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. An Introduction to Quantum Computing Algorithms

by Arthur O. Pittenger
Quantum Computingy M. Nakahara, Tetsuo Ohmi

Principles of Quantum Computation and Information - Vol.1
by Giuliano Benenti, Giulio Casati, Giuliano Strini

Principles of Quantum Computation And Information: Basiol§ And
Special Topicdy Giuliano Benenti

Quantum Optics for Quantum Information Processing
edited by Paolo Mataloni

Lectures on Quantum Information
edited by Dagmar Bruf3, Gerd Leuchs

A Short Introduction to Quantum Information and Quantum @otation
by Michel Le Bellac

Quantum Computation and Quantum Communicatipimladen Pavicic

Scalable Quantum Computers: Paving the Way to Realization
edited by Samuel L. Braunstein, Hoi-Kwong Lo

Fundamentals of Quantum Informatiedited by Dieter Heiss

Experimental Aspects of Quantum Computing
edited by Henry O. Everitt

Quantum Computing: Where Do We Want to Go Tomorrow
edited by Samuel L. Braunstein

Quantum Informatioby Gernot Alber et al.

The Physics of Quantum Information
edited by Dirk Bouwmeester, Artur K. Ekert, Anton Zeilinger

Temple of Quantum Computithy Riley T. Perry
(free downloads at www.togc.com)

Quantum Computatioadited by Samuel J. Lomonaco, Jr.
(free downloads at www.cs.umbc.edddmonaco)

Lecture Notes for Physics: Quantum Information and Contpurta
by John Preskill
(free downloads at www.theory.caltech.edu/people/pitgek229).

a two-level atom/system

lg) - ground state
le) - excited state

— physical notation

— information notation

Pauli matrices
o T 1
Oy =

10

Oy + 10y

% Je)gl,

ol =

l9)

|

Q

Il
—
S =

Q.@m

atomic-transition operators

Oy — 10y

2

[0 —i
i 0|

= lg)(el,

0

b4

rasing ¢) and lowering ¢) energy operators,

gubit = quantum bit

e the smallest unit of quantum information

e physically realized by a 2-level quantum system
whose two basic states are conventionally labelleénd|1)

e By contrast to classical bits,
a qubit can be in an arbitrary superposition of '0’ and '1":

[¥) = al0) + B]1)

with normalization conditiona|? + |3|* = 1.

e Matrix representation of qubit states:

|-

10)

|:

o= [l
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Bloch representation/sphere

14

gubit rotations

e rotations on Bloch sphere

Ru(20) = exp(—ifn -6 )
= ¢g7cosf —in-osinf
= orcost —i(ngo, + nyo, + n.6.)sinb,

o Pauli matrices (and identity matrix)

o= |1 | =0t o,
5= |13 | = -l imol
o= o 5| = oo ma
o= 1=y 1| =10+ ma

15
« rotations about k = z, y, z axes- special cases dt,,(f)

.\wimv = exp Al&mwkwv =07 oo,wm — 0}, mEW

or explicitly

[ cos m —1sin m %

Tain? coe?
| —ising cos;
0

-oOmw Imw:m%

fa
<
=
Il
:U)
8
2
<
=
I

h<
—
>
=
Il
>
<
—
)
—
I

| sin g OOmm
R [ m\%\m 0
20) = ro)- | )

e Do we need allX'Y Z-rotations? No!
e.g. we can omif-rotation as

2(0) = XGY(0)X(=3) = Y (R X(=0)Y (=)

 any single-qubit gate
can be written as a decomposition ZY (or, equivalently, XYXa&

A

U = e"“Ry(0) = ¢ “Z(61)Y (62) Z(63)

16
Bloch vector (Pauli vector) for a qubit

e in any pure state
[th) = cos va |0) + €' sin va 1)

IBloch = (74, Ty, 75) = (sin 6 cos ¢, sin Osin @, cos 0)

we have

e in any mixed state

~ | P11 P12
g Tﬁ SL

(67 + 1 -6)  (so-calledPauli basig

Nol—= Nl

(01 + 120, + 1,0y +17.02)

we get
I'Bloch = AQ>.V
~ Trfpo]
= (Tr[po.], Tr[po,], Tr[po])
= AMWO\»MT MHHE\QM_ﬂb: — \Qmmv
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Universal set of gates for quantum computing

e rotations of single qubits
e any nontrivial two-qubit gate (e.g., CNOT, NS, CZ2)

CZ and CNOT gates

CZ = controlled phase gate (CPhase)
= controlled sign gate (CSign)

control bit| target bit| CZ | CNOT

10) |0) 10,0) | 10,0
0) 1) 0,1) | [0,1)
1) |0) 1,0y | [1,1)

or equivalently
CZ:q,q2) — (=1D)"%2|qy, qo)

CNOT : |q1,42) — |q1,¢1 D q2)
whereg;, = 0,1 andg; & g; = mod (q1 + g2, 2).

