 00O O OO0OO0OO0O OO
o 0o 61 0o 0O 0O OO O O OO OO0 DO
o o o 061 0 0OOO O O O0OO0OO0OTO0OTUO
o 0o 0 0o 061 0O OO O OO0OOIOUOTUO
o 0o 6o 0o 0O 0O1 00O OO0OO0OUO0OTOTSUO@O
o 0o 6 0o 0o 001 0 60 0 0 O O OO

o 0o 6 0o 0o OO0 01 0 0 O OO0 OO

CCCR= |

o 0o 0 0o 0 OO OO 1T O O0OO0OO0OO0TDO0

o 0o 6o 0o 0O OO0 OO O 1 O0O0O0O0O0

o 0o 6 0o 0o 00O OO O1 O0O0O0DO0

o 0o 6 0o 0o 00 OO O OO0O1 0 O0DO0

o 0o 6 0o 0O OO OO OO O0OUO0OU1I 0 o0

0 000 O0O0OOTO OUOU OGO OO OO0 0 Rl RL2
0 000 0 OOTO OTU OUOUO OO OO0 0 R21 R22.:
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another triple-controlled rotation: cCcR

[
N

A\
N

_R

- [ Ry Rp
R=
[R21 322]

cCcR = I+]0100)(0100|( R11—1)+]0100)(0101| Ry194|0101) (0100] Ry +]0101) (0101 |( Ryo—1)

cCcR=eye(16)+...
ket(O 1 0 OD*bra([0 1 0 OD*(R(1,1)-1)+...
ket(O 1 O O]D*bra([0 1 0 1])*R(1,2) +...
ket(O 1 O 1]D*bra(f[0 1 0 O])*R(2,1) +...
ket(O 1 O 1]D*bra([0 1 0 1]D*(R(2,2)-1);
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cCcR gate explicitly

cCcR= |

o 0 60 0 0 0 0O O O O

0
0
0
0

1 0 0 0 O
O 1 0 O O
O 0 1 0 O
O 0 0 1 O

o 0 60 60 0 0 0O O O O

O 0 60 0 0 0O 0O O O O

O 0 60 0 0 0O 0O O O O

0 00 0 RLLR(IL2O 0 O 0 O O 0 O O O

0 00 0 R21)R(220 0 0 0 0 0O 0 O 0 O

O 0 0 0 O
O 0 0 0 O
O 0 0 0 O
O 0 0 0 O
O 0 0 0 O
O 0 0 0 O
O 0 0 0 O
O 0 0 0 O
O 0 0 0 O
O 0 0 0 O

1 0 0 0 60 0 0 0 O O
o 1 0 0 0 0 0 0 O O
o 01 0 0 0 0 O O O
o 0 601 0 0O O O O O
o 0 60 601 0 O O O O

O 0 0 0 01 0 O O O

0
0
0
0
0
0
0
0
0
0

O 0 60 0 0O 01 0 O O

o 0 60 0 0O 0O O0O1 O O

o 0 60 0 0 0 0O O O O

O 0 0o 0O 0O 00 0 0 O




Los Alamos encoding circuit inMatlab

e gates 1, 2, 3
@) —— H
b) ——— H——C
Q)  S—
e) ——H —¢—
|d) T T
1 2 3

gatel=tensor_product(H,H,l,H,I);
gate2=tensor_product(l,CCCR);
gate3=tensor_product(l,cCcR);

337
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e gate 4
qubit 1
2
3 —e— =
L ]
D —b— D
SWAP=[
1000
0010
0100
0001
I;

SWAP34=tensor_product(l,I,SWAP,I);
CNOT45=tensor_product(l,l,I,CNOT);
gate4=SWAP34*CNOT45*SWAP34;
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° gate 5 1] —e— A
, | L d
3 —— = — -
4 [ N
b —Xp— P,

CNOT12=tensor_product(CNOT,I,1,I);
SWAP23=tensor_product(l,SWAP,I,I);
SWAP34=tensor_product(l,I,SWAP,I);
SWAP45=tensor_product(l,l,I, SWAP);
SWAP25=SWAP23*SWAP34*SWAP45*SWAP34*SWAP23;

gate5=SWAP23*CNOT12*SWAP23*SWAP25*CNOT12*SWAP25;

Alternatively, by defining a functioswap_qubits( U, 7, n») , which
temporarily swaps;th andn.th qubits in a matriX/, we can simply write

CNOT45=tensor_product(l,I,I,CNOT);
gate5 =swap_qubits(swap_qubits(CNOT45,5,3),4,1)*...
swap_qubits(CNOT45,4,1);
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e gates 6,7,8
1
) ®
3 P T
. f
5 D
6 7 8

gate6=swap_qubits(CNOT45,5,3);
gate7=swap_qubits(CNOT45,4,2);

gate=tensor_product(l,I,CCR);
gate8=swap_qubits(gate,5,3);

thus the encoding and decoding circuits are described by the operators

U_encoder=gate8*gate7*gate6*gate5*gate4*gate3*gate2*gatel;
U_decoder=gatel*gate2*gate3*gate4*gate5*gate6*gate7*gates;

3 77l
(]decoder =U

encoder
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10100000101000001010000010100000

01010000010100000101000001010000

0000010z0000010z0000010z00000102
0000z0100000z0100000z0100000z010
00000z0z00000z0z00000z0z000002z072z

0000z0z00000z0z00000z0z00000z02z0O0

10z0000010z0000010z0000010z00000
0z0100000z0100000z0100000z010000
010100000z0z0000010100000z0z0000
10100000z0z0000010100000z0z00000
0000z010000010z00000z0100000102z0

0000010z00000z010000010z000002z01
000010100000z0z00000101000002z02z60

0000010100000z0z000001010000072z072z

010z00000z010000010z00000z010000

Uencoder=z010000010z00000z010000010z00000

0000z0z00000z0z0000O0O102121000001210120O0
00000z0z00000z0z000O00O0O0O10100000101
010z0000010z00000z0100000z010000

2z0100000z010000010z0000010z00000

01010000010100000z0z00000z0z0000

1010000010100000z0z00000z0z00000

000010z0000010z00000z0100000z010
00000z0100000z010000010z00000102
0000010100000z0z00000z0z00000101
000010100000z0z00000z0z0000010120O0
10z00000z0100000z010000010z00000O0

0z010000010z0000010z00000z010000
10100000z0z00000z0z0000010100000

010100000z0z00000z0z000001010000

00000z010000010z0000010z000002z01

000010z00000z0100000z0100000102z0
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100000100100000z000z010000101000

0100000z100000100010121000000z0100
100000z0010000010001010000z01000
01000001100000z000z0100000010100

000z0z0000z01000z000001001000001
0010z000000101000z00000z1000002z0

00010z0000101000z00000z00100000 72z

00z0z000000Oz01000z0000012120000010
100000100z000001000z010000z0z000

0100000zz00000z000101000000102z00O0
100000z00z00000z000101000010z000
01000001z000001000z01000000z02z00O0

000z0z000010z000z00000100z0000072z

0010z000000z0z000z00000zz0000010

00010z0000z0z000z00000z00z000O0O01

Udecoder= 00z0z00000010z000z000001z000002z0

100000100100000z00010z00002z02z000

0100000z1000001000z0z000000102z00

100000z001000001000z0z000010z000

01000001100000z00010z000000z0z00

000z0z0000z01000100000z00z0000072

0010z0000001010001000001z0000010O0

00010z0000101000100000100z000001

00z0z00000O0Oz01000100000zz000002z0O0

100000100z00000100010z00001012000
0100000zz00000z000z0z000000z0100

100000z00z00000z000z0z0000z01000

01000001z00000100010z00000010100

000z0z000010z000100000z001000001
0010z000000z0z00010000011000002z0
00010z0000z0z000100000100100000 2
00z0z00000O0O10z000100000z10000010
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Input state to encoder

[9m) = a|00000) + b|00100)
psi_in=a*ket([0 O O O O])+b*ket(]O O 1 0 O]
or explicitly

psi_in’
ans = [a000b000000000000000000000000000];
output state

AN

|¢out> — Uencoder|win>

psi_out=U_encoder*psi_in
1. encoding qubit|0) 7,

special casez = 1,b =0

psi_out’
ans =[100000100100000z000z010000101000]

show_state(psi_out,’|0> L = 7)
ans =|0>_L = +|00000>+|00110>+|01001>-|01111>...
-|10011>+|10101>+|11010>+|11100>




344
2. encoding qubit|1)

input state to encoder:|vy;,) = |1)

special case far = 0,6 =1

psi_in’
ans = [00001000000000000000000000000000];
output state [Yq,t) = |1) 7,

psi_out’
ans = [000z0z0000z01000z000001001000001]

or explicitly

show_state(psi_out,’|1> L = )
ans = |1> L = -|00011>-|00101>-|01010>+|01100>...
-|10000>+|10110>+|11001>+[11111>

thus we have got0); and |1); in agreement with our
definition



syndromes

— encoder

decoder

o
::m
Q

>
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basic elements of the perfect ECC
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Errors and their syndromes

example 1: bit flip of the 1st qubit

error

AN

Uerrorza_x@)f@]@j@j
sigma_x=[0,1;1,0];
U_error=tensor_product(sigma_x,l,1,1,1);

iInput state to encoder
[¥in) = |abQcd) = [00Q00)
syndrome
't dd’) =10110) = |[Ysynarome) = |a'b'Q'dd’) = 101Q"10)
transition amplitude

AQ—>Q’ — <¢syndr0me ‘ UdecoderUerrorUencoder ‘ win>

pPSi_iIn ket(]O O Q 0 0J);
psi_syndrome ket([0O 1 Q_prime 1 0J);
amplitude=psi_syndrome’*U_decoder*U_error*U_encoder*psi_in
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transition amplitudes |Q) — |Q’)
AQ—>Q’
Apo=0, Ap1=-1 = [0)— 1)
Ainp=—1, A_1=0 = [1)— —[0)
SO

Q) = al0) +0[1) — Q) = —b[0) — all)

How to correct it?

Q) — | R(m)o. — |Q)




example 2: phase flip of the 3rd qubit

error

AN

ﬁerror:f@)f@é'z@]@j

sigma_z=[1,0;0,-1]

U_error=tensor_product(l,l,sigma_z,l,I);

syndrome

psi_syndrome=ket([1 0 Q_prime 1 0J);

transition amplitudes |Q) — |Q’)

A0_>0 = 1, A0_>1 =0

= [0) = |0)

A1_>() = 0, A1_>1 = —1 = ’1> — —|1>

SO

Q) = al0) +b|1) — |Q) = a|0) — b[1)
How to correct it?

Q) — |0

— Q)

348
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Requirements for scalable QIP

[Knill, Laflamme, Zurek et al., 2002]

1. Scalable physical systems:
the abllity to support any number of independent qubits.

2. State preparation:

the abllity to prepare any qubit (or at least large fraction of them)
in the standard initial stat@).

3. Measurement:

the ablility to measure any qubit (or at least large fraction of them)
In the logical basis.

Note: sometimes thstandard projective measurementan be
replaced byweak measurementshat return a noisy number whose
expectation is the probability that a qubit is in the staje
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4. Errors:

The error probability per gate must be belowhaeshold and satisfy
Independencendlocality properties.

e For the mospessimisticindependent, local error models, the error
threshold is above- 107°.

For somespecial error models the threshold is substantially higher.

For example:

e For theindependent depolarizing error mode] it is believed
to be better than- 107

e Fortheindependent ‘erasure’ error model, where error events
are always detected, the threshold is above .01.

e The threshold is also above .01 when the goal is onl{ffansmit
guantum information through noisy quantum channels.
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5. Quantum control:

the ability to implement ainiversal setof unitary quantum gates act-
ing on a small number (usually at mdgvo at a time) of qubits.

e For most accuracy thresholds, it is necessary to be able to apply the
guantum control in parallel to any number of disjoint pairs of qubits.
This parallelism requirement can be weakened if a nearly noiseless
quantummemory is available.

e Theuniversality assumption can be substantially weakened by re-
placing some or all unitary guantum gates with operations to prepare spe-
cial states or by having additional measurement capabilities.

accuracy-threshold theorem

Assuming the above requirements for scalable QIP:

If the error per gate is less thartlareshold,
then it is possible to efficiently quantum compute arbitrarily accuratgly.

This is one of the most important results in
guantum ECC and fault-tolerant computation.
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Introduction to quantum algorithms
(part 1)

guantum algorithms and classical cryptography

public key cryptography (PKC)
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guantum algorithms and cryptography

1985 Deutsch (Deutsch-Jozsa / DJ) algorithm:
How to see both sides of a coin simultaneously?

1994 Shor algorithm for number factorization:
How to break cryptosystems of
RSA, Rabin, Williams, Blum-Goldwasser,...?

1994 Shor algorithm for finding discrete logarithms:
How to break ElIGamal cryptosystem?

1997 Grover algorithm for searching databases:
How to search the keys more effectively?



4
public-key cryptography (PKC) >
= asymmetric cryptography
= non-secret encryption
iInvented by Ellis (1970, British CESG)
and independently by Diffie & Hellman (1976)

two keys in PKC
1. public, open key
2. private, confidential key

e without additional information, it is not always possible to decrypt by
repeating encryption operations in reverse order

f(in)=out, but f!(out)=7?
example
y =17 mod 3 =>y = 2 (unique result)
xmod3=2=>x=2,5,8, 11,1417, 20, ... (not unique result)



symmetric algorithms

cleartext

. 3

plaintext

. 3

ciphertext

Z

plaintext

Z

cleartext
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Encryption using key k
B key distribution
Decryption using the same key k



asymmetric algorithms >°

cleartext

Fublic-key algorithms

Z

plaintext

Z

Encryption using key k, (public key)

ciphertext

Z

Decryption using key k, (private key)

plaintext

Z

cleartext
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Encryption with a secure channel for key exchange

Alice

key source

£e

encryption
E.(m)=c

e secure
channel

Eve
C unsecured

1T m

plaintext

channel

Bob

decryption
d=e
E4(C)=m

e m

plaintext
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Encryption with a unsecured channel for key exchange

Alice
unsecured
channel
e
encryption | ¢ unsecured
E.(m)=c channel
o m
plaintext

Eve

Bob

key source

Z

decryption
d=e
Eq4(C)=m

L m

plaintext
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Why do we need PKC?

Number of keys
a problem of huge number of keys for symmetric algorithms.

e How many keys should be generated fdicorrespondents if everyone
wants to communicate with all others using symmetric algorithms?

nom(N) = (§) = 5
e How many keys are required for 6 or 1 milion correspondents?
Ngym(6) = 15
12
Ny (10°) =~ 12
e How many keys are required asymmetric algorithms?

Nasym(N) = 2N
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popular public-key encryption schemes

based on integer fac

torization problem

public-key encryption scheme

computational problem

RSA Integer factorization problem
(Rivest-Shamir-Adleman & Cocks)

Rabin Integer factorization problem

Williams Integer factorization problem

Blum-Goldwasser probabilistic

Integer factorization problem

Goldwasser-Micali probabillistic

guadratic residuosity problem
or integer factorization problem

ElGamal

discrete logarithm problem
or integer factorization problem

generalized ElGamal

generalized discrete logarithm proble

or integer factorization problem

>Mm




popular public-key e
not based on integer f
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ncryption schemes

actorization problem

public-key encryption scheme

computational problem

McEliece

linear code decoding problen

Or error-correction-code proble

Merkle-Hellman

knapsack subset sum probler

cracked by Shamir & Zippel!

Graham-Shamir

knapsack subset sum probler

cracked!

Lu-Lee

knapsack subset sum probler
cracked by Adleman & Rivest!

Goodman-McAuley

knapsack subset sum probler

cracked!

Powerline System
(a simple version of Chor-Rives

knapsack subset sum probler

1)

cracked by Lenstra!

N

Chor-Rivest

knapsack subset sum probler

publicly not cracked!

N
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“easy” and “hard” computational problems

should be interpreted relative to a specified frame of reference.

easy = computationally feasible
¢ In polynomial time and space
e practically, within a certain number of machine operations or time units

— perhaps seconds or milliseconds.

hard = computationally infeasible
e require super-polynomial time or space

e practically, exceeding the specified bound on the number of operations or
memory corresponding to a specified security parameter

hard problems in PKC

by having only one key it ipractically impossible to calculate the other key
usingpractically available computers ov@ractically long period of time.
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Motivation for Shor’s Algorithm

— effectiveness of classical integer factorization methods
What is the time or number of bit operations required to factaotlize

1. direct method

~ y/n = exp(s log n)

2. Monte Carlo method (Pollard method)

~ n*log’ n

3,4. Fermat methodandguadratic sieve method

~ exp(ey/rlogr), wherer ~ logn is the number of bits

thus

~ exp(cy/logn(loglogn))
5. number field sieve method

~ exp(ci/logn(loglog n)?)
This is the fastest publicly available ;-) classical method-for 150.
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effectiveness of classical factorization methods

exponential in timegxp(logn)
effectiveness of quantum factorization methods
polynomial in time poly(logn)
e original Shor algorithm
~ (log n)?
e optimized Shor algorithm
~ (logm)?loglogn
andlog n steps of post processing on a classical computer.
our estimations
Thus, we estimate numbers of operations required to factoraze
Nshor(n) = c1(log n)*log(logn) + ¢ logn
Neas(n) = 3 explc(log n)3(loglog n)?/?
with ¢ = 2 in the fastest version of number field sieve method due to Lenstra

for simplicity, we choosec; = 1



examples of factorization times

MIPS = millions of instructions per second
e 1-10 MIPS in a modest PC
e hundreds-thousands of MIPS in a supercomputer

e say,N’' = 10° MIPS are available in contemporary computers
time required to factorize.

tin)= N(n) /N° /60 /60 [24 /365
sec min hours days years

examples

1.n=10"%" = Ng.~ 3.5-10" MIPS — 40.5 days~ 1 month
2.n =10 = Ny, ~5.9-10% MIPS — 687.5 days: 2 years
3.n=10" = Ngu ~ 7.0-10* MIPS — 22.5 mIn years

365
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How old Is the universe?

Tiniverse ~ 1.25 - 101 = 12.5 billion years
What is the largest factorizable integer within T ,iverse?

1. direct method

N =10 = T =~317-10" > T\ iverse

2. Monte Carlo method (Pollard method)
N=10" = T=16-10" > Thivese

3,4. Fermat methodandguadratic sieve method
N=10" = T=~136-10" > Tiverse

5. number field sieve method

N =10" = T=a81- 10" > Thiverse

N =107 = T=~1.18 10" < Tiniverse



Introduction to quantum algorithms
(part Il)

classical RSA algorithm
guantum Deutsch algorithm
guantum Deutsch-Jozsa (DJ) algorithm
guantum Hadamard transform

guantum Fourier transform

367
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Rivest-Shamir-Adleman (RSA) algorithm (1978)

|. generation of RSA keys (by Bob)
1. choose two large primes+# ¢
2. calculate
n=pq and ¢=(p-—1)(¢g—1)
3. choose randomly an intege(l < e < ¢) coprime tog,
l.e. their greatest common divisor is one, GE) = 1.
4. using the extended Euclidean algorithm, calculate < d < ¢) such that
ed =1 mod ¢
5. thus
public key - (n,e)
private key - d
e Cryptographic terms:. n-modulus
e — encryption exponent

d — decryption exponent
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Il. RSA encryption (by Alice)

encrypt your message with the public kigy e)

1. change cleartext into plaintext represented by an integer
m € (0,n — 1)

2. calculate
c = m° mod n

3. send a ciphetrto Bob

lll. RSA decryption (by Bob)

use your private key to calculate

m = ¢ mod n

A note

It has been revealed only very recently that the RSA algorithm has been devised
already in 1973 byCocksfor the British security agency CESG.
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how to calculate
the greatest common divisor (GCD)?
Euclidean algorithm

GCD(116,42) = ?
116 mod 42 = 32

= =

42 mod 32 = 10

//

32 mod 10 =

//

10 mod 2 = Answer: 2
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extended Euclidean algorithm

GCD(a,b) = d =ax+by

initial x,=y,=0: X,=y,=1
while b>0
= Int(a/b)
r=a-qb
X1= X5 -0 X5 Xo=Xq
Yi=Y>-QY1, Yo= Y1
a=>b
b=r
return (d,x,y)=(a, X,, Y,)

X,y,d="7?

a,b,x,y,d - integers



GCD(116,42)=d=ax + by ?"

- (116 42 1 0 0 1| initial values
>

2, 42 32\70,1\\1 1’-2\\0
\7\76/42 {6 g R 2%y
/ Jo



ax + by 7"

QCD(116,42) = d

Y1

Yo

answer .



multiplicative or modular
Inverse of an integer

problem: 41t mod 9 = ?
4y=1 mod 9 =>9x + 4y =1 mod 9

q a by, vy

: 9 4 0 1
2 4 1 1 -2
4 1 0 -2

so 9*1 + 4*(-2)=1 & y=-2=7 mod 9
thus 7 Is the Inverse of 4 mod 9
4*7=1 mod 9
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iInverse of an integer modulo 9
problem: 8t mod 9 = ?

8y=1 mod 9 =>9x + 8y =1 mod 9

- 9 8 0 1
1 8 1 1 -1
8 1 0 -1

so 9*1 + 8*(-1)=1 & y=-1=8 mod 9
thus 8 Is the Iinverse of itself mod 9
8=8-1 mod 9
8*8 =1 mod9



Inverse of integers mod 9

21 mod
5-1 mod
1-1 moc

31 mod

?
3y=1 mod 9
Ox + 3y =1 mod 9

376

9=5
9=2
9=1
O =

3(3x+y)=1mod 9 => no solution
61 mod 9 =7 =>no solution
all invertible elements modulo 9
*9—={1,2,4,5,7,8}
nis invertible & GCD(n,9)=1



How to calculate powers modulon?

b =a* mod n =7 fnelakez,
Algorithm
If £k =0thenb=1
else begin
A=a
convertk into binary formk = "7 k2’
b= Aho
fori = 1to 5 do begin
A= A’modn
b=>b-A% modn
end
end
return()

e Mathematica: b=PowerMod[a,k,n]
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Example of RSA application

|. RSA key generation

Bob chooses p=11, g=17, e=13

(artificially small numbers so completely insecure)
1. Bob calculates

n=pqg=11-17 =187

o= (p—1)(g—1)=10-16 = 160

2. Bob checks whethef aree are coprime:

160
80
40
20
10

5

e Inefficient direct method 1

GCD(¢, ¢) =GCD(160, 13) =GCD(2° - 5,13) =1 = OK

OONDDNDDNDDNDODN
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¢ efficient Euclidean algorithm

160 mod 13 = 4
13 mod 4 =1
4 mod #1 = 0

= GCD(160,13) = 1

3. Bob calculated using the extended Euclidean algorithm

= Y2 Y1
- 160 13 0 1
12 13 4 1 -12
3 4 1 -12 37
4 1 0 37
= d=37

4. he double checks thdtis the multiplicative inverse of:
de = 13- 37 = 481 = 1 (mod 160)



5. so Bob has generated the keys:
public key (n,e) = (187,13)
private key d = 37
or vice versa public key (n, d) = (187, 37)
private key e = 13

Il. RSA encryption

Assume that Alice wants to encrypt the following cleartext: “AM” :-)
using, for example, the following public alphabet:

OLA 02A 03B 04C 05 C 06 D 07 E O8E 09 F 10 G
11 H 121 13J 14K 15L 16t 17 M 18 N 19 N 20O
2100 22 P 239g 2R 25S 26S 27T 28U 29v 30 W

31 X 32Y 33Z 34 7z 3527 36 _ 37 - 3872 39, 40.

1. Alice converts her cleartext into the plaintext:

m = (01,17) = 117

2. Alice calculates cipher using the public key ¢) = (187, 13):
c=m°modn = 117" mod 187 =7

380



13 = (1101),
il 0 1 2 3
e 1 0 1 1
A2/117 117 =38 39 =135 135 =86 (mod187)
¢ 117 117 117*13587 87*86=2 (mod 187)

so the cipherig = 2
e Mathematica: PowerMod[117, 13, 187} 2
lll. RSA decryption

1. Bob calculates: = ¢? mod n = 23" mod 187
d = 37 = (100101),

)
d;
A2

m

01 2
10 1

2 4 16 16 =69 69 =86 86 =103 (mod 187)

2 2 32

3 4 5
0 0 1

32 32 32*10%= 117 (mod187)

2. thus he finds Alice’s message to be
m =117 = (01,17) = ,AM”

381
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lengths of public keys

1. The above PKC examples were given &itificially small numbers
and thus such cryptosystems are not secure at all.

2. To insure security of a PKC system, the lengths of public keys should be
of hundreds of decimal digits
3. To determine the required key length you should consider:
e Iintended security
e lifetime of the key
e current state-of-the-art of factoring.
4. The wise cryptographer l$ltra-conservativewhen choosing public-
key key lengths aBIStory teaches us a lot:

e ‘I shall be surprised if anyone regularly factors numbers of $ire
without special form during the present century” (R. Guy, 1976).

e “Factoring a 125-digit number would take 40 quadrillion years”,
tj. 410" lat (R. Rivest, 1977).

e ... but already in 1994 a 129-digit number was factorized.
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Recommended lengths of public keys

to be secure against attacks of
(a) a single person, (b) private agencies, (c) national security agencies:

length in bits => length in decimal digits
year (a) (b) (C) @ (b) (c)
1995 768 1280 1536 231 386 463
2000 1024 1280 1536 308 386 463
2005 1280 1536 2048 386 463 617
2010 1280 1536 2048 386 463 617
2015 1536 2048 2048 463 617 617

[Bruce Schneier: “Applied Cryptography”]

e American National Security Agency (NSA) recommends key lengths from
512 up to 1024 bits (so from 154 do 308 decimal digits) in their Digital Signa-
ture Standard (DSS).

Integer length (number of digits)
length L, of integern with baseb is given by
Ly =[logyn]+1=[lnn/Inb] +1



384
How Eve can crack the RSA cryptosystem?

By factorizingn:
If Eve can factorize: = pq then she can calculate= (p — 1)(¢ — 1)
and thus can calculate Bob’s private kéy
Why is the RSA believed to be secure for large integers?
There is seemingly no efficient
(.e., polynomial-time and polynomial-space)
classical algorithm for integer factorization.
RSA hypothesis (1978)
Any general method of cracking the RSA cryptosystem
which enables finding private keyfrom public key @, ¢)
requires an efficient algorithm for integer factorization.
Note

There is still no proof of this hypothesis.
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RSA and majority of public-key cryptosystems
would beinsecureif we could implement efficiently:

e Shor’s algorithm
on a large quantum computer
or

o Adleman’s algorithm
on a DNA computer.
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a Deutsch problem

Given an oracle (black box) that compug@®800lean function
f(z):{0,1} —{0,1}

How many guestions one should ask the oracle to check whétiser
constant or balanced?

or

Can you check whether a coin is real or fake by a single observalion?

balanced and constant functions

constant f;(0




classical solution

2 queries + 1 auxiliary operation

0

T

X

387

1_

f

T

guantum solution

f

F0)® f(1)

1 query + 3 auxiliary operations

0)—

H

T

H

— |0) for constant f & |1) for balanced f

1)

H

f

0) — 1)

or 1 query + 2 auxiliary operations

0) —

H

|

H

— |0) for constant f & |1) for balanced f

=)

f

=)
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main idea

0)— H— zF— H10p1) (k=0,1)

or

0)— H I H — |0) for constant f & |1) for balanced f

=) / =)

different symbols for the same gate

T T-Th

S — ] -
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Deutsch algorithm

0) —H X X H .
Uf
D —H y y O 1(x)
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Deutsch algorithm

1. prepare input state
¥1) = [0)[1)

2. apply Hadamard gates(create equal superposition)

o2y - 10 1D ]0) — 1)
o) = H[th) = [+)|—) = 5 h

= %(\00> —|01) + [10) — [11))

3. apply U; gate
2)|y) = Up — |2)|y & f(2))

[403) = Uplipo)
~ Up|00) — U7|01) + Uf|10) — Uy|11)
= [0,0® f(0)) = 10,1 f(0)) +[1,0® f(1)) — 1,1 f(1))



We neglect normalization thus sigrR*is used.
case l: f(0) = f(1) =0
[P3) ~ 10,00 0) —]0,100)+|1,000) —|1,160)
0,0) —10,1) +{1,0) — |1, 1)
0)(10) = [1)) + 11)(10) — [1))
+)|=)
case ll: f(0) = f(1) =1
3y ~ 10,061) — 10,1 1)+1(1,061) —[1,161)
= 10,1) —10,0) + |1,1) — |1,0)
= —[0)(10) = 11)) = [1)(10) = [1))

~ =)=

S | |

SO

f0) = f(1) = [¥3) = £|+)|-)
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case lll: f(0) =0, f(1) =
[h3) ~

S | |

%

0,0@ f(0)) — 0,1 @ f(0)) +|1,0® f(1)) — [1,1 f(1))
QO@O%—Ml@O%ﬂLO@D—le@U
> o |O7 1> + ‘171> - ‘170>