22

Introduction to quantum-optical cryptography

basic cryptographic terms
Vernam protocol
guantum key distribution
BB84 protocol

security and no-cloning theorem

a note

quantum cryptography is, probably,
the most important application of quantum optics nowadays

23

eavesdropping

[AbCE |———> | BOB |

basic cryptographic terms (1)

Plaintext
a string of numbers (letters) of our digital alphabet
Encryption
a computation which is usually quick and easy to perform
Decryption
quick and easy computation is only when some
additional information is available
otherwise it is very long and time consuming computation
Key
a set of instructions to encrypt and decrypt a message,
e.g., randomly chosen series of numbers known
to Alice and Bob only
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first paper on quantum cryptography

1983 (1970 1)
by Stephen Wiesner

first description of quantum coding

1 How to print banknotes,
which cannot be counterfeited

1 How to combine two messages such that
by reading one of them,
the other is automatically destroyed

eavesdropping on classical system

two steps.:
1. Eve makes a copy (clone) of
the information carrier
2. and reads information from the copy

&

passive monitoring of
classical information is possible

eavesdropping on quantum system

Eve cannot clone the information
as she does not know the state
of the ,carrier” of information

&8

monitoring disturbs
guantum information

no-cloning theorem

It is impossible to make a copy of an unknown quantum state.

[Wootters, Zurek and Dieks (1982)]

This is one of the most fundamental theorems of
guantum mechanics and quantum information

]

> guantum cryptography is secure

» superluminal communication by using entangled states is impossible

» guantum teleportation seems to be also impossible ???
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Vernam cipher/protocol (1918)

= Che Guevara cipher
= one-time pad

algorithm
addition modulaV (e.g. 40)

key
1. a series of randomly chosen number
2. physically safe
3. not shorter than the length of message

Vernam cipher is unbreakable
if the above conditions are satisfied.

example of Vernam protocol

Key is a series of random numbers:

161924 03132407251023201922381416 12 16 11
cleartext:

ADAM_MIRANOWICZ_ Z O N
plaintext:

010601173617 1224011820301204 333633 20 18
Sum:

172525204941 194911414049 3442 47 52 45 36 29
Sum mod (40):

172525200901190911014009340207 1205 36 29

cipher

BB84 (1)

convention
|( @=90°)and\ ( «a=135°) =>  hitl
- (a=0°) and/( a=45°) => bit O

1.Alice sends photons
010203040506 070809101112131415

++X+FXXX+FX++XX+X base
[- N[/ /N - VN - polarization
101100110011101 bit

BB84 (2)
2. Bob randomly chooses the measurement base

010203040506 070809101112131415

_ -\ _\\ \ _\u _ VL= polarization of

Alice’s photons

+ X + +XX + +X+ X X + +X Bob’s base

_ \ - _\\ _ _\u [\ - -\ polarization of
photons after
measurement
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Test of agreement

1. Alice and Bob compare arbitrary subset of their data.
(Obviously, the tested subset is then not used for the key.)

2. Methods:
(a)testing bit after bit
(b) testing parity
e.g 20 times= (1/2)% ~ 0.000001 Base

. Polarization
3. If the subset reveals eavesdropping,

all the data of Alice and Bob are rejected and Probability
the BB84 protocol is repeated.

4. privacy amplification
via e.g. Bennett-Brassard-Robert, Ekert et al. or Horodsed. schemes

46
Eve’s strategy of eavesdropping (1)

strategy of eavesdropping

Alice Eve Bob
+ + +

1/2 = 1/2

Alice Eve Bob

+ X +
| / _

1/2*1/2 1/2 = 1/8
Alice Eve Bob
+ X +
| \ |

1/2*1/2 1/2 = 1/8

security of BB84

Eve measures a photon sent by Alice
(e.g. by using another calcite crystal)

QUESTION

What is the probability that

a single photon was measured by Eve,
but Alice and Bob have not realized it?

ANSWER
3
P=1

the probability is surprisingly high!

for 1 photon P,=3/4
so for n photons P, =(3/4)"
e.g.

P,=(3/4)? ~ 0.56
P,,=(3/4)° ~ 0.06
P,,=(3/4)?° ~ 0.003

P10o=(3/4)1%0 ~ 10-13
and for 1000 photons
P 00o=(3/4)1000 ~1-125




(poreregieg¥ds A|qissod) s108[qo alow 1o om1 Jo Sajels wnjuenb ay)

A4S

"1 |e do) 0 < ‘dpue T = '‘d'"{alaym
fd @ Vord ' # 4vd ypajbueius
G0 @ Vd K =avd yojqeredas
sl a1e1s paxiw anuediq v
(dq| @ (Va| # (@V¢| ypo)Buelus
(dp| @ (V| = (@V¢| yo|qeledas
S| 91e1s aind alediq v
uoniuysp
"JaY)0 yoea 0) 9ouUalajal UM paqglIasap aq 0} aney

yolym ul uouswouayd wnmuenb e si
(Se6T 196UIPQIYdS)
JUBWIBUIMIUS = BunyueIyISIaA =
Alngeredasul =
Juswa|bueiua wnuenb

sondo wmuenb jo Ajurew -
sa1sAyd Jo youeliq e
sI Aydeib601dA1o wnuenb

Soljewaylew Jo youeiqg e
sI Aydeib01dAIo jeaisse|o

[1enepue Y]

.SaIsAyd Jo sme| ayi 01 palejal
sanligissod pue suonoLISal 0} 8104818y}
pue uonejuasalidal [edisAyd e
0] pan AjgenAaul sI uoiewJloyu|”

reaisAyd si1 uonewJsojul

¢A19Ano8ya alow sAay ay) yoseas 0] MoH
:saseqerep Buiyoseas 1o} wWyiobe J1anolo) /66T

¢, Wo1SAS01dAI0 rewes|3 Yealq 01 MOH
swiyisebol a1819sIp Bulpuly Jo) wyiioble 1oys 66T

¢ IessemploD-wnig ‘swel|ipn ‘ulgqey ‘vSy
10 swa1sAs01dAIo yealq 01 MOH
:uolneziloloe] Jaquinu o) wyiuoble 1oys 66T