><!0> — 1)+ D) = 10))
0)[=) = D)=
=)=

case IV: f(0) =1, f(1) =

[1)3)

SO

¢

S | I

0,0@ f(0)) = 10,1 f(0)) +[1,0& f(1)) — [1,1 & f(1))
0,061)—10,1€1)+|1,060) —|1,160)
9 > o |070> + |17O> o |171>
—[0)(10) = 1)) = [1)(]1) = |0))
—[=)=)

FQ0) # f(1) = |3) = £[=)|=)
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4. apply Hadamard gates

V) = H @ I[y)s)

cases | & l:

f(0) = f(1) = |vu) = £H @ I|+)|=) = £[0)| =) = £[£(0) @ f(1))|-)
cases Il & IV:

F(0) # f(1) = [vg) = +H @ I|=)|=) = £[1)|=) = £| f(0) & f(1))]-)
thus we have for any case:

y) = £[f(0) @ f(1))]=) = [z)]y)
5. measure only the 1st register
r = 0= f(0) = f(1)
z = 1= f(0)# f(1)
QED



394

Some remarks on Deutsch algorithm
e tOp qubit undergoes a single-quimterference

0) —

H

(—1)/ (@)

T

H '+ 0)or|l)

=)

f

=)

e relative phasesare introduced by the function evaluation

e lower qubit is amancilla — it is not measured

and can be discarded after function evaluation
e aseqguence of gates

Hadamard - function evaluation - Hadamard

H

Uy

H

IS @ common pattern in quantum algorithms
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Deutsch-Jozsa (DJ) algorithm

‘O>Dn§HDn'-- X X == Onl==
U, =
D —H y y 1 1(X)
] .
WI1> ‘l/j2> ‘w3> ‘w4>
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Deutsch-Jozsa (DJ) algorithm for 3 qubits

1. prepare input state
1) = [0)¥7]1) = |o01)
2. apply Hadamard gates

o) = HEEHD|))
= [+)%]-)
_ 0 +11)[0) +11)]0) — 1)
V2 V2 V2
= %(\0(» +101) + [10) + |11>)|O> mill)

V2
~ 000) 4 |010) + [100) + |110)
—(J001) + |011) + |101) + |111))
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3. apply U gate

13) ~ 00,0 @ £(00)) +|01,0 @ f(01))
10,0 @ F(10)) + 11,0 @ F(11))
—(\oo, 1 £(00)) + |01, 1@ £(01))

10,1 FO10)) + 11,1 @ f(11)>)

4. apply Hadamard gates
ihy) = HP? @ I[o)s)

*. let’s analyze all cases for different functionsf
number of cases
Neases = Cj+Cf+C3=14+1+6=38
where [{00,01,10,11}| =4
C]"" — binomial coefficient
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case 1:(trivial)

f(00) = f(01) = f(10) = f(11) = 0
[1bg) = (I © H)|¢1) = |00—)
case 2:(trivial)

£(00) = £(01) = f(10) = f(11) = 1

[p3) = Uflpo)
— Uf(\oo +[10) + 01) + [11) )( —\1)
= (100) + [10) + o1} + 1)) (1) — |0))
= —[12)

SO

g) = —(I ® H)|1by) = —|00—)
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case 3:

f(00) =0, f(01) = 0, f(10) = 1, f(11) = 1

[93) ~ (00,0 ® 0) + (01,0 0) + (10,0 1) +|11,0 1)
—([00,10) + 01,10 0) + (10,1 1) + 11,1 & 1))

= [000) + |010) 4 |101) + |111)
—(|001) + |011) + [100) + |110))
= (|00) —|10) + ]01) — [11))([0) — [1))
= (10) = [1)(0) + [1))(|0) = [1))
~ ‘_7+7_>
SO

‘¢4> — (I:]@Q ®[A>|¢3> ™~ (]:]@)2 ®j>’_7+7 _> — |1707 _>
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all cases in DJ algorithm for 3 qubits

casef(00) f(01) f(10) f(11) |zy,z90,y) |X,y)| answer
1. O 0 0 0 00-) | ]0-) | constant
2. | 1 1 1 1 00—) | |0-)
3. O 0 1 1 10-) |]2-)
4.1 0 | 1 | 0 | 1 | |01y ||1-)
5.1 0 1 1 0 11-) | 13-) |balancec
6. 1 0 0 1 11-) [3-)
7. 1 0 1 0 01-) | |1-)
8. 1 1 0 0 10-) |]2-)

X = (x1,x9) = 221 + 29
5. measurex

if z=0 = f(x)is constant
ifz >0 = f(z)is balanced
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Matlab program
H=[1 1;1 -1];Norm=1/8;
f=[

0000O

1111

0011

0101

0110

1001

1010

1100

I;

for n=1:8,

f00=f(n,1);f01=f(n,2);f10=f(n,3);f11=f(n,4);

psi3=ket([0,0,f00])+ket([0,1,f01])+ket([1,0,f10])+ket([1,1,f11])+...
_(ket([0,0,1-f00])+ket([0,1,1-f01])+ket([1,0,1-F10])+ket([1,1,1-F11])):

psid=Norm*tensor_product(H,H,H)*psi3; % for clarity we add extra H gate
vector2ket(psi4)

end;
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guantum Hadamard transform

1. How to generate equal (equally-weighted) superposition
0) +11)[0) +]1)

H*?|00) = NG
= 5100+ [01) + |10 + [11)
]
= S x)

11
DO | =
N
L3

In general
A A 1
H®™0)*" = H*"|0) = — >
o) 0= 52

whereN = 2" andz = 2"z + 2" 1oy + ... 2,
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2. How to compactly write the quantum Hadamard transform

o for a single qubit

[:]|1> _ |O> B |1> _ L (_1>1-2|Z>

combining together

o for two qubits

o) = (12 Zuwmﬁ) @DW@)
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e thusin generalor n qubits

1
H®n‘3315132 xn> 2 : 351 z1tx9-29+...+Tn2n 2’122...Zn>

T

21529, e s2n =
whereN = 2" is the Hilbert-space dimension

or compactly
H®n|x X\z
77 2D
where

= (11, T9, ..., Tp), |X) = |21, T2, ..., Tp)
z = (21,22, ., 2n), |2) = |21, 22, .., Z0)

and
(x|z) =x-2=2121+ X220+ ... + T2y

IS the scalar product.
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DJ algorithm for » qubits

1. initialize (n + 1)-qubit state
1) = 10)¥"[1)

2. generate equal superposition by applytapdamard gates

o) = HEH D[y = (HO7|0)27)| - WZ x)|—

3. calculate f by applyingU gate

A 1
4hg) = Uplibo) = ﬁ;<—1>f<x>\x>|—>
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DJ algorithm for » qubits

4. applyHadamard gate
[4hy) = (H" @ 1) |t)3)

5. measure|z) :

z = 0= f(x) isconstant
z > 0= f(x) isbalanced
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guantum Fourier transform (QFT)

e QFT on group (Z3)"
= quantum Hadamard transform

QFT'|x H®"X X|y y), (N=2"
x) = H™"[x) \ﬁz y), )
groupZ, = the set{0, 1} with addition modulo 2¢)

group(Z,)" = the set{0, 1}" with addition modulo 2¢) bit by bit
o QFT on group Zy

QFT|x) = f Z exp (@XY> y)

or just W|thout the bold face:

] 2rri
QFTla) = = Y e (e ) Iy
y=0

groupZy = the sef{0, 1, ..., N — 1}" with addition modulo N §)



Quantum Fourier Transform

V=l i
z) — QFT — exp | —zy | |y)
0

or compactly

2) — [QFT| — — 3 5]y)

r-en(3)

QFT of arbitrary pure state of n qubits
N—-1 N—1N-1

where

) = Z crlry — QFT — \/1N S: S: ce3%Y|y)

r=0 r=0 y=0

408
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Quantum Fourier Transform

IN matrix representation

N—1
) = > cola)
x=0
111 1
. 1 3 5i NG L N B
_ 1 2 25
QFT’¢> \/m d=- 6 6 6: C=2
_1 3% 523 688_ _Cs_
where

a3
s=N-1=2"-1
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example: QFT of a Bell state

00) + |11) 1 T
v) == (1001
N=2=4=s5=3, B:exp(zg):z
1 1 1 1] 1 1 1 1 ]
I R A C A A I I B A B
QFT‘ﬁ 12 ptps 21 -1 1 -1
RECAANCE 1 —i =1 i
- -, -
1 |0 1 1—1
FTW) = QFT— S
QETlY) = @ 7 |0 NG 0
1 1+ |
1 00 —im/4 . 6i7r/4 .
—5100) + =501} + —5-111)
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Circuits for QFT
QFT for n=1
x) — H
QFT for n=2
1) — H— Ry ly0)
|z0) i H—|y1)
where
11 1] 1|1 0
H=— 3 Ry, = — T -
\/Q_l—l_ g V2 Oexp@—kz)
including SWAP - -
1) — H— Ry Y1)

By i H [v0)
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QFT for n=3
lx9) — H — Ro — R3 yo)
|21) l Ry Y1)
|20) . i H — |y2)
QFT for n=4
x3) — H — Ry — R3 — Ry y0)
|29) l Ry — Ry ly1)
|21) . l H — Ry |y2)
z0) . . i H — |y3)
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Seemingly another implementation of QFT for n=3

|79)
|21)

|20)

H

T

S

40)

Y1)

J

H

— |12)

given in terms of the phase gate (S gate) angl(sic!) gate (T gate)

S =

o

_O/[;_

)

but it is exactly our scheme as

T —

1

0

_ 0 exp(in/4) _
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Introduction to quantum algorithms
(part 11I)

Grover’s algorithm for searching database

Shor’s algorithm for integer factorization
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problem for Grover’s algorithm

(the needle in a haystack problem)
assumptions
e given anoraclewhich calculates(x):
flx)=1Iif x = xg
f(x)=0if x # xg
e f(x)can be calculated using ordinary (reversible) computer code.
problem
find the element, in the least number of oracle queries.
average number of evaluations off
classically —N /2
guantumly — ???
examples
e searching a phone book for a name and phone number

e searching a database for a key to crack a cryptosystem
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oracle queries

1. oracle query in DJ algorithm
Uy = [2)[y) > [2)]e @ )

a note
In fact, the content of th&arget register |y) is unchanged in the DJ algorithm
and f(z) is encoded in the sign of treontrol register |x).
2. oracle query in Grover’s algorithm
Uyslz) = (=1)"")z)
or

Up =1 — 2|xo) (x|

It is just equivalent to the query in DJ algorithm
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two types of qguantum oracles
oracle = a black-box unitary operation

1. quantum oracle Uf of a Boolean function

f:4{0,1} - {0, 1}

) |y) —

Uy

— |z)|y @ f(2))

2. quantum phase-oraclef]}

= (=1)/®)

Note:




n-Qubit Grover’s algorithm
PROBLEM:
find xyp amongN = 2" elements encoded by-qubits
ALGORITHM:
l. Initialization
preparen qubits in state

o) = 10)*"

ll. Generation of equally-weighted superposition
apply Hadamard gatéf@m to all qubits to get

[Yrr) = Z ).

418
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l1l. Grover iteration

repeat the following subroutiniet(r+/N /4) times:

1. Call theoracleto flip the phase of eigenstatey)):
frg o |2) — (1 =204 2)|x),
whered,, , Is Kronecker delta.

2. Apply Hadamard gate H®".
3. Flip the phase of all eigenstatps except|0):

fo:lz) = —(1 =200 4)|x).

4. Apply Hadamard gate H®".

Note:
operations 2,3,4 are called thmwersion about the average
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two-qubit Grover’s search of |zg) = |2)
Hadamard gate

Initialization
1
] 0.5r ,
5 > 0..l.
¥ ¥

-0.5¢ -0.5 ]

1 |d> |i> |é> |é> 1 |d> |i> |é> |§>

1. oracle phase flip dft) 2. Hadamard gate

1 1

|2> |3>

_l L I
o> 1>

_1 1 L L I
|0> |1> [2> 13>
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two-qubit Grover’s search of |zg) = |2)
4. Hadamard gate

phase flip of allz) except|0)

1 : :
1 0.5F

O,

<X|P>

0.5r

0,
-0.5¢
|3>

<X|p>

1> 2>

-0.5¢
| | _1 |
|2> [3> |0>

ﬁ>
- end of 1st Grover iteration

—_ 1 L
|0>

recommended number of repetitions (or queries)
Nqueries — Int(ﬂ‘\/ﬁ/ll)

whereN = 2" =4 s0

N, queries — 1
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guantum circuit for two-qubit Grover’s search

step Il

qubit A —

H

1.1

qubit B —

H

fX

o)

111.2

H

111.3

111.4

H




three-qubit Grover’s search of |x() = |2)
Hadamard gate

Initialization
1 w w w w w w w 1 w w w
0.5 1 57 1
; EREREEEE
-0.5¢ -0.5
1 |d> |i> |é> |é> |4> |5> |é> |f> - |d> |i> |é> |§> |4> |é> |é> |f>
|.2 Hadamard gate

.1 oracle phase flip ofz)

1—

0> [1> 2> 3> |4> |5> [6> |7>

0> |1> 2> 3> |4> |[5> |6> |7>

423



1.3 phase flip of allz) except|0)

<x|L|J>
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three-qubit Grover’s search of |x() = |2)

1—

-0.51

<Xx|p>

[0>

1> 2> 3> |4> |5> 6> |7>

1.1 oracle phase flip ofz)

1—

0.5r

|.4 Hadamard gate - end of 1st cycle

1

[0> 1> |2> |3> |4> |5> |6> |7>

II.2 Hadamard gate

™

[0> 1> 2> |3> |4> |[5> |6> |7>

[0O> 1> 2> 3> |4> |5> 6> |7>
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three-qubit Grover’s search of |x() = |2)
.4 gate H ends 2nd cycle end of 3rd cycle

1.3 phase flip alllx) except|0)

1—

<X|p>

0.5¢ ] 5
I 1 -05

-1 . . . . . . . .
0> |1> 2> |3> [|4> |[5> 6> |7>

end of 4th cycle

0.5¢

5
YO._._-_._._._._.
\

0> |1> 2> 3> 4> [|5> 6> |7>

<X|P>

o> 1> 2> 3> 4> B> 6> 7>

end of 5th cycle

0.5r

O,
-0.57 |||| i

0> [1> 2> 3> |4> |5> [6> |7>

0> |1> 2> 3> [|4> |[5> 6> |7>

end of 6th cycle

0.5¢

0> 1> 2> 3> 4> [|5> 6> |7>
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numerical data for three-qubit Grover’s search of |zg) = |5)

[ ®)Yy = M1000) + P[001) + ”[010) + |011)
+c71100) + 1101 + ¢[110) + ]111)

State

after thekth Grover we get:

p®y=[ ¢c0 ¢l c2 ¢3 c4 c_7]
pUy=[ .18 .18 .18 .18 .18 .88 18 ]
@)y =[ -09 -09 -09 -09 -09 .97 -.09 ]

¥y =[ -31 -31 -31 -31 -31 .57 -31 ]
pW)y=[ -38 -38 -38 -38 -38 -11 -38

pO)y=[ -25 -25 -25 -25 -25 -74 -25

%) =[ -01 -01 -01 -01 -01-1.00 -.01

after the 6th iteration we get
% = (1109©)) = 99989 - - - ~ 1
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The most popular cryptosystems and their cryptoanalysis

1.