¢AIsnoaue)nwiIs ulod e Jo SapIs Ylog aas 01 MOH
‘wipuoble (r@ / eszor-yasinaQ) Yyosinad S86T

AydeibordAio pue swyiiobre wniuenb

(jooo10.id aiodebuls) sAepemou 1ualdlya 1sow
ay1 aq 01 pawied |02010.d ‘e 12 1ua|bu3 002

(z69) serels reuoboyuouou
oM] Aue Buisn |020101d Nauuag Z66T

Alpenbaul s,jjl2g 1noyum Ing [020104d 1S3 el B
|020j04d UIWIB\-pIesseIg-nauuag Z66T

(T63) Aurenbaut s |jag paseq |090104d LaX3 T66T

(7899) |020104d presseig-nauusag 86T

uonnqlisip Aay wniuenb
JO S|02010.4d sSnhowej



53

guantum entanglement
& Einstein-Podolsky-Rosen paradox

How to ‘violate’ uncertainty relation ?

Can we measure exactly coﬁooBco:ﬁm:Hm of spin?
h

var Sixvar Siy 2 — Am:v

—Cso @l
mpx + me - O. mHV\ + mm< -

So let's measure Sixi S22y to determine Saxi Siy

54

Bell states (EPR states)

maximally entangled two-qubit states

04)=[w) == (01 ~[1f0))  singetstae
|y =L + one of the

T_umvlft VIMQOVXEV\ Exfovv\v :_U_mﬁ“ﬂ”ﬁmm

0c)=|0") = = (040~ 1142))

@0} =[ @) = (040 + 1141

HBmx_Bm__v\.v entangled states of 3 Q:@_m

(Greenberger-Horne-Zeilinger) states

I
Tog E:,__i”wégié

L (010¢103)  |¥5e)= 75 (109 =l011)

7 o:Nv
|Wanz)

=
W states
,esvuwopooviosvioot
1
,Eiuﬂ?é%@iﬁovv
56
Bell states in matrix representation
b o
WOy = Z(lony — o) = 5| L [ 1wy = Sony + oy = | |,
L O d IOI
C .
90 = ooy — iy =5 | o |2 190 = o0} - i) = 5| |
||H| IHI

a GHZ state in matrix representation
|P) = 75(|000) + [111))

(L= elo] < [2]e [r) o 1))

(110000000]" + [00000001)) = <5[10000001)"

S

%I

ﬂ



"UOIIN|OS OU SHWpPR YaIym

I I

z e uondiosge uoloyd- A7 Joy (NZ)/Y 1w wnuenb
0=00" ==/ = o=

/X :uwi| eoaisselo
suonenba 4o 195 am os [00. Te 12 @g] 1w uonoeuyip puokaq Aydelboyy dL1BWOIaBIUI
[00.6uenyd ‘00, e 18 eszor] uoneziuoiyduAs X200 Janeq

U =) \mw pmw “\B“@
1= glal +¢lpl = glal +[|

[26. 'Te 10 ©bjanH] sprepuels Aouanbaiy anoidwi 01
6. [E12 puejauip] Adoosonoads ul uononpal asiou winiuenb e

aloym
:Sjuswainseaw wnjuenb Jo uolsioald asealdul 0]

(rtl,99 + {otl,mq + (10l,97 + (00| ,P0 = H : o
TO.Te 12 nauuag] uoneredaid alels ajowal e
((tla+{olp) @ ({1lg + 0l») = 575

[66 e 10 oeIn|n] Buluo|daa) °
ajels 1onpoid e se uapLM aq Jouued )i rey jJooid

:Bunesuibua arels wnjuenb ul
N AQ@_ [26.uewuyng % ana|D] Auxajdwos uonediunwwod Ajidwis o) e

{orl=(1o] @H :uolFedIUNWIWOd wnjuenb ul
a1els 19|buls -
ale)s a|geledasul Jo ajdwexa (11) wswabueiua wmuenb Jo suonedlddy
09 8%
_ A
= e vl

[50.Te 19 o10wi|] Buprewlarem wniuenb
(@t + gD (1] + i%m = [(a(t] + 2DV (1] + (7(T| + ma_vio_m = (9 [00. Te 18 uaiBBun(] uomeonuayINe wnuenb

;Jooud [86. [ 10 BismoyniAuLieys 19109s
96.{e 18 yasinaQ ‘96, [e 18 nauuag] uonesyjdwe Aoeaud

4
({1l + (ot| + (1ol + (00l)= = (|
I [26.1e 12 nauuag ‘T6.1x3] uonnguisip Asy wnuenb e

¢ 8jdwexa :AydesBoidA1o wmuenb ul
q(+| [96.8uUeB]S ‘GE.I0YS] UOIDB.I0D J01IB Wwniuenb e
4 ) e e
TV = g e v = o)l = @t 2 = (o) S IOBre [£6.198015)] 158 pue [16,10uS] 5epiadns o
! 0 ! I [€6.1e 10 BismoxhBuiddems Jusws|buejus e
Jooud [£6. e 12 nauuag] uonelnodaja) wnuenb e
({11l + AE_VW = (9] [z6./8UsaI\\ pue Nauuag] Buipod asusp e
I ajduwexa :A10ay) uonew.ojul wmuenb ul
solels o|qetedas Jo sajdwexa (1) wuawsa|bueius wmuenb Jo suonedlddy

6G LS



61
example of inseparable (Bell-like) state

9 = 500} +101) +]10) — |11))
proof:

15y, 106 =10y _ 10+ 1)
V2 V2 V2

=B =|-)n

1

) = (1004

+[1)a

this state can be obtained from a Bell state
by applying Hadamard gate to 2nd qubit

) = b&%
_ NA_?ﬁﬂ@m + E\_ﬁm\vvmv
- wﬁov»_im +Dal=)8) o
| 62
generation of all Bell states from one of them
e.g. from
oty _ 100 +[11)
|24) 7

flip qubit B = apply NOT gate to qubit B:

00) +[11) _ [01) +]10) _ |4
X _ = |0
W T =1
phase flip qubit B:
00) +[11) _ J00) —J11) ()
N — == AHV
o —5— =)
flip + phase flip qubit B:
y, 20 + 110 _ J0n) — [10) _ )

V2 V2

63
How to generate Bell states from00) #1
Bell state|d(*)) :
UcenotH 4[00) = Ucenor] + 0)
0) +11) 100) +[10)
=U, ———|0) =U —
CNOT /\M _ v CNOT /\M
_ 10,000+ [L001)
V2
_ 100y +11) _ D)
V2
Bell state|d())
UcenotH 4 X 4]00) = UcnotH 4|10) = Ucnort| — 0)
0,0©0) = [1L0&1)  [00) —11)
= = =12 pg
V2 V2
64

How to generate Bell states from00)  #2
Bell state|¥(+)) -
UcenotH 4 X |00) = UcnotH 4|01)

0,1©0) +[1,1®1)
V2

= Ucnortl +0) =

_ [01) + J10)

/\M = _GTLV O

Bell state|W(-)) :

UcnotH 4 X 4 X 5]00) = UcnorH 4|11)

0,1®0) —|1,1®1)
V2

= Ucnotr| — 1) =

_[01) — [10)

B ) o
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69
Entanglement

from a mystery to a physical resource
e An entangled wave-function does not describe the physeality in a
complete way. [Einstein,Podolsky,Rosen]

e For an entangled state is the best possible knowledge of hioéevdoes
not include the best possible knowledge of its parts. [Er&tihger]

e Entanglement is a “fundamental resource of Nature, of coaipa im-
portance to energy, information, entropy, or any other &mental re-
source.” [M. Nielsen, I. Chuang]

70
Entanglement is...
e a correlation that is stronger than any classical coratafiJ. Bell]

e a correlation that contradicts the theory of elements dityea
[D. Mermin]

e atrick that quantum magicians use to produce phenomenaahabt be
imitated by classical magicians. [A. Peres]

e aresource that enables quantum teleportation. [C. Bdnnett

e a global structure of the wavefunction that allows for fastigorithms.
[P. Shor]

e atool for secure communication. [A. Ekert]

e the need for first applications of positive maps in physics.
[Horodecki family]

[collected by Dagmar Bruf3, quant-ph/0110078]
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Measurement of entangled spins
and Bell inequalities
Stern-Gerlach filter
@ B
filter 1 H . H i
$.+3,=0 filter 2
Ny (a, ) — number of outcomes when spiri was measured
in filter 1 at anglen and in filter 2 at angleg
N —total number of outcomes
probability P, («, 5) = Ny (a, 5)/N
72

e QM predictions
for electrons in singlet state

Dl e =l e _ [TH =111

V2 V2

)

then

P (o, 8) =P _(a,3) = WmEm AQ M Qv

w+IAQva = wl+mef\v~v _ WOOmm AQ m Qv

special cases:
l.a=p3 = spins of opposite values

= Pi(a,0)=P _(a,a)=0, P (a,a)=P (o,a)=-=
2.0=5+a = measurement of 2 independent spins

= Poila,f) = Po(a,0) = Pyla,0) = P(0,0) = |
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« polarization singlet state

_H)alV)s = V)alH)p
V2

vt

e QM predicts that
E(¢pa,¢p) = Pri(da, ) + P__(¢a,¢B) — Pr_(¢da, ¢5) — P_ (b4, dp)

wherePj; (¢4, o) in the former slides
o maximal violation of Bell inequality
max |S| = 2v/2
which can be obtained for the following angles of polarizers
Gh=0, oy =T, i =73, o =37
as

w w
MHImoo% AWV +oomw A%V mem Amv Ime A%V HIm&RIw.m

o Note the same setup of Aspect was used for testing
violation of Schwarz inequality

78
possible loopholes of Bell's inequalities (BI)
e in the present experimental Bl tests

in the proof or assumptions of Bl
e inthe Bl interpretation

|. experimental loopholes
there has been no loophole-free experimental test of BI.

1. detection efficiency and fair-sample assumption
None experimental test does not detect 100% the particte eaiitted.
Thus it is not clear that the pairs registered are a fair sarapéll pairs
emitted.

2. causality:

The choice of measurement mm::.é.w of Alice m.:o_ wov should be
truly random and placed asufficient physical distance

79
lI. loopholes in Bl assumptions

1. independence assumption

There are physical processes independent of the Bell expetithat can
be used as an effective sourcerahdomness

ll. interpretational loopholes

Accepting that Bell's theorem is true then either localityrealism might be
false.

1. universe is non-local but real
e.g.Bohmian hidden variable theoryis explicitly non-local and
contextual, but still fairly natural looking.

2. operationalism of quantum mechanism (QM)
the standar€Copenhagen interpretation

QM is just a set of recipes for calculating probabilities afasurement
results.

It says nothing about an underlying physical reality, whitély not even
exist, and therefore nothing about its locality.