DES (Data Encryption Standard) «— Grover’s algorithm
- symmetric

- applied for encryption and decryption

- American and international cryptographic standard

- used by US army

. RSA (Rivest-Shamir-Adleman)« Shor’s algorithm

- asymmetric
- applied for encryption/decryption and digital signatures

. DSA (Digital Signature Algorithm) < Shor’s algorithm

- asymmetric
- applied for digital signatures
- It is the Digital Signature Standard (DSS) of US Federal Government
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Grover’s algorithm and cryptography

Attack on DES
requires basically to search amoig= 2°° = 7.2 x 10'% possible keys.
What is the time required to find the correct DES key?
assuming that 1 min keys per second can be checked than
e classical computer needs 1,000 years

e quantum computer needs about 4 minutes
Mathematica: Sqrt[2°56]/10."6/66— 4.47 min

How many oracle queries are required
to search an/N-element database?

O(N) |classical search algorithms
O(V'N) Grover’s algorithm
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Quantum speedup

Grover’s search is quadratically faster than classical searctl

Note: It speeds up any kind of database search.

However the maximum advantage is gained in unsorted databases.
Can we find faster quantum-search algorithms?

Shor’s algorithm is exponentially faster than classical ones,

so it possible to find also a search algorithm that fast?
Optimality theorem:

The search problem cannot be solved in less tﬁa(n/ﬁ) iterations.

= | Grover’s algorithm is optimal! |

But can we find an algorithm that would run, say, twice faster?
Possibly yes, but it is not the issue of the optimality theorem.
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guantum entanglement and quantum speed-up

Q: Quantum entanglement is a key resource for QIP. But
do we need it for guantum speed-up in e.g. Grover’s algorithm?
A: "Entanglement is neither necessary for Grover’s algorithm
itself, nor for its efficiency." [Bhattacharya et al., 2002]

Q: Really?
A: Inversion about the average amplitude is a classical process.

Q: Can Grover’s algorithm be implemented classically?
A:. Grover’s algorithm has already been experimentally
Implemented using classical Fourier optics.
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guantum entanglement and database size

Q: Is entanglement useful for Grover’s algorithm at all?
A:. Yes. Lack of entanglement limits the database size,
which scales linearly with the beam diamefer
(or D? for a 2D version)
= number of qubits scales only aslogy D

assumeD equal to the size of the universe,10%%m
= ItIs equivalent tax 86 qubits.

This limitation exists for any database containing classical information.

Q: Anyway, it seems that entanglement is not necessary
for quadratic speed-up.

But do we need it for exponential speed-up?
A:. Most probably, yes.



432
How to implement Grover’s algorithm classically?

via classical optical interference

A classical implementation of Grover’s search
[Amsterdam’s experiment of Bhattacharya et al. (2002)]

e quantum probability amplitudes
— a transverse las&eam profile
= a complex electric field amplitude(x)
e guantum states, which label items of the database
— continuouscoordinate x
e sought itemr
— parrow area around the “item position’k
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e quantum Hadamard transform

— classicalFourier transform implemented by lenses
specifically:spherical, achromatic doublet lenses
with focal lengthsf; = 40 cm, fo = 60 cm
o oracleU(z), which marks the item
by phase flipping allx) except|x)
— phase plate (called tharacle plate)
which imprints aphase profile®, (z) on the beam
E(x) — E(x) exp|iPyy(z)]
$yo(z) = ¢ if xisin a narrow area aroung
$yo(z) = 0 elsewhere.
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e each Grover’s iteration

— aroundtrip of a pulse between the cavity mirrors
specifically:T=13.5ns
o gate(?f(O) which marks/0) by phase flipping allz) except|0)
— phase plate (called tHAA plate) like the oracle plate
which imprintsphase profilein the Fourier plane
(IAA = inversion about the average amplitude)
E(z) — E(z) explidg(z)]
Dy
Dy
e readout

7') = ¢ if 2/ isin a narrow area arourtd
7') = 0 elsewhere.

— after each roundtrip, amoving photodioderecords light
transmitted through one of the mirrors with transmission of 2%
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classical implementation of Grover’s search

Amsterdam’s experiment of Bhattacharya et al. (2002)

Oracle L, IAA L,
plate plate
pulse OX F q% F pulses
A|n M, M out

X

E(x)

331
2 22

lteration
order

|AA — inversion about the average amplitudé; » — mirrors, f; » — focal lengths

F' —Fourier transform (instead of Hadamard transform) via leises



gquantum DJ algorithm

IS a common quantum subroutine

used in: < Simon algorithm

e Grover algorithm

» Bernstein-Vazirani algorithm

e and others

HDH_X X

U

H y yl 1(x)

HDn

436




Simon’s problem (1994)

It is an oracle problem closely related to Shor’s algorithm

GIVEN:

437

f:{0,1}" — {0,1}" — a 2-to-1 function such that
Vx#y: f(x)=fly)ey=xar,

r — a fixedn-Dbit string called théunction’s period

TASK:

find periodr.

How many oracle queries are required
to find period r?

exponential numbe

classically

polynomial numbe

rquantumly

/



Simon’s algorithm - step by step
e Initial state

o) = 10)<"'10)<" = |0)|0)

e applyn Hadamard gates to the firstqubits:

1
\¢1>=\/2—n > x10).

xe{0,1}7

where[x) = |v1, 29, -+, o)

e apply quantum oracle:

)= —— 3 R)f().

V2

xe{0,1}"

e measure the last qubits and obtain a certaifix’) € {0, 1}"

which yields the {-qubit) state:

438
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1 / /
3) = ﬁ(\ﬂ +|x @)

e applyn Hadamard gates to thequbits:

1ha) = \/;ﬁ S =Y ()XY ]y

e measurey,) to gety such that - y = 0.

e repeat the above steps a polynomial number of times
to get, with high probabillity,
n linearly-independent values= {y1, 49, . . ., yn} such that
y - r = r, which determines.



440
multiplicative order of an integer

k =ord(x,n) = ord(x)

multiplicative order ofr is the smallest integet for which

k

1 =2" modn

Mathematica: MultiplicativeOrder|[x,n]

example
ord(8,21) ="
8t mod 21 =8
82 mod 21 =64 mod 21 =64 —3-21 =1
= ord(8,21) =2
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another example

2l mod 21 = 2
22 mod 21 =4
23 mod 21 = 8

24 mod 21 = 16
2° mod 21 = 32 mod 21 = 11
20 mod 21 = 22 mod 21 =1

orders of all elements modulo 21
Xx =12458 10 11 13 16 17 19 20
ordx,21) =16 362 6 6 2 3 6 6 2

complexity of algorithms for order calculation

e exponential time using known classical algorithms

e polynomial time using quantum phase estimation
(a part of Shor’s algorithm)
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Continued fractions (CF)

1 _
aO_I_CLH— 11 :{CLO,CLl,CLQ,K,CLN}

a2+K+aN

How to calculate CF for number r ?

1. splitr into integer part|r|| and fractional parf = r — [|r]]
2.stopiff =0
3. calculatel / f and return to step 1.

Note: The procedure will halt iff- is rational.
Example: CF for r=11/9

Mathematica: ContinuedFraction[11/9} {1,4,2}
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Example: CF for 3.245

313245 -3 =0.2451/0.245 =4.082
414082 -4 =0.0821/0.082 =12.250
12/12.250 -12 =0.250L / 0.250 =4.000
414000 -4 =0.000

3.245 =3 +

— = {3,4,12, 4}

1241

Mathematica: ContinuedFraction[3245/1006} {3, 4, 12, 4}
A convergent of CF

Thenth convergent, denoted Hy.g, aq, ..., an},

4 +

Is a truncated Ck = {ag, a1, ..., an, ..., an}.
Useful criterion for Shor’s algorithm

Lz < 2%]2 = Lisaconvergent of CF and GGR¢) = 1
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Shor's factorization algorithm

0)" A{H T X FT™ P
U

)" / y a*mod N

Basic steps of Shor’s algorithm:
1. Hadamard transform
2. Modular exponentiation
3. Quantum Fourier transform
4. Measurement
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Shor’s algorithm to factorize an integer ¥

1. If N is even then return factgi = 2.

2. Test classically whetheY + .

3. Choose randomly an integeKl < a < N) and apply
the Euclidean algorithm to check whether
a and N are coprime, i.e. GC@, N) =1
If not then choose another

4. Prepare two registers:
register #2 hagsy = [logy, N'| qubits
(this is the number of qubits to storé);
register #1 has; = 2no qubits
(in optimized versions of the algorithm; can be smaller).
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5. Initialize both registers:

1) = |0y 1) N
6. Apply Hadamard gates to register # 1.
l.e. create an equally-weighted superposition

i) = HZM |gy) = Z |z, 15)

whereN; = 2"1,

7. Apply modular exponential gate to register # 2:

‘¢3> mod exp‘¢2>

a'™ mod 15

Iy 0) 1) 2) [N =1)

Ry |a’ mod N)||a! mod N) |a? mod N) ... [a™~! mod N)
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8. Measure register #2 to get some statg

[g) = N o(2'|1)3)
whereN is an (unimportant) renormalization constant.

9. Apply QFT on the register # 1:
P5) = QFTT|1)y)

and measure It.

10. Apply the classical method of continued fractions
to find periodr.

11. If ris even and;, # —1( mod N)

then calculate’ =GCD(a"/2 £ 1, N)
If f=£1orf = N then returnf.
Otherwise repeat the algorithm.
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How to factorize N=157

1. choose x such that

1<x<N-1, GCD(x,N)=1 e.g. x=11
2. find multiplicative order r=ord(x):

11t 1172 113 114 11° 11°

11 1 11 1 11 1 (modN) sor=2
3. findy: y*=1 mod N

since xX=1 mod N then y=x"2=11
4. calculate GCD(y+1,N)=GCD(12,15)=3

GCD(y-1,N) =GCD(10,15)=5

SO 15=3*5
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Example 1: FactorizenN = 15

1. Nisodd = OK

2.N+a® = OK

3. let’s, e.qg., choose = 7 (unlucky choice) and apply
Euclidean algorithm to check whetheand N are coprime:
GCD(7,15)=1 = OK

4. find the required dimension of registers (number qubits):
register # 2n9 = [logo N| = [3.906| = 4
register # 1n; = 2ny = 8§
Mathematica: Celling[Log[2, 15]]— 4
5. Initialize both registers:
[11) = [0)®™1|1)®"2 = |00000000)|1111) = |0)|15)
Mathematica: 21111 15



6. apply Hadamard gates to register # 1.
l.e. create equally-weighted superposition

[1ho) =

H®™ghy) =

whereN; = 2" = 256

Z 1y, 15)

450

7. apply modular exponential gate to register # 2:

|¢3> mod exp‘¢2>

af'' mod 15

R0 1) 2y [ ]255)

Ry |7V mod N) /|7 mod N) |7 mod N) ...[|7%*° mod N)
= |1) = |7) = 49) = |4) | ... = [13)
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where) is a renormalization constant

. apply QFT on the register # 1:
[5) = QFTT|ehy) = 5(]0)1 — [64)1 + 128)1 — [192)1)

SO Mathematica: PowerMod[a X, 15]
Ry 110) [[1)112)] [3) [14) [[5)[16) | [7) 118) 1[9) [10)][11) ...
Ry [1) [[7) [14)[[13) [[1) [[7) [14) [[13) [[1) [[7) | 14) [[13) ...
. measure register #2:

for example, we get the staes):

Ry 13) |7) 111) ...

Ry 13) 13) 13) ...

) =N o(13[eh3) = N([3)1 + [T)1 + 1)1+ ...)
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10. apply the classical continued fraction method

(which reduces to a trivial case now) to find the peniod

64 _ 1 __

11.risevenandg # —1 mod N =
GCD(13"/2 + 1,15) = GCD(13% + 1, 15)
= GCD(169 +1,15) = GCD(17 x 2 x 5,3 x 5) =5

GCD(13"/2 — 1,15) = GCD(168, 15) = 3
these are the sought factors :-)

12. finaltesB x 5 =15 = OK
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lucky, unlucky and bad choices ofa modulo N=15

condition: GCD(a,N)=1

a a2 a3 a™M .. a™14(mod N)

2 4 8 1 2 4 8 1 2 4 8 1 2 4 unlucky

3 9 12 6 3 912 6 3 912 6 3 9 wrong

4 1 4 1 4 1 4 1 4 1 4 1 4 1 lucky

5 10 5 10 510 510 510 510 5 10 wrong

6 6 6 6 6 6 6 6 6 6 6 6 6 6 wrong

7 4 13 1 7 413 1 7 413 1 7 4 unlucky

8 4 2 1 8 4 2 1 8 4 2 1 8 4 ...

9 6 9 6 9 6 9 6 9 6 9 6 9 6

10 10 10 10 10 10 10 10 10 10 10 10 10 10

11 1 11 111 111 111 111 1 11 1

12 9 3 6 12 9 3 612 9 3 6 12 9

13 4 7 113 4 7 113 4 7 1 13 4

14 1 14 114 114 114 114 1 14 1
a=2,7,8,13 = |long period =- unlucky choice = harder factorizatiol
a=4,11, 14 = short period = lucky choice = easier factorizatior
a=3,5,6,9,10,12 = GCD(z,N)+#1 = bad choice = excluded

N

—
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Example 2: Factorize againy = 15 but for « =11
1-2.ditto
3. we choose = 11 (lucky choice)
GCD(11,15) =1 = OK
4—6. ditto
7. apply modular exponential gate to register # 2:

|¢3> — Umod.exp‘¢2>

o™ mod 15

R 0) 1) 2) 255)

Ry |11V mod N)|[111 mod N) [11° mod N) ... |11%*° mod N)
= |1) = |11) = |121) = [1) ... = |11)

SO



Ry

0)

1)

2)

3)

4)

5)

7)

Ry

1)

11)

1)

11)

1)

11)

11)

8. measure register #2:

for example, we get statel):

Ry

1)

3)

5) ...