80
loopholes in Aspect’s et al. experiment (1982)

1. a fair-sample assumption

All experiments so far detect only a small subset of all pamsated thus it
is necessary to assume that the pairs registered are aiflesaf all pairs
emitted.

2. causality
() no true randomization
Analyzers were not randomly rotated during the flight of thetiples.

Aspect et al. switched the directions of polarization asaty after the pho-
tons left the source, but they used periodic sinusoidalchivig, which is pre-
dictable.

(if) no true space-like separation

The necessary space-like separation of the observationsietaachieved by
sufficient physical distance between the measuremenbsati

« Bl test more ideal than ever by Zeilingeret al. (PRL 1998) on
“Violation of Bell's inequality under strict Einstein lotity conditions”.
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decomposition of Werner state properties of Werner states
7
mw\t - MUESXN:_ ® [b;) (bi] 1. They are so-callethaximally entangled mixed stategMEMS)
i=1 e entanglemenE(py ) cannot be increased by
2 1=3p 1-p any unitary operations,
P=pm=p=5 Mu=pk g BErETy e entanglemenE(pyy) is maximal
0) + 1) for a givenlinear entropy (and vice versa)
|ay) = |b1) = Vo [Ishizaka, Hiroshima’00, Munro et al.'01]
las) = [bo) — 0) + e/%[1) 2. Original Werner state exhibifs @ U invariance:
V2 7o sl = 40
10) + e=727/3|1) UeUpy = pw
jas) = [bs) = NG 3. All entangled Werner states (even foe (1/3,1/v/2))
lag) = 10), |by) =]|1) can be used for quantum-information processing
las) = [1), |bs) = |0) includingteleportation [Popescu’94, Lee,Kim'00]
lag) = 10), |bs) = |0)
lar) = (1), [br) = (1)

clearly, the state is separable only

<)

K 1 when allp; > 0.

86 88
Werner and Werner-like states DOD_OOQ_:V\

i l-p.

pw(p) = ——1® 1+ plY) (Y| quantum states are callebnlocalif

o there is no local unhidden variable model of their behavior.
original Werner state

1) — (W) — lo=0) Thus ameasurement of the wholean reveal
V2 more information about the system’s state
isotropic state (Werner-like state) than any sequence of classically coordinated measureroithis parts.
) — |@10) = B ity Wi
V2 1. nonlocality without entanglement
other Werner-like states [Bennett et al. 1999]
) — _GAiv _ [01)+[10) . .
V2 There are orthogonal sets of product statetnd qutrits
) — By = ae,m:v that cannot be reliably distinguished by a pair of separabsgrvers
) ) . : ) ignorant of which of the states has been presented to them,
two qudit (d-dimensional) isotropic state even if the observers are allowed to communicate by LOCC.
5 _ 1-p j@d (g ()
plp) =" 124 PI% ) (% Note: LOCC = LQCC
E:mﬂmlw <p<l local quantum operations and classical communication

@47 = L5 i)
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V2

two-mode Schrodinger cats
continuous variable (CV) version of two-qubit Bell states

[99) = —(100)s + 1)) = N[ ) + | = 0. =)
9) = =(100); = [11)5) = N[, =8) +| = . )
¥ = Z=((01)2+ [10)5) = N(Ja. 8) = | = 0,=4))
W) = =(00); + 10),) = Ml =) = | = 0. 9)

assumptiony = 3

exemplary proof of a CV Bell state
definition of logical qubits¢ = /3):
002 =N (18) +1 - 5))
e =N_(18) = - 8))

93

94

SO
5100+ 1)2) = 22 [ =)+ la) - - (1|5
NN
==l o =g+ - B+ — )

o, B) = o, =B) = | = o, B) + | = 0, =B)]

= VINN (j0, B) + | — a, - B))

Problems

95

— How to generate single photons?

— How to generate Bell polarization states?
spontaneous parametric down-conversion (SPDC)

a nonlinear optical phenomenon in which a nonlinear crygihis incoming
photons into pairs of photons of lower energy.

Hamiltonians
(for simplicity assume =

1. hamiltonian for a degenerate process

lg1)

Hye, = hgla® + (62)T]

2. hamiltonian for a nondegenerate procestygfe |

= hgalal + h.c.

Note: signal () and idler ¢) have the same polarization

spontaneous parametric down-conversion (SPDC)

W,

. O
pump

\ G, signal

T~ @) idler

nonlinear crystal

|

momentum conservation

Ill».l. LN

Q.

S

i
W

S -

energy conservation

@,
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101
How to generate other polarization Bell states?

— place half-wave plate (HWP) on the path of one beams:
1 1

— (V| HYi + |H)|VYi) = —=(|H)|H)i + [V),|[V);) = |d)
,\MA_V‘_V [H )|V )i) ,\MA_V_V V)s[V)i) = @)
— use phase shifter or simply rotate crystal to chamge

S
V2
e this is how all four Bell states can be obtained including:

1

V2
L

V2

the experimental method was developeddayiat, Zeilinger et al. (1995)
using crystals of BBO type Il

) =

[U) — [9) = —=(|V)o|H)i + €| H)|V)o)

v (IV)slH)i = [H)s[V)i)

2) (H)s[H)i = [V)s[V)i)

102
standard matrix representations of qubit states

so far we have been applying the orthonormal basis

o[ w-[!

satisfying theidentity resolution
T = 0)(0] + 1) (1] = EET EEH : 2 4 Tw 2 - : i
then theNOT gateis
= wal+mol= [ g
and theHadamard gateis

mloxi+HzL|rxg+TxH|wﬁwm;

can we define other representations?