Ry

11)

11)

1) ..

[V4) = N o(1L]ehg) = N (|11 + [3)1 + [5)1 + -.)

whereN is a renormalization constant

9. apply QFT on the register # 1:
P5) = QFTT|1)y) = \/%(\Oh +[128)1)

10. apply the classical continued fraction method

to find periodr

12
D

Co

DO
D

L
2

=

r =2
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11.risevenandg # —1 mod N =

GCD(11"/2 + 1, 15) = GCD(11 + 1, 15) = GCD(3 4, 3x 5) = 3
GCD(11"/2-1, 15) = GCD(10, 15) =5
which are the sought factors.

Note 1:

To find periodr, one usually has to apply
the complete classical continued fraction method.

Note 2:
Shor’s algorithm resembles Simon’s algorithm

Actually, Shor has found his algorithm by generalizing Simon’s
algorithm, i.e. by replacing Simon’s Hadamard transforms (Fourier

transform overZy') by Fourier transform over .



Example: Find period r from ;2.

Mathematica:

65
X = —;
256
: . a 1
criterionfa_, b_, x_]:=Abs[— -x] < ;
b 2 b2
Cont i nuedFraction[x] // | nput Form
{0, 3, 1, 15, 4)
1 05
0,3,1,15,4} =0 =
{ J +3+ L 200
1+
15+Z

FronConti nuedFraction[{0, 3, 1, 15, 4}]

65
256

457
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1st convergent of the continued fraction

1 1 a
0,3} =0+-=-="
a 1 65 11
= |S—a|=|-— | =0079- — = 0.055-
|b x| ‘3 256 D TERRET

FronCont i nuedFraction[{0, 3}]
1

3

criterion[l, 3, X]

Fal se

— PERIODr # 3
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2nd convergent of the continued fraction

1 1
0,3,1} =0+ = —
t J 3+1 4

a 165 1 11
P ‘4 256| ~ 256 " 202 32

FromCont i nuedFraction[{0, 3, 1}]
1

4

criterion[l, 4, x]

True

= PERIODr =14
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Quantum circuit for Shor’s factorization algorithm

0) —H
0) —H
0) —H
0) —H
P

I 1

QFTT

*

-

-




- O Ot =

/-qubit circuit for Shor’s factorization of N =15

461

QFT1

-

.

— H ° o
— H—eo—o
o—(1—e
N N ® N
N L L
N N ® N
N N N
MR
o—(—e

A B C D E F G H

*




optimized version of the 7-qubit circuit

for Shor’s factorization of N =15

(gates C, E, F, H are removed)

N = NG BN
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QFT1

-

-

— H
— H ® ®
— H ® ®
N
N
D g
H—we
A
N

A B D G

-
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Quantum Fourier transform and its inverse for 3 qubits

QFT

jz9) — H — Ry — R3 y0)

1) l H— Ry Y1)

|20) o i H — |y2)
QFT ~I=QFTT

o) — H T . |z0)

Y1) Ry— H I 1)

Y0 R3 — Ry — H — |x2)

where the rotations arg, = R(90°), R3 = R(45°)
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Outline

Generalized projective measurements

. Positive operator valued measure (POVM)
. Kraus representation

. Damping channels for a single qubit

. Imperfect photocount detectors

Bell-state and GHZ-state analyzers

. Fidelity and other measures of quality of the state generation

© N o o A w N B

. Entanglement measures
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von Neumann-type projective measurement

IS represented by complete, orthonormal set of states:)
Py = Trd | ) (1] psys }

where
P, — probability that the system is in stdje
= probability of the measurement outcome

1) (| — measurement operator or projection operator

also called therojection valued (PV) measure

e measurement operators, corresponding to nonorthogonal states,
do not commute and are therefore not simultaneously observable
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Generalized projective measurement

e Let's prepare ar@auxiliary quantum system (ancilla)in a known
statep,.x

Thecombined, uncorrelated stateof the original quantum system and
the ancilla is

(psys ) paux)mM,nN — (psys>mn<paux)MN

A maximal test is then performed in the combined Hilbert spéce
Different outcomes correspond to orthogonal and complete projeeidis
e probability of outcome p:

B, = Tr{|p) <U‘<psys R Panx)] = Z (|p) <N|)mM,nN<pSyS>mn(Paux>MN

which be rewritten as

where
(Amn = DU (Dmarnv (Pa) v

M,N
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positive operator valued measures (POVM)

=setof4,’s
which are positive Hermitian operators acting on original Hilbert space

d A=1
L

e probability that a quantum system is in a particular state is given by the
expectation value of the POVM operator corresponding to that state

Advantages of POVM over PV measures

e the number otwvailable outcomesnay differ from the number of avail-
able preparations (of a given state) and the dimension of the Hilbert space.

e POVM allow the possibility of measurement outcomes associated with
nonorthogonal states

e POVM allow extraction ofnore mutual information that can the
usual von Neumann-type projective measurement
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How to distinguish conclusively between

two non-orthogonal states?
(at leat sometimes)

Cryptographic example of POVM
non-orthogonal linear polarization states and|v)

(ulv) = cos b

whered the angle between polarization vectors

Can you distinguish whether qubit is in state|u) or |v)?
general state

V) = alu) + Glv)
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POVM operators

are not projective measurements

-l 1=l
ol {uv) T 1T+ (ulfv)
A =1—-A,— A, = inconclusive measurement

probabilities of measurements
Py = (Y[ Ai|y)
= P,=|al*(1 —cosf), P,=|8]*(1—-cos), P =|a+3*cosh
special input states
V) = |u) = P,=0 = detector D, will not click

¥) = |v) = P,=0 = detector D, will not click

an optical implementation of POVM



Y
D,
BS/ BS/ ./\j

(H) | (NOT)?
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Neumark’s theorem

One can extend the Hilbert spatgof states, in which thel,, are defined, in

such a way that there exists, in the extended sg@eset of orthogonal and

complete projectorgy) (1| such thatd,, is the result of projecting) (x| from
IC into 'H.

physical implication

There always exists an experimentally realizable procedure generating any
desired POVM represented by given matriegs

MOost general measurement operator

It is also generally thought that a POVM belongs to the most general test to
which a quantum system may be subjected.

analogy

a pure state of the bipartite system AB may behave like
a mixed states when we observe subsystem A alone,

similarly

an orthonormal measurement of the system AB may be
a nonorthonormal POVM on A alone
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Kraus representation
= operator sum representation

an elegant representation to describe open system dynamics

basic idea

e The final state of an open system cannot be described by a unitary transfor-
mation of the initial state.

e So let's analyze evolution ddoth the system and environment
p(0) = ps(0) ® ps(0) — psu(t) = U(t)ps(0) © pe(0)U' ()
e reduced density matrix

ps(t) = Trg {pse(t)} = > {ki}lpse(t)|{k})
{ki}

where[{k;}) = |k k;i---) =11, ® |k;)

IS an orthonormal basis of the environment Hilbert space



e alternatively, the evolution can be given in
the so-calledKraus representation

ps(t) =3 Apt)ps(0) AL
k=0

in terms ofKraus operators
k

Aty =) " ({kHU®){0})
{ki}

where) ' stands for summation under the conditipn k; = &
e completeness relation

> Al A(t) =1
k

e drawback

It seems extremely difficult to use K.r. if the environment i§’at 0

473



474
Example of Kraus representation

depolarizing channel
l.e. the qubit remains intact with probability— p
and error (bit flip and/or phase flip) occurs with probabifity

evolution of single qubit in depolarizing channel
Use : [4)5®10); — v/1 = pl)5@10) E+\/§ 2l ®I1) g0, ) s@12) 40| 5213) 5

Kraus operators

Ay = plUse|0) g

SO

=VT-p Ai=Ay=As="
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POVM from Kraus representation

POVM modifies a density matrix as follows

Ps — Z vV Eupsy/ Fp
7
where
F,=ALA,

andA, areKraus operators



three types of errors

1. bit flip error
0) — 1), [1) —[0)

) — 6:.[¢)
2. phase flip error
0) = 10), 1) = —[1)
) — 6:¢)

3. both errors
0) —i|1), |1) — —i|0)

V) — ay[)

where thes;, are thePaull operators

o1l . _Jo—i] .
=110 W= |i 0|

|

1 0
0 —1

|

476
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damping channels for a single qubit

1. amplitude-damping channel
0)510) g — 10)5]0)

D sl0)p — V1 =210 g+ Vpl0)s1) g

2. phase-damping channel
0510V g = V1= p[0)5|0) g +V/Pl0)s[1)
D50 — 1 =p[1)s|0) g+ /PI1)s|2) 5

e itis a ,caricature” model of decoherence in real systems

e Nno bit flip in system!

3. depolarizing channel

0)g = VI= 505+ /2 [oelidsllhs + ouli)sl2hs + o)
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conditional measurements using imperfect photocounters

o Ll 1

¢ 7 7\

éz e — ‘
7 N\

ﬁ  m—

A
2

151 — N T1“<b27b37b4> (ﬂ%)ﬂ(bg

5 photons

\ N, photons

P

f) ‘ , photons
b 4"

LR

@)

D

Jjd)(@))

1

N, photons

N, photons

N, photons

POVM for thekth imperfect photocounter detectidg. photons

four-mode state before the measurements
p1 | single-mode state after the measurements
renormalization constant




POVM for photocount detectors ()

Perfectly-Resolving Photon Counter
" o N V(N—n)
—_— =/ n mn m
My=2.2.€ 7" (1=n)"" Cr|m(m
oo (N-N)! .
N —inefficiency
V —dark count rat

e Conventional Photon Counter (CPC)

Z "(1-n)"|m){m|  (No clicks)

I_I =1-T,; (Click)

« Dark count rate ~100-1000s 1



POVM for photocount detectors (II

single-photon counter

I:I\c,)l _ i e—V(l_n)m‘m><m‘ (nO C|iCkS)
m=0

V(l_n)

ﬁf :Z Z e’ - n)!n” (1-n)™" Cnm\ m><rd (1 click)

m~0 n=0

Fa N

MY =1-NY -NY (2 clicks)

e high dark count rate ~ 104 s_l
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Photocountersphoton count detectors)

e SI APD = Si avalanche photodiodéworking in Geiger mode)
n ~ 70 — 80%

Fooise > 2 = relatively high noise = useless for QC
e PMT = photomultiplier tube

n < 25%  for detection of single photon

n ~ 6% for detection of two photons

o« SSPM = solid state photomultiplier

n ~ 70 — 80%

Fiose =1 = basically noise free

o VLPC = visible light photon counters

with noise free avalanche photomultiplication

n ~ 88%  for detection of single photon

n ~ 47% for detection of two photons

T ~2ns = small resolution time (for detection of two photons)
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Bell-state and GHZ-state analyzers
o How to discriminate between the optical Bell states?

L 01y £ 110)
V=7

L 00) £ |11)
PN =7

o Do they exist perfect linear Bell-state analyzers?

IS It possible to unambiguously discriminate between
all the Bell states using only linear optics?

o How to distinguish experimentally the GHZ states?
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Bell-state analyzer (1)

e

PBS 1 |Z|_./\/i

LP_> ~ (1,4) or (2,3)

D2 L|J+> ~ (1,3) or (2,4)

D3

A e /

BS

O
B

Y

PBS 2

‘¢i> - (1,1), (2,2), (3,3),0r (4,4)
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Bell-state analyzer (2)

ﬁm
PBS 1 |Z|_./\/i N

HWP

CD+> -~ (1,4) or (2,3)

D2 CD_> ~ (1,3) or (2,4)

n o | ml Y

PBS,p

O
B

PBS 2

‘Lpi> - (1,1), (2,2), (3,3),0r (4,4)
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What Bell states can uniquely be distinguished in
the (Pan-Zeilinger) analyzer?

notation: particles A,B; modes 1,2
1. general input state

[Vin) = a[Ha)|Hp) + BIHA)|VE) +v|Va)|Hp) + 0[Va)|VB)

2. state after PBS g

If horizontal (vertical) polarization component is transmitted (reflected) then
V) = a|H o) |Hp1) + B|Ha2)|V2) +v|Var)|Hp1) + 0|Va1)| Vi)

3. indistinguishability of photons
Implies that we can omit subscripts B:
) = a|Hy)|Hs) + B[H2)|Va) + Vi) | Hy) + 5\V1>\Vz>

1 1 1 _
— \/§<a + 5)’(I)two> + ﬁ(a o )lq)two> + 7(5 + W>|\Pone> + ﬁ(ﬁ — 7>|\Pone>
where
) = 7(|H1>1H2> £ )Va)), ) = 7(|H1>\v1> + |V2) | Ha))



4, state after quarter-wave plates and detection
e quarter-wave plateschange polarizations as follows

1 1
|H;) — E(IHQ +1Vi)), Vi) — E(IHQ — Vi)

e NOtation: D, = Dy, Dy =Dy, Ds=Dys, Dy= Dp
e Ccase 1. |
Bho) = (B4 = s (HDIH) + Vi) V2) )
then photons are detected in D1 and D4 or D2 and D3
e Case 2.
Do) = W) = ﬂ(|H1>\v2> + Vi) Hy)
then photons are detected in D1 and D3 or D2 and D4
e cases 3,4.

W5 — 5 (JEIHR) & |Ho) Fo) — [V)IVE) = [V3)]15))

then both photons are detected in either D1, or D2, or D3, or D4

486
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GHZ-state analyzer

e

PBS?

HWP -

A

D2

iDS )
A i

PBSz-

O
C

D6
-4
HWP PBS3
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polarization GHZ states

1
%) = (D) +[V)V)IV))
1

|U7) = 7

(IV)E)H) + [H)V)IV))

1

qu§t>=\@

(|D)V) 1) + V) [H)[V))
1
V2

o the Pan-Zellinger analyzer discriminates between
only two (|®*)) among2? GHZ states

05) = —= (D) + [V)[V)|H))
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Not complete linear Bell-state analyzer

Input
modes

vacuum
auxiliary
modes

probability to discriminate unambiguously between all the Bell states is

1
< Z

PSU_CCGSS —

[Calsamiglia | Litkenhaus, 2000]
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Do they exist perfect Bell-state linear analyzers?

No-go theorem:

There is no perfect Bell state linear analyzer on two qubits in polarization
entanglement without conditional measurements.

Calsamiglia-Lutkenhaus theorem:

Within this subclass it is not possible to discriminate unambiguously four
equiprobable Bell states with a probability higher than 50%.

Why no-go?

Linear optical elements can provide any arbitrary unitary mapping
only over creation operators, not over a general input state.
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Complete linear Bell-state analyzer

- based on conditional measurements

input
modes -'N2
1 . :
auxiliary | . | ljz(I\D . N
modes —_—
auxiliary Us(I\L)
modes
auxiliary
modes L
Psuccess =1 : > 1

N 1+ f(Nphv Ncm)

whereN,,, — humber of conditional measurements
Ny, —number of entangled photons in auxiliary modes
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Complete nonlinear Bell-state analyzer

[Paris et al. (2000)]

based on

nonlinear Mach-Zehnder interferometer
HWP BS PD— o
Bell state CCL ¢<:
source . | O.I:.I:

QND

RS
on Off

Key: QND - quantum non-demolition detector,

CCL - classical coincidence & logic, Bell state QND | CCL
_|_
HWP — half-wave plate, \Ij_> off | off
v) off | on
(P)BS — (polarization) beam splitter. o) on | off
o) on | on
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QND — Fock filter

Kerr

PS

Key: Kerr nonlinear medium described by 3rd order susceptibylity
la) — strong coherent field
PS — phase shifter

QND measurement does not destroy coherence of the signal
state, but only adds extra phase, which can easily be corrected.
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Kerr effect and QND |
vacuum -

D1 (0
probe BS1 BS2 D2
16
\ /
Kerr
signal medium /

M1 M2
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Measures of quality of the state generation

1. Fidelity

= Uhlmann’s transition probability for mixed states

2
F(laexpa ﬁth) — {TI’ [\/\/ pAth,[A)eXp \V/ [A)th] }

Pexp — density matrix for the experimentally generated state

o, — theoretically predicted density matrix
2. Bures distance

a measure of discrepancy betwegg, andpy:

DB(ﬁepolath) = 2 — 2\/F<ﬁexp7ﬁth)
e It satisfies the usual metric properties including symmetry

D5 (pexp||ptn) = DB(pin]|Pexp)
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3. Quantum relative entropy = Kullback-Leibler ‘distance’

S(ollp) =Tr(olgo —olgp)

It IS not a true metric since

S(ollp) # S(pllo)

4. MaxLik parameters
- used by us in the tomographic reconstruction of physical density matrices
5. Relative entropy of entanglement

minimum of the quantum relative entropy

over setD of all separable states

B(o) = min,epS(allo) = S(o]ls)

p Is the separable state closestto



497
Criteria for a good entanglement measure

p — the density matrix of a given state

Cl. E(p) >0
E(p) = 0 for anunentangled state
E(p) = 1 for aBell state

C2. local unitary transformations U, ® Up do not change(p)

C3. LOCC operations cannot increas#p)

C4. Entanglement i€onveXunder discarding information:
>_iDiE(pi) =2 E(Y;pipi)

l.e., mixing cannot increask(p)

C5." E(p) should reduce to the entropy of entanglement fpiugie state
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Measures of entanglement
o entanglement of formation

. entanglement cost, = lim,, ., £
o relative entropy of entanglement;

o entanglement of distillatiom,

for pure states

for mixed states

EFZECZERZEDl
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Entanglement of formation
[Bennett, DiVincenzo, Smolin, and Wootters, PRA96]

It is the minimized average entanglement of any ensemble of pure &tates

realizingp = _, pilti) (til:
Er(p) =miny, . > piE(|¥5) (Vi)

Special case
For two qubits [Wootters, PRL’98]

Ep(p) = ( 1+ /11— )

in terms of theconcurrence

C(p) = max{0, VA1 — VA2 — VA3 — vV A4}

where)\;’s are in nonincreasing order the eigenvalues of
ES
ploy @ oy)p*(oy @ oy)
“C'(p) Is a measure of the entanglement of formation in its own right.” [Wootters]
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entanglement of formation and distillation

asymptotic conversion ratios for
formation

20000

LOCC
. 00000
| distillation |
maximally partially

entangled pairs entangled pairs
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Negativity
[Zyczkowski et al. PRA'98, Eisert, Plenio JIMO'99, Vidal, Werner, PRA02]

a guantitative version of the Peres-Horodecki entanglement
criterion [Peres, PRL'96, Horodecki et al., PLA'96]

N(p) = max{0, —2 min; p; |

N(p) = max{0, =23 p1;}
where 1; eigenvalues of the partial transpose op

Logarithmic negativity
En(p) = loga[N(p) + 1]

a measure of the PPT entanglement cost
[Audenaert et al. PRL'03, Ishizaka PRA04]

E'n gives upper bounds on the teleportation capacity and the
entanglement of distillation £ [Vidal, Werner PRA02]
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geometric measure of entanglement

entangled states : x )

separ able states
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Relative entropy of entanglement (REE)

[Vedral, Plenio, Jacobs, Knight, PRA’1997]
E(o) = infepS(ollp) = S(o|o*)
p* —the closest separable state (@
guantum relative entropy
or a quantum Kullback-Lelbler distance
S(o|lp) = Tr(clogo — ologp)
NOTE:
S(cllp) is a “distance” betweens and p
e butitis not a true metric:
It is neither symmetric nor satisfies the triangle inequality
e it is not a unigue measure of the distance:
see also Bures measure with the Uhlmann transition probability (or fidelity)

§(0]lp) = 2 — 2/Flo, p) with F(o, p) = [Tr(\/po/p) /)
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Bell-inequality violation
For two qubits the Bell inequality due to Clauser, Horne, Shi-
mony and Holt (CHSH) [PRL69]:

'Tr (p Bepsnh)| < 2
where Bell operator is

Beusu=a-c® (b+b)-oc+a-c@(b-b)- o
and arbitrary p in Hilbert-Schmidt basis is

n,m=1

3
p-i([@[—kr'a’@]—l—]@S'U‘Fz tnm0n®UM>

with t,,,,, = Tr (po, ® o)
Horodecki et al. [PLA'95] showed that

MaxB ey 11 (P Bensn) = 2/ M(p)

whereM (p) = max; {u; + ug};
u; are eigenvalues df, = T7 T,,; T, = [tum)sxs
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Degree of the Bell-inequality violation (BIV)

Horodecki theorem: the Bell inequality is violated iff\/ (p) > 1
e useful parameter

B(p) = y/max{0, M(p) —1}
then

B(p) = = the maximal violation of Bell inequality
B(p)=0 = statep admits local hidden variable model

Entanglement measures for two-qubit pure states
(W) = c0l00) + c1|01) + ¢19/10) + c11]11)

N(V) = B(¥) = 2|cgoer1 — corcio]
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Two-qubit Werner states

1. Definition

Mixture of the maximally entangled state (singlek)) and the (separa-
ble) maximally mixed state [Werner, PRA'89].

pw = p|¥ (W _|+ —#I®l for 0<p<l1

2. Degree of Bell-inequality violation

B(pyy) = max{0,2p* — 1}1/2

thus the Werner state violates the Bell inequality
iff 1/v/2 <p<1
3. Concurrence & negativity

Clow) = N(pw) = max {0,3(3p 1) }

states are entangled iff/3 < p < 1.

= Entanglement without Bell inequality violation fpre (%

;)

S



CONJECTURE

Entanglement measures should impose
the same ordering of states

E'(p1) < E'(p2) & E"(p1) < E"(p2)

QUESTIONS:

Can this condition be violated?
Yes.
Eisert and Plenio [J. Mod. Opt. 1999] - numerical example

IS It a necessary condition for consistency
of entanglement measures?

Strange, but no.
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Eisert-Plenio conclusion from Monte Carlo simulations:

ordering of states can depend on the applied measures of entanglement

Virmani-Plenio theorem:

all good asymptotic entanglement measures,
which reduce to the entropy of entanglement for pure states,
are either equivalent or do not impose the same state ordering

Why is it s0?

It is implied by the requirements of equivalence and continuity of the measures
on pure states

Is it physically reasonable?

Yes, as these incomparable states cannot be
transformed to each other with unit efficiency by LOCC.

Can we avoid the state-ordering ambiguity?

No, if we want to define entanglement measures for
examining the problems of how to prepare and use the entanglement.
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Questions

1. Can we find analytical examples of two-qubit states for
which entanglement measures impose different orderings ?

2. Are there mixed states more entangled than pure states ???

3. Can we find a physical process manifesting the different
orderings ?



ideal teleportation

Bennett, Brassard, Crepeau, Jozsa, Peres, Wootters (1993)

Alice Bob

o | u|  lout
e

ABCD
BSM : (N U
P SN 4
1 @ 2 @— @3

(oo™ >
lin) m EPR source

510

teleportation fidelity F = [n | p,, |In0=1
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real teleportation

Alice Bob

ﬂg —b ’|0Ut>

imperfect BSM A ‘
\ . / SOmE imperfect U
{0 0» (

>
*
’0

1 @ 2 @@
lin) m imperfect EPR state
?

E(p’)>E(p")U F(p)>F(p")
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Upper & lower bounds for negativity vs concurrence

1 . . . .
— pure & Werner states
Horodecki states
0.8 i
>0.6¢ s
=
[ ek
o e,
o i
<0.4¢ Ha
0.2} Pt
..:,.;'J.-'. :
ol . | | |
0 0.2 0.4 0.6 0.8 1

concurrence

Numerical simulations of x 10* states.
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Upper & lower bounds for negativity vs concurrence

Verstraete et al. JPA01]

C(p) = N(p) = /[1 = C(p)2+ C2(p) + Clp) — 1 = felp)

Structure of the extremal states:
L.N(p) =Clp) <=

the eigenvector corresponds to
the negative eigenvalue of’4 is a Bell state

= states have the maximum negativity for a given concurrence

2.N(p) = folp) —=

two eigenvalues are vanishing and
the other two correspond to eigenvectors, which are
a Bell state and separable state orthogonal to it

=  states have the minimum negativity for a given concurrence
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o Examples of the minimum-negativity states

1. Horodecki statep g (p) = p|v—)(v¥—| + (1 — p)|00){00|

2. Horodecki-like state o’ (p) = plv—) (v—| + (1 — p)|o') (/]
where|y’) = 1(]00) + |01) + |10) + |11))
= concurrenceC(pyg) =p

negativity N(py) = \/(1 —p)*+p*>—(1—p)

o Examples of the maximum-negativity states
1. pure states
2. Bell diagonal states

2(a)Werner state pyy(p) = plo—) (- | + LT @ T
— N(pw) — C(pw) — maX{O, %}
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Regions of different state orderings
for negativity N and concurrenceC

1

0.8+ /
R V!
p 195
20.6
>
= Z AT
5 5
0.4+ /
c \V y
0.2t Y ~ X
O - = — /I/ 1 1 1
0 0.2 0.4 0.6 0.8 1
concurrence

Two states, when one corresponds to a poirfor X)) and the other to any
other point in yellow regions, exhibit different state orderingsfoandC'.
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Explicit examples of states extremely violating
the ordering condition

Let us choose the Horodecki state:
px = pr(1/2)

and the Werner states:
py = pw(V2/3),
pz = pw(2/3),
pv = pw(1/3+v2/6)
or pure state |[V(p)) = /p|01) + /1 — p|10):
py = [W(p))(¥(p)| for p = 1/2+ V1 +2v2/4,
pzforp=1/2+/3/4
py for p=1/24+/14/8
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States specifically violating the ordering condition

1 ‘ ‘ ‘ ‘ ~ 1 ‘ ‘ ‘ ‘ ~ 1 ‘
@ o o
0.8 P 0.8 PO 0.8 A
= R I £y N
> o = / 2 = \ /
+— ’ +— // +—- 4 //
g /// g 2 g /// v
Q04 @ 04 @ 04 \
c K c c \ g
0.2 e 0.2} { 02 \\
=" : : 0k /‘//‘/ : : : 0 /\x‘/z : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
concurrence concurrence concurrence

(a) states with constant negativity
(b) states with constant concurrence
(c) states for whiclt'(p1) — C(p2) = —[N(p1) — N(p2)]
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States specifically violating the ordering condition

p(p,q) = plv—) (| 4+ (1 = p)|1bg) (tq]
with [1g) = /1 —¢|00) + ,/g|01)

then

C (p(p, q))

e Three classes of states
1. states with the same negativityVy:

\/1—2p1— J(1—¢)—(1—p)

I = / ;1 No[No+2(1—p)]—p*
P = p<p7 Q> for q = 2p(1—p)

2. states with the same concurrencé’;.
p" = p(Co, q)
3. states giving exactly opposite predictions:

o . [N(p)+C(p)+1—2p]*—1
,0/” _ p<p7 q///> fOI’ q/// — 1 i P 2p,(01_p) P
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REE vs concurrence and negativity

REE for Bell diagonal (including Werner) states
Eyw(C) = Ey(N) = % (1+C)log(1+C)+ (1 —C)log(1—C) |

REE for pure states

Ep(C) = Ep(N) = H (3[1+ v1=C7))
REE for Horodecki states

o = Clp-) (-] + (1 = C)[00)(00]

Eg(C)=(C—=2)log(l —=C/2)+ (1 —C)log(l —C)
Eg(C=2N(1+N)-1)
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Numerics for two-qubit REE:

[Vedral and Plenio, PRA'1998]
Caratheodory’s theorem:
Any state inD can be decomposed into a sum of

at most(dim(H4) x dim(Hp))? products of pure states.

Thus, any disentangled 2 qubit state can be given by
16
p= > piltai) (Wil ® [Ypi)(vpl
i=1

= there are at most15 + 16 x 4 = 79 real parameters
How to minimize S(o||p) over 79 parameters?

S(o||p) is a convex function
D is a convex set (convex hull) of its pure states

a convex function over a convex set can only have a global minimum
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1
Horodecki states
—— pure states
0.8 —— Werner states
>
Q.
©0.6
c
)
0
=
< 0.4f
o
0.2
O 1 I I I
0 0.2 0.4 0.6 0.8 1

concurrence

Relative entropy vs concurrence:
Epue(C) > Byw(C) > Ey(C) for ¢ € (0,1)



o
o)

O
o))

relative entropy

©
N

Relative entropy vs concurrence:
Numerical simulations of5 x 10* states

©
~

Horodecki states

—— pure states
—— Werner states

0.2

0.4 0.6
concurrence

0.8

522
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1
Horodecki states
—— pure states
0.8 —— Werner states o
©0.67 v
E "..:'-r.? .
o X
()] RPN
= %';f
®©0.4f R~ 4
o .
0.2
O I I I I
0 0.2 0.4 0.6 0.8 1

entanglement of formation

Relative entropy vs entropy of formation:
Numerical simulations of 5 x 10* states
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How to find different state orderings imposed by E, C & N
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All cases of different state orderings

El!_El 1'
R 2.
i N N’
clie
3 4, 5 (A
6 7. 8
9 10. 11

12. 13. 14.
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Table 1: All cases of different state orderings by E, C & N.