103
another matrix representation of qubit states

let's use the orthonormal basis
=1 m=4|14]
then
om =4 1] <o
identity resolution
i -4 7))
NOT gate

X =wal+iol=4 - o

#T : +Lﬁ i = ? o;

104
Hadamard gate

note that

SR

Z= 0= =3 -4 2 -

R R
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Further questions

1. Can we clone unknown mixed quantum states?
Impossible!

2. What about cloning by non-unitary operations?
Impossible!

3. What about optimal approximate cloning machines?
For example, a cloning machine of Buzek and Hillery (1996)

4. Can we clone known quantum states?
Yes.

5. Can we clone known quantum states by local operations?
In general impossible!

110
Quantum cloning and stimulated emission

Wy, = |1> —

10> —_——

For each perfect clone there is also
one randomly polarized, spontaneously emitted, photon.

Another question
Suppose that we have several copies of a photon in an unkrtaten s

Is it possible tadelete the information content of
one or more of these photons by a physical process?

111
Quantum no-deleting theorem:
It is impossible to delete an unknown quantum state agaiospg
note
It is not (time) reverse of quantum no-cloning theorem.
proof
we try to find a unitary operatiofige such that
Usell)[)|4) = [¢)]5)|Ay)
where
[t)) = a|0) + b|1) - arbitrary qubit state
|A) —initial state of ancilla
|A,) — final state of ancilla (dependent gh))
|S) — some standard final state of the qubit
Let us analyze polarization states
[¥) = alH) +b|V)
112
We expect

Usel )| A) = |H)|S)|An)
UselV)IV)I4) = [V)[S)]Av)

Oyl TV + VOIH)
el /\M

where|B) is some combined input-ancilla state.

[4) = |B)

Thus, we have

LHS = Ugelt)[v)|A)
Usel(a| H) +0]V)) @ (a|H) +b]V))|A)
Usella®| H)|H) + ab(|H)|V) + V)| H)) + 0%|V)[V)]|A)
= a’[H)|S)|An) + V2ab|B) + 17|V)|S)|Av)
RHS = a|H)|S)|Ay) +b]V)|S)|Ay)
having only solution for

A0 = alAn) + blAV)
1= A\:&_\f\v =0

<

=
=

=

=
I
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117
(super)dense coding

[Bennett and Wiesner 1992]
How to send 2 bits of information by transmitting 1 qubit?

1. Alice and Bob share 2 qubits in an EPR state e.g.

1By = 004105 + DAL s

V2
2. if Alice wants to send a message:
00- then she does nothing = [oM)
01- then flips phase of her qubit (Pauli Z gate) = Z|®(H)) = ()
10- then flips her qubit (Pauli X gate) = X0y = [w(H)

11- then flips & phase-flips her qubit (Pauli gate) =  iY'|d(H)) = [¥())
3. Alice sends her qubit to Bob
4. Bob measures both qubits usiBgll state analyzer

118
superdense coding - a detailed analysis

1. Alice takes qubit A and Bob takes qubit B from an EPR pair:

_@Aiv — _Ovb_ovm =+ _Cb_yvm
V2

2. Alice encodes her message by applying proper gate to hérAyu

100) — 1 4]0) = o)

V2
) 00y — [11)
10y — 2.1y 2100 =111 o
10) - 2ot A )
A A1 1 —|1 1

V2 V2

2. Alice sends qubit A to Bob. So, he has now two entangledtguéband B.

119
3. Bob applies CNOT to remove entanglement between qubitsd®Ba

- |00) +[11)  [0,0©0) +[1,1@® 1) [00) + [10)  |0) + |1)

U 0) =|+,0
onor— 5 7 7 7 10) = |+,0)
o J10)+01)  11)+1]01) 1) +10)
U = = 1) =|+1
o 00) —[11) _[00) —[10) _ |0) — 1)
U = = 0) =|—,0
o 01) —[10) _ |01) —[11) _ |0) — |1)
U = = ) =|-1
CNOT /\M /\M /\M 7 v _ J v
4. Bob applies Hadamard gate to qubit A:
Hal+,1) = |01)
Hyl|—,0) = [10)
4. Bob measures qubits A and B in the standard basis.
120

g-circuit for Bell-state generation

where

_\QOOV = _AVALJV“ _\QSV = _GA‘Tvvv _QEV = _@A\vvu _Q:v = _@A\vv
or compactly

0 —1)m1.1 —
7Q~::v“7 L\NVITA v 7 ’ 3v ._"O_\S;@HOQH

V2
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Quantum teleportation - a detailed analysis

Let us analyze teleportation of a polarization state
as in Zeilinger’s experiment

|¢)1 = al0)1 +b1)1 = a|H)1 + b|V)y

via the singlet state

1
(W) g3 = |mﬂ_m:\vww — [VH)a)

7
main idea
Let’s expand the total initial state),|¥(~)),; in the Bell basis
1
UEY = —(|HV) + |[VH
[) ,\MA_ ) £|VH))
1
OHy = —(|HH)+|VV
@) )\mA_ )£ [VV))
note that

[N+ [ ] 4 [0 (@] + [0 ) (00 = 1y = id(4)

126
which leads to

[T )2s = (TN U] 4 (U] 4 [N @]+ [ DN (@E )] g) |1

= U1 (1[0 g5) + W) 15(1(U )| 9) 1[0 05)
100 12 (12( Q@)1 [T )Y 03) + [T 1512 ( @) | )1 | W) 03)

+

Term 1:

1 1
(12(HV| = 19(VH|)(a|H)1 + @:\VQM

(HV| = o(VH|) (ol HHV) — ol HV-H) + bVHV) = YV VH) )