REEs

ST NS NS NS N /N S NS N /N N /N N T NN /N
//////////////
//////////////

S N " T T I N N T

N T N NS NN N NS NS NS NS NS N N
//////////////

N’ N N N T N T T N T N N N

e W N N W U N N e N N e U N NI N
//////////////
//////////////

S T T N N T N T T

T N/ N/ NS NN NS NS NS NS NS NS N N
//////////////

N N N T T T T N N N N N

SN TN TN TN /N N /NN /N TN /NN /T
//////////////
/////////////

N T 7 N T L N — N —

TN ST N ST N NN NS NS NSNS NS NS NN
//////////////

N N N N T N T N N T N N T

Class | Concurrences | Negativities
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Quantum information CFrocessmg
with quantum

1. based on electron spins of quantum dots
using optical methods

2. based on nuclear spins of quantum dots
using NMR methods



528

What are the quantum dots?l

Quantum dots (g-dots or artificial atoms) are
small metal or semiconductor boxes that hold a well-defined
number of electrons

useful property
number of electrons in a g-dot can be adjusted by changing
the dot electrostatic environment

parameters
number of electrons: from 0 to hundreds
size of g-dots: from 30 nm to 1 micron
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Energy spectra of
g-dots vs other nano-structures

bulk system guantum well quantum wire guantum dot

3D 2D 1D OoD
A . A A
) ) ) )
O O @) O
- - - |\I\ I
> » LNNN | >

energy energy energy energy
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Quantum-information processing based on g-dots
and cavity QED [imamajlu et al., PRL'99]

® |lasers

\

\

microcavity

microdisk
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Scalable system of quantum dot interactions and cavity QED

* |lasers
‘l

[/

\ /

!

_ = microcavity
microdisk
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ldentical quantum dots in microcavity

microcavity

microdisk
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conduction band

valence band

Level structure of quantum dots in V configuration
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Hamiltonian for

N three-level g-dots interacting with v + 1 fields

ZaN

H — ]A{QD+}A[F_|_[A{11’1’57

_ Z(g( ) A OO_l_g( ) A 11_|_g( )’”UU)

— hwcav&cav&cav + Z TLW?(%m (CA%(?JL))T&"(%L)?
o =3 hgilla o0 + (af)To17]

n
=+ Z hgvl(acavglv + aia\/(}vl)
n

S
S
|

§>
|

where the:th dot operator i$,,Y = |z)n(y]

Note: Q-dots are coupled only indirectly via the
cavity and laser fields
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Derivation of g-dot interaction Hamiltonian

(L)

3-level Hamiltonian for |g,, >, Up >, Ay ", Geay

@

effective 2-level Hamiltonian for |g,, >, |e;, >, a%m, Qeay

effective spin-spin interaction Hamiltonian for |g,, >, |e,, > |

equivalent-neighbor (SVW) Hamiltonian \

en >1
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Hamiltonian after adiabatic elimination

Heff ) Zn#m ’%nm(t) [(}ﬁ(}’;&ei(An_Am)t - &ﬁ&;ze_i(An_Amﬂ]

where
%nm(t) _ gn(t)Agm@)
9a(t) = g0gi 1B (0] (L +
n n-Jn n Awg) I Awff)

Aw]im = wlim — wg% — Weav (k — €, g)

A, = wém — wém + w(Ln) — Weay = Awén) — Awgn)

Adiabatic elimination requires

1. coupling strength, cavity decay rate, and thermal fluctuations

< hA, AL gl _ gld)

2. valence-band levels),, are far off resonance.
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I\/Iodels|

—renkel-type model or Heisenberg model
Hmt hZ#anm[ +A_‘|‘O'_A+‘|_7( ++6’7;5_777,)}
Spin van der Waals (SVW) model

Frenkel model foff;,,,,=const

mt_'%zn;ém[ +A_+O__A++7( ++A_A771>}
Conservative SVW model (CE model)
SVW model fory = 0

66—+ 66
Hmt = K Zn;ém m T O0n0m

Non-conservative SVW model (NCE model)
SVW model fory =1

T AT AT
Hing = 4K Dyt 0nOm
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| Entangled webs In
spin van der Waals (SVW) model

Tight bound for symmetric sharing of entanglement
C@j <2/N

[Koashi,Buzek,Imoto, PRA00]



539

Q-dot bipartite entanglement in
SVW mode

&

M N-M




o O A~ W DN P
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Quantum Computing Based on
Nuclear Magnetic Resonance
(NMR)

. huclear qubits and qudits
. control of nuclear spins

. pseudo-pure states

. quantum gates

. quantum algorithms

. tomography of nuclear spins
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Quantum computer in a cup of coffee?

caffeine molecule
- qubits encoded In nonequivalent C-nuclel

CsH10N40O2
o
N O
MY
N
/ \CH3
H;C O

CHEMICAL NAME : 3,7-Dihydro-1,3,7-trimethyl-1H-purine-2,6-dione
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three qubits encoded In

13C-labeled alanine molecule
H
| 0
H,N* -oC - r:’f_é-
o
CH,
Alanine
(Alaf A)

J-coupling Hamiltonian for carbon-13 nuclei

Hipt = 16" + 156" + 1361 + %(Ju(}gl)@g) + Jos0 6t 4 Jiz6t6 )
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NMR gquantum computing in nanostructures

oscillating
magnetic-fiel

high-frequency|current

/ ———> antenna g

/_sﬁ'n\‘E%hott k@ate’
Za;ZeSr \? /

barrier

rsul ator

point contact channel

GaAs backgate
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energy levels of spin 1=3/2

e ————_ ‘E _§>
Pt 2° 2
G oz = o Ty wée,
3 _1>
(e, TT- ; 2 2
X oy = G ), 3 l>
e- 2'2
&, Qog = Co—Cq C‘)(/n §§>
————— ] 2'2
Zeeman guadrupole 2nd order
Interaction Interaction shifts

(usually neglected)



guartit is equivalent to 2 virtual qubits

guartit = ququart = 4-level qudit

Wy3 W5
wOS
Sl v
A
W, W,
v
QL

945

3=1=;3-3
2)=[10)=[3-3
h=(0D=[3:3)
0)=/00)=[2.3)
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Larmor precession

M — magnetization vector of an ensemble of nuclear spins
B, — static magnetic field
B, — magnetic field component of the r.f. field

My, — transverse component M precessing in the x—y plane
(Larmor precession)

M, — longitudinal component a¥1 static alongB,



rotations via NMR technigues

Z-rotation

corresponds to free evolution of a spin-1/2 system without r.f. fields

¢ Hamiltonian

H() = %h(ﬂo&z

e solution of Schodinger equation
() = R(woty)|1(0))

In terms of the propagator

) 1 - e—iwotp/Q 0
Rz<w0tp> = €Xp [%Hotp} = [ 0 eintp/Qla

which is equal taZ(6) for 6 = wyt,.

247
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X- and Y-rotations

e assumptions

coil is alongz-axis generating an r.f. pulse field

B,¢(t) = Byt cos(Wyet + )€y

— ¢, IS the phase of the pulse
— B,¢ 1s the amplitude of the oscillating r.f. field
— wref 1S the spectrometer reference frequency

spin Hamiltonian during the r.f. pulse set on resonance

WLarmor — Wref

o Hamiltonian in the rotating frame

~ hw A .
H;f,rot — 2H11 (O-JJ COS ¢p + Oy S ¢p)

wherew,; = 7B, IS the nutation frequency
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e solution of Schodinger equation

for a pulse at resonant frequeneyof durationt,, which corresponds to the
nutation anglé), = w,t,, and general phasg, can be given as

W(tp» - X(@?a ‘9p>|¢<0)>
where thgdropagator is
~ 1 7
X(¢p7 9]?) = CXp :% .rf,rottp
= exp | — %Hp(&r cos @, + 0y sin gbp)}

0 . N 0
COS 5 —i exp(—igy) sin 3 ]

—1exp(ig,) sin %p cos 2

— Z<¢p)X<‘9p)Z(_¢p)

e Special cases
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selective rotations in a quartit
%
1
V2
0
0
0
—1
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Who has introduced NMR gquantum computing?

the method has been developed independently by:

1. Cory, Fahmy, Havelin the article on "NMR spectroscopy: an ex-
perimentally accessible paradigm for quantum computing" (1996)

2. Gershenfeld and Chuangn "Bulk quantum computation” (1996).

How to generate pseudo-pure states?
pseudo-pure states (PPS) or effective pure states
can be obtained via

1. spatial averaging

2. temporal averaging

3. logical labeling

Here, we describe only a version of spatial averaging.



How to obtain pseudo-pure states?

population of the spin energy level k)
Npy=A+4—-Fk)A

where
A — N_5th0’ A:thQ,
4 8kpT AkgT

N — total umber of spins

wy — Larmor frequency

Note: A does not contribute to the observed NMR signal
Assumption: quadrupole interactiorg Zeeman interaction

552

ee— /A — relative occupation of the corresponding quantum level

3) ee
2

)
1) eoecee
)

0

thermal
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How to obtain pseudo-pure statg0) in a quartit

3
2
1
0

thermal

o0
~ ......, ~
Xia(m) ; Xa3(75)
— 0000 —
00000000

or equivalently

0)

thermal

J) e

2> 0000 ~ yis 0000

1> 000000 Xi(%) ....’

O> 00000000 00000000

0)
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How to obtain pseudo-pure states in a quartit

e statesk) (k= 1,2, 3):

oo ) (oot Kl O g (0
1) 2) 3)

o stateg—|k))

> o0 o0 YY) 000000
FEE s e R e TR
> 00000000 eoo000’ 000000 000000

thermal —[3) —12) —|1)
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Interchanging pseudo-pure states in a quartit

1) 22
1) 8008 v{l

EEB(TT) o0
9000 |1 80080 01)
0n2ee .,  Spa(r/2) |10 28 00)

ﬁ

1) 2 1 01) 22
0) = 0 100) ==
nitial state

Note: here|11) — is the most populated state in equilibrium.

Whether|11) or |00) is the most populated depends on
our labeling and direction of external magnetic field.
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How to prepare equally-weighted superposition of
pseudo-pure states in a quartit?

Apply gate equivalent to two-qubit Hadamard

thermal

gate.

555 k)
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NMR spectra for pseudo-pure states of two spin-1/2 systems

Key:

population

energy level’

2 3 %
(a) 1 4 1_/M xgl_
01 &2_%10 Eq
00
23
11
2/3
(b) | 2 2 |00) pps
2
00
FEN
. | [01) pps
©) o o
213
00
FN
11
23 2 10 S
@ 2 2 |10) pp
3
00
2
11
2/3 213 |11> pps
(€) o o
3
00

PPS - pseudo-pure states, Eq - equilibrium [Maletsid. 03]



equilibrium

~—
OO
O OO
NQNQEQEQGE

01 a)_I_Z 23
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NMR spectra for a quartit

01 a%LZ a‘23 I I a‘Ol Cd_LZ a‘23
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experimental generation of pseudo-pure states
in solid-state systems of’Ga nuclei

03 _i.ﬂ) (d)
T 3-eeee- i/hm'(]"_z&q - —
110} 2-e-0e— 1. g PP
%;:’ | »o— :I,.-'ﬁmﬂ'_z"ﬁq --e——
_ [00) Qb ¥ R
M 02
0.2 ]
P (b) e — -
m?? - e— mﬁ 0.1
<] <]
0.1
0
i i I i I 'l
60.62 60.68 60.62 60,68

RF frequency (MHz)

[Hirayamaet al.06]



How to rotate “qubit” B in a quartit?

gubit A

qubitB =

R.(0)

h1y| R(0)

560

— R (0)— Wy
= wlZ
— R O)— w,,




How to rotate “qubit” A in a quartit?

qubit A =—

R.(0)

qubit B

h,

Iy,

561

Wo;
W,
Wy
— R (O)— Wy
—RO)— w,
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Another method to rotate “qubit” A in a quartit

x 3)
R.(6) R (6) Wy,
= Y ‘ 2> = Y (—m) Y (77) F Wy,

X R (6,)—— w,,




rotations of virtual qubit In quarit

pulses are applied simultaneously



rotations of a virtual qubit in 8D quit

Re Rg Ra

\1 1 — 111> — 111>
I 110 -— [110 110
101 1 1.01> 101>

L 100 oi
1 ng gio>

|

ERa==—=

o1 011

: L oo 3105

1 || |don 01
T, Liw a0

simultaneous application of pulses
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NOT gates via rotations

e NOT gate for a qubit

- . 01] ¢
UNOT—O'Q;— [1 O] —’LX(?T)

o NOT gate for qubit A in a quartit

0010
A - . 10001 . o 5
UléOT: UNOT®[: 1000 = Uﬁ?OT:ZXQQ(?T)Xlg(W)
0100

o NOT gate for qubit B in a quartit

Usoyr = I ® Uxor = = Ufor = i X1 () Xoa(7)

—_ O O O
O~ O O

o O = O
o O O =




NMR spectra for classical gatesina s

(@) NOP G)NOT(1)  |(© NOT(2)  |(d)NOT(ILI2) |(e) XOR1 (f) XOR2

NN Tu % e jj 11 (L

(g) XNOR1 () XNOR2 (i) SWAP (i) SWAP+NOT |(k) SWAP+XOR1(I) SWAP+XOR?2

(M) SWAP+  |(n) SWAP+ (0) SWAP+NOT | (p) SWAP+NOT | (q) SWAP+NOT | () SWAP+NOT
XNOR1 XNOR2 +XOR1 +X0OR2 +XNOR1 +XNOR2

T

@NOT(D+  |(NOT(I2+ |(WNOT(L+ |(V)NOT(2+ |(w) SWAP+ | (x) SWAP+
XOR2 XOR1 XNOR2 XNOR1 NOT(11) NOT(12)

M L LL

TTL

T

|

d

Jﬁf

niN-1/2 system

[Maheshet al.03]
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Hadamard gates via rotations

o Hadamard gate for a qubit

H

1

V2

|

1

I —1

1

[~ ixmye

&}

o Hadamard gate for qubit A in a quartit

ot = 0ol =

Sl
DO
_ O~ O

1
0
1

0

1
0
—1
0

0

1

0
—1

= Vi () Xon (1) Yo () Xoa(—7) Yag(—2) YVia (=)

o Hadamard gate for qubit B in a quartit

HP =T @ H =

Sl -

0
0
1

= iX01<W>%1<g>X23<77>Y23<%>

567
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Equivalent realizations of Hadamard gate HZ (up to factor )

Wy, = —
qubit A
= W, — Hf —
qubitB — H —— W, — _
LY@ H x(m- {zmH v(H -
] =

— Y3 = X(m) - - Z(m | Y(5) -
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Equivalent realizations of Hadamard gate H“* (up to factor 1)