([HV )23 — |V H)23)

S

- ?_Sw + gswv

1
i
_ MA —a(HV|HVH) - ?%\m:\msv
1
i
—510)s

Term 2:

()1 [0

since

Term 3:

12(P)[@)1 [0 05

since

Term 4:

12(0|)1 [T 55

127

I
DO =D —

[\')|)—|/-\/—\

(HV 415 (VH]) (al HHV) = ol HVH) + JVHV) — HVV H))
— ap(HV|HVH) + Sm%m:\miv

(alHYs — bIV)s) = 3216}

zion=o &) 2] =] 5] = am -0

= W?EE 12 (VVI) (al HHV) = | HVH) + DV HV) — b|VVH))
= (ot HHIHEV) + vV VYD)
_ wE_Sw +b|H)3) = W%_@vm

xin= Vo] [5] = o] =um+av

128

- W?EE 12 (VV]) (al HHV) = ol HVH) + 0|V HV) = bIVV H))
- WASwEmEE\V - S%\SSEVV
= S{alVys — bHY) = S(~i¥)l6);

since (iY = X Z)

—i¥|¢)s = —

LR (R 2]-m

thus we have

1

|9)1 W)Y g3 = 5

1
2

(=1 salds = W) 12Z16)s + K1) 10l + [0 1o(—iY )| 6))

(19 121)s + 1) 12216)s = X0 al)s + [0} 126 )] 0)s)

Now, Alice performs dBell-state measurement (BSM)
- a projective measurement in the Bell-state basis (onghestil and 2).
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realization of quantum scissors

=

134

experimental quantum scissors
for teleportation and generation of qubit states

Key:

PL — pulsed laser

FD — frequency doubler

PDC — parametric down conversion crystal

VA —variable attenuator with narrow-band filter
CCL - coincidence counter and logic

BS, BS1, BS2- beam splitters

Dy, Dy, Dy, — photon-counting detectors

D, - acts as a trigger H

delay - ‘trombone’ systt

CCL

deterministic teleportation of
atomic states

experiment of Blatt et al. (2004)

detector
5 detector
1 © hide |—] hide -Hx.
o
o detector
o
©
N 7 mvmv hide
8

Blatt et al. experiment (2004)

m) 3ions of 4°Ca*

1) = S,,(m, = -1/2)
|0) = D, (M, =-1/2)
|H )= Dg,,(m; =-5/2)

states

[0)+]1) i[0)+]1)

u.,l1) - [1),]0), .

= U1~ [1)]0). L=
1|_|8_muo: = Ngw_._n_wm__.mﬁmﬁm._:mﬁ:sm =100 Bm.u_.am_m< =10ms
m) fidelity:  (66.7%<) 75% (<87%)
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141
teleportation - theory and experiments
T 1935 quantum entanglement - Schrodinger, and Einstein, Pogldidsen
T 1982 quantum no-cloning - Woottergurek and Dieks
T 1993 quantum teleportation - Bennett,Brassard,Crepeau,Reass, Wootters
T 1993 entanglement swappingZukowski, Zeilinger, Horne, Ekert
E 1997 limited (conditional) optical teleportation - Zeilinget &.
E 1998 unconditional optical teleportation - Furusawa, Kimble|Zi et al.
E 1998 optical entanglement swapping - Zeilinger et al.
T 1999 universal quantum computation via teleportation - Got@sand Chuang

E 2004 unconditional teleportation of atomic states
- (i) Barrett, Wineland at al. and (ii) Riebe, Blatt at al.

E 2006 unconditional teleportation between light and matter zRatt al.

E 2006 two-qubit teleportation - Zhang, Pan et al.

Key: T - theory, E - experiment

142

Introduction to linear-optical quantum computing

encoding optical qubits
linear-optical elements
scattering matrices
conditional measurements
optical single-qubit gates
optical two-qubit gates

a motto
efficient guantum computation with linear optics is possibé!

143
What can be interesting about linear optics?

Can we construct a quantum computer composed only of:

beam splitters

phase shifters

single-photon sources

photodetectors
Yes!

[1] Knill, Laflamme and Milburn [Nature 2001]:

“A scheme for efficient quantum computation with linear ogti

[2] O'Brien et al. [Nature 2003]:

“[Experimental] demonstration of an all-optical quantuomtrolled-NOT gate”
[3] Briegel and Raussendorf [PRL 2001]:

“A one-way quantum computer”

[4] Zeilinger et al. [Nature 2005]:

“Experimental one-way quantum computing”

144
How to encode optical qubits

e single-rail qubits

logical values of qubits are encoded by number of photons
|0), = ]0) —vacuum

|1), = |1) — single-photon state

« two-rail qubits

encoding in spatial modes

10), = |1) ® |0) = |10) — photon in the first mode

|1); =10y ® |1) = |01) — photon in the second mode

or vice versa

e polarization qubits

encoding in polarization modes of qubits

|0y, = |H) = |1;,0,) — photon with horizontal polarization
1), = |V) = |0s, 1,) — photon with vertical polarization

or vice versa
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theMP transformations can be written compactly: e
b=Ufal = Sa
S0
al = Ub'Ut = sTh!
or explicitly

e How to express output operators in terms of input operatéhowt knowing
explicitly U?

vl = o (st | ot
J

S 8,0

J

= > Sjal
J

150
general transformations in MP
input stateyy,) = [ng, ..., nx) = n)
output state
R R N >;.ﬁ n; R >+ ny >+ ng >+« ny
_@o_:,v _ q_g\::v _ qm AQNV _ _Ov _ QAQ_V _ AQMV : . A§>v _ _Ov
i—1 n;: nq: N9 ny-:
@D @l )
U E_qq :w_qq qq%mq_ )
~ I~ walv'yo)
i1 vl
N ) i 1 N M
== (s | 100 =———==> T]Sima}l0)
i=1 v\ j=1 : Nj=1 1=1

whereM = . n; —is the total number of photons in system.