Wy, — — Y(3) = X(m)
W, — H* — U —=Y(-mn) Y () =
W3 — - Y(=3)=X(-m)
2m— Y G) qubitA — H —
= -Y(-m) Y(rT) — =
qubit B

Z(m)

Y(-)




CNOT gates via rotations

1

3 0
UcnoT1 = 0
| 0

1

. 0
UcnoT2 = 0
| 0

CNOT1

In | out
00 | 00

01 | 01

10 | 11

11 | 10

_ o O o O o — O

O kR OO =R O O O
oo RO O = OO

— diag([lv 1, -1, 1]) : Y23<W>7

= diag([1, 1,1, —1]) - Yio(m)Yos(m)Yio(—7)

truth tables

CNOT2
out Iin | out

in |

00
01
10
11

SWAP

00
10
01

11

AN

AN

570



CNOT gates of 2 virtual qubits




CNOT gates of 3 virtual qubits #1

CNOT,, CNOT,,

111 — 111
I 110 | 110
__|101 4 :.'.(.].,1>
— [100 — 190;

011y . |0lL
1 oo Lo
__ ooy _ 001
000,  — |000)

pulses are applied simultaneously



CNOT gates of 3 virtual qubits #2

CNOT,,

CNOT,,
—_— 111>

A

CNOT,,

pulses are applied simultaneously

CNOT,,

*

1

N,
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USWAP —

o O O

s = T |
— Ul - ding([1,5,3, 1]) = diag([1, 3,3, 1]) - T

Uswap =

SWAP gates via rotations

o O O

o R O O

OO'O
SN

_— O O O

relation between them
UéWAP ) dl&g([l, 17 _17 1]) — dl&g([l, _17 17 1]) ) UéWAP

/
WAP

O = O O
OO = O

_ O O O

= Ucnor1Ucnor2UcnoTi

which acts as follows
Uswap (c0|00> + c1|01) + ]10) + c3|11>) — ¢|00) + e]01) + ¢1[10) + c3)11)

Yia(m),

similar gates

N

124
U, SWAP —

o O O

o O

o |

-

o O

_ o O O

o574
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NMR implementations of two-qubit algorithms

1. Deutsch-Jozsa algorithm [Chuaagal 98, Jonest al.98
2. Grover search algorithm [Jonetal. 98]
3. quantum Fourier transform [Fet al.! 99
4. quantum error detection [Leurad al.! 99
5. quantum simulations [Somaren al.99]
6. dense coding [Fangt al’99
7. Hogg algorithm [Zhwet al’01]
8. quantum erasers [Teklemariahal 02]

Hogg algorithm — a highly structured search algorithm
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What can be done with two-virtual qubits?

NMR implementations of two-qubit algorithms on spin-3/2 nuclei:

1. demonstration of classical gates
[Khitrin et al.00, Sinhaet al’01, Kumaret al.02]

2. demonstration of quantum gates
[Sarthouret al!03, Kampermanmet al.02, Steffen’03,

3. generation of Bell states
[Sarthouret al.03, Kampermanret al.’02]

4. quantum tomography
[Bonk et al.04, Steffen’03, Kampermanet al’05]
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5. Grover search algorithm

[Ermakovet al!02, Steffen’03, Kampermangt al.’05]

6. Deutsch-Jozsa algorithm
[Daset al’03, Kampermanret al.05]

7. quantum Fourier transform
[Kampermanret al.05]

8. * quantum error detection
9. * quantum simulations
10. * dense coding
11. * Hogg algorithm

12. * quantum erasers
(x) - not implemented yet
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Deutsch's algorithm for two qubits

qubit A |0) —H X X H .

qubit B |1) —{ H y yO f(X)

Deutsch's algorithm for a quartit

a‘Ol

W,

Qo = 1 Bl




experimental Deutsch's algorithm for two libits

qubit A |0) — -
m U
; f

qubit B |0) — _

experimental Deutsch's algorithm for a quartit

U,

Uog = )

a‘Ol

T
P >
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NMR pulses for the oracle in Deutsch’s algorithm

Constant Balanced
J1 J2 J3 J4
0 0 1 0 1
1 0 1 1 0
1000 0100 100 0 0100
[ 0100 1000 0100 1000
/ 0010 0001 0001 0010
0001 0010 0010 0001
Pulse no pulse X01<7T)X23(7T) X23<7T) X01(7T)




exemplary NMR spectra for ~ °*

Deutsch algorithm in 2 qubits

1||1 I
g w w " C‘%W wlwzwswl_l

W w «

1D




exemplary NMR spectra for %

Deutsch algorithm in a quartit
U, U, U, U,

Wy W, Wy Wy W, Wy
II[ I I 1
I

11 1
—¢—|3§

@y @y @y Wy @
|2
Ja.

I O
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a circuit for Grover’s search in a quartit

step Il 1.1 1.2 1.3 111.4

ow— L HzeoH T HzoH | —

Wi = HARH® = Z (- H A H & Z (- H A §H ® —

wy— | HzedH § HzeoH | -

a circuit for Grover search in two qubits

step Il 1.1 1.2 1.3 111.4

qubitA — H —_— H — —_— H —
fX

qubitB — H — — H — — H —

(0]
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NMR detections of magnetization of a spin-3/2

e M,,-detection of a two spin-1/2 system enables determination of the off-
diagonal elements marked in boxes:

oo P03 |
P11 P12
P21 P22

| 030 P33 |

=
|

e ), ~detection of a spin-3/2 system gives the other off-diagonal elements:

oo P02 Po3 |
P11 P13
£20 P22 P23

| P30 P31 P33

=
|

e ) .-detection of a spin-3/2 system gives:

Po1 P02 P03
P10 P12 P13
P20 P21 P23
| P30 P31 P32 P33

>
|
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NMR guantum state tomography

IS a method for complete reconstruction of a given density
maitrix p in a serious of NMR measurements.

Principle ideas
e M,, and M, detections give only some elementspof

e The remaining matrix elements can be obtained by rotating the original
density matrixp through properly chosen rotational operatidf)s

o = Riphl

1. Chuang’s set of rotations for},,, tomography of 2 qubits

Ri=1%I, R=I®X, Rg—[@w
Ri=X®I, R5 X®X, R6 XV,
Y®I, Ry=Y®X, Ry=YQ®Y

=
||

whereX = X(2),Y = Y(Z)
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2. other sets of rotations for tomography ofrn-qubits

nN=1 = x| N=2 = XX I IXIY:
N=3 = XXX I 1Y, XYX, YII, XXY, IYY
N=4 = XxXXXX, I, IYY, YYXX, Y, XYXX, YXYI, IXYL X, XIYY, YXII,

YYXY, XYXI, IYX, IXIY, [IXI, IYIY

N=5 = XXXXX, I, YYYYY, HIXX, XXYYY, YYXII, IXIY, XYXXI, YXIYY,
XXYIX, IYIXX, XY, YIYXI], XXIYY, YXYXI, YYXIX, IYYYY, XIXIY, HYI], IXYIX,
XIYY X, IXXXY, XYIXI, YXIIY, XIYEX, XYYXI, YIIXX, YYXYX, [IXXY, IXXYI, XY,
IYYTY, YYXYY, IXIXX, XIXXY, XXXIX, XYIYI], YXYXX, IYTY, IYIXY

N=6 = XXXXXX, I, YYYYYY, IXXYY, XXYYII, YYIIXX, IXIYXY, XYXIYI,
YIY XX, [EXYYX, XXYIY, YYIXXI, Y 1X], XXIXY X, YYXYIY, IYYXIX, XIIYXY, YXXIYI,
IXHEY, TYY XX, XHYY X, YIXXTY, YXXIXX, XYXYIL XYYIYY, YXYYYI, XYL IYTY XX,
XIY XXX, XY XY, XX, IXXYY X, XXIXIX, YHY XY, YXYIYY, IYYIIX, YYIXXY, IXYYXY,
YXYYI, YYHYX, HEXIH, XIXXXX, [YXXYY, XXXXXI, XYYYYY, [IXYIX, YIYXIY,
IXTEXY, XU IXXXYY, IYIYXI], XYYIY], YXXY XX, XXX, Y, YIYXYX, XYI-
IXX, YYXYII, YYYXXI, IXXYIX, YXIXIX, YXIYYI, HIXYY, XIXYXY, XYXXXX, IIY-
XY, IXYTY X, XIYYI, XXIXYY, XYYYYX, YIXIY], YYYIEX, IXIYTY, IYITY X, XXY XXX,
XYIXEY, YIXIYY, IXIEXI, IXXXI, IXY X, TYYY] TY XX, XHY X, XIEXYI, YIYY XX,
YXYIXY, YYXXYX, HEXXX, XX, HYYH, XXX, XXXYYX, XYYXIY, [IXYXI], TYXYY,
IYTY1X, IYXEXY, XIXXXI, YIIYXX, YXXXYY, XX, IXYYI], HYIEX, TYTY X, HYYTY,
IXTY XX, IXY XYL, IYHEY, IYXXYX, IYYYXI



tomography of 4-level system

— [
X Xia
Xos
o
X12 X
| 73| 01>
e —
OO>

(3+2+1)=6
so 12 readouts (including Y-rotations)
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a natural set of rotations for tomography of a quartit state

e single-photon transitions

Ry = Xo1(5), Ro=Yy(%)
Rs = X12( ), Ryi= Y12(%)
Rs = X93(%), Rg= Ya3(%)

e two-photon transitions

R; = Xpo(%), Rg=Yyp(%
Ry = X13(%), Rig=Yi3(%)

o three-photon transitions

Riy = X3(%), Rip=Yp3(%)
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rotations in M ,-based tomography

e.g.
pA afterR1 = Xm(%)

%(,000 — po1 — P10 + p11)
N %(,000 + po1 + p1o + p11)
P p22 ...
- P33

p after Rs = Xo3(Z)
P - l
P I

: %(Pzz — P23 — P32 + P33)

%(022 + pa3 + p32 + p33)

so let us apply both rotation before read-outs
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tomography without three-photon rotations

Xo3(0) =

tomography without two-photon rotations

Xi3(0) = Y23(7T>X12<9>Y23( )
) = Y12(7T)X23< 0)Yio(—7),
Yi3(0) = 23(7T)Y12( >Y23( )
) = Y12(7T)Y'23( )Y12( ),
Xoa(0) = Y12(7T)X01( >Y12( )
= Youm)Xae(—0)Yo (—n),
Yoo(0) = Y12(7T)Y01( >Y12< )
= You(m)Yi2(—0)Yoi (—7).



tomography of 8-level system

RN ‘, 010

+6 +5 +4 +3 +2 +1 =28
so 56 readouts (including X and Y-rotations)
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NMR implementations of 3-qubit algorithms on spin-1/2 nuclel

1. generation of GHZ states [Laflammegal ’97]
2. quantum error correction [Comlt al. 98]
3. quantum teleportation [Nielseat al. 98]
4. Deutsch-Jozsa algorithm [Lindext al. 98]
5. refined Deutsch-Jozsa algorithm for entangled qubits [Eiral.00]

(a meaningful test of qguantum parallelism)

6. Grover algorithm (with cancellation of systematic errors)
[Vandersyperet al.00]

7. quantum simulation [Tsengt al.00]
8. Schulman-Vazirani algorithm (a cooling scheme) [Chanhgl.01]
9. noiseless subsystems [Viatdal.!01]

10. quantum Fourier transform [Weinsteahal O1]
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11. quantum erasers [Teklemariahal.01]
12. quantum chaotic map (baker’s map) [Weinsteiral.02]
13. phase estimation algorithm [Lext al.’02]
14. Hogg algorithm [Pengt al/02]

15. half-adder and subtractor operations [Musrtlal’02, Kumaret al.02]

16. adiabatic quantum optimization algorithm [Stefietal /03]

17. quantum state and process tomography [VandersgpaliO4]

18. test of phase coherence in electromagnetically induced transparency (EIT)
[Murali et al.04]

NMR implementation of a seven-qubit algorithm

Shor’s factorization algorithm [Vandersypenal. 01]
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What can be done with three virtual qubits?

possible QIP applications of spin-7/2 nuclel

o iImplemented (in liquid NMR systems)

1. quantum simulation [Khitriret al.01]

2. half-adder and subtractor operations [Mukdlal.02, Kumaret al.02]

3. test of phase coherence in EIT [Muratial. 04]

e Not Implemented yet

6. guantum tomography
7. generation of GHZ states
8. quantum error correction
9. quantum teleportation

10. logical labeling



11.
12.

13.
14.
15.
16.
17.
18.
19.
20.
21.

Deutsch-Jozsa algorithm

refined Deutsch-Jozsa algorithm for entangled qubits
(a meaningful test of guantum parallelism)

Grover algorithm (with cancellation of systematic errors)
Schulman-Vazirani algorithm (a cooling scheme)
noiseless subsystems

guantum Fourier transform

guantum erasers

guantum baker’'s map

phase estimation algorithm

Hogg algorithm

adiabatic quantum optimization algorithm

595
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empirical Moore’s law

Gordon E. Moore - a co-founder of Intel.
e original Moore’s law (1965)

The number of transistors and resistors on a chip
doubles every 18 months.

e modified Moore’s law (1975)

The number doubles every 24 montl\s.

1965 - approximately 60 devices on a chip.

2007 - Dual-Core Intel Itanium 2 chip contains 1.7 billion
transistors
e the end of Moore’s law?
2018 - estimated year for reaching the fundamental limits



Moore's Law
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end of Moore’s Law?

e how to provide energy to a chip?
e how to cool down a chip?
As power-driven heat can cause major malfunctions.
“Chip with 3nm-length gates would overheat itself.” [Gargini]
¢ when the gate length 5 nm quantum effects become important
gate lengths
37 nm in 2007
~5nmin 2015-2018
guantum tunneling
source & drain are so close that the electrons will tunnel
even if voltage is not applied to the gate
= Heisenberg uncertaintybecomes important

= transistor becomes unreliable



Physica principles of B
Jquantum computing

1. Superposition
2. Interference
3. Entanglement
4. Non-cloning
5. Uncertainty

purely quantum applications of QC

1. Quantum cryptography
2. Quantum teleportation
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advantages of QC

 superfast (Shor) and fast (Grover) algorithms

e understanding new aspects of measurement theory
e Improvement of precision spectroscopy

« understanding dissipation in mesoscopic system

e partial control of decoherence

e quantum state engineering

e quantum simulations
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Quantum Computing Is the frontier of

 Information Science

e Cryptography

e Quantum physics
iIncluding

e Quantum Optics

* Nanotechnology

"Quantum computers must be a
component of any world view that

seeks to be fundamental"
David Deutsch