{e}=@1,..,1,2,..,2,...N,...,N)forl =1,... M
Jﬂl\ <= ——
\:w :>/,,<

>_; — multiple sumyy, jo, ..., ju
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Exemplary transformations of states by beam-splitter

assuming that

—r t
e example 1:
_ﬁ\szv = _Hov - _go_;v = *_HOV - ﬁ_OMV
proof:
[You) = Ulthn) = U[10) = Ua}|00)
= Ual U'u|00)
=1
= UalU" U|00)
N N~

= AMQ m_:&v 00)
S11at]00) + Syab
= #]10) — r|01)

00) = Sy1]10) + Sy]01)

152
SO
10) — ¢[10) — r|01)

in special case fdb0:50 BS(i.e.,t = r = 1/12)

|10) — wm_gv —|01)) = [¥))  (the singlet state)
e example 2:
|01) — |10) + ¢|01)
for 50:50 BS
|01) — &%e +101)) = [W))  (the "triplet’ state)
e example 3:

111) — v/2rt(]20) — |02)) + (£ — r?)[11)

for 50:50 BS 1
11 —(]20) — 102
1) — ,bg ) —102))
note: state|11) is not generated — it is so-called
photon coalescencer photon ‘bunching’ (but notin Mandel's sense)
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Example of von Neumann projective measurement

a projection synthesis via conditional measurements

von Neumann projective measurement
let us assume that thieh subsystem (e.g. mode, qubit) of a bipartite quantum

system is represented by complete orthonormal set of iatethen:
projector

= projection operator = projection valued (PV) measure
= orthogonal measurement operator is

P = [m)(m|
for the kth subsystem corresponding to the measurement outeome
probability of the measurement outcomemn
proby(m) = (¥| B} @ 1]4)
proby(m) = (4|1 @ PY|4)
state after projection/measurement
oy = Pl ey T8 BW)
WIPY @ D) (Wl © Bio)
where, /" is the renormalization.

158
requirements for the projectors

non-negative, Hermitiargrthogonal and summing up to identity:
Y OBW =1, B =),

m m

\«.A\S_ﬂ:\v» = %:S:f Tvc&ﬁ@\; =0

measurement outcomes corresponding to non-orthogones sta
do not commute and thus are not simultaneously observable

Note: number of projectors = dimension of Hilbert space

e Can we apply a more general type of measurement?
Yes!
positive operator valued measures (POVM, POM)
describe measurement outcomes associated with non-orthbstates

... and we will discuss it later!

general two-qubit pure state
1) = c0l00) + c1]01) + ¢2[10) + c5]11)
normalization
L= ool + e + leaf” + Jesf”
1) probability of measuring 1st qubit in |0):
proby (0) = prob(|0)1) = [eo|* + [ea|?
andpost measurement states

where, /7 is the renormalization.

160
2) probability of measurind.st qubit in |1):
prob[1),) = [eof* + |esf?
if [1) = ¢0|00) + ¢1]01) + ¢2]10) + ¢5|11)
the post measurement state is
c2]0) + ¢3

i

|ca|? + |esf?

= |¢1)

3) probability of measurin@nd qubit in |0):
prob([0)2) = [eo|* + |eaf?
if [1) = ¢|00) + c1|01) + ¢2[10) + ¢5[11)
the post measurement state is
c1]0) + c3]1)

4) probability of measuringnd qubit in |1):

- analogously
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e Scattering matrix

Mathematica:

{{1, o, 0}, {o, r1, t1}, {O, t1, -r1}}
S2 {{-r2, t2, 0}, {t2, r2, 0}, {0, O, 1}}
S3 {1, o, 0}, {0, r3, t3}, {0, t3, -r3}}
S = S3.82.81
thus, after multiplication, one gets

S 512 513 —T, tor, tity X
S = | Su Sx Soz | = | tars, tits+rirers, —tsri +tirors | = U
S31 S32 Sz tots, tarire —tirs, titare + 113

« probability amplitudes (n10|U|n10)
Problem: find such reflection amplitudes, r» andr; for BS that

(010]U7]010) = (110]T[110) = —(210|U|210) = ¢

Note: transmission amplitudes for BS are calculated ftom

166
|n10) — Q_:Sv forn=0

Q_CHOV = A,mmm + %mm IT mwmme_oocv = M.E_HCOV + mwm_CHov + mﬂww_OOHv
SO

AOHO_QBHOV = MHMAOHO_Hoovl‘lrmmwAOHO_OHDVJF»@wwAOHO_OOHV = Mwm = Swmwn_uﬁisw%w =C

|n10) — ¢|nl10) for n =1

3
. S,
U[110) = M L sﬁ&_%e

= (SuSpalal + SnSpajal + - --)[000)
= (511592 + S21512)[110) +

SO
(110]U]110) = (S115% + S51512)(110|110) +

= 51152 + 521512

= —TIoC + Qw%wv Qwﬁwv

= —TIoC + \\.:«www
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|n10) — —c|nl10) for n = 2

3
Sk151Sm2
U210y = Y R alad 000)

k,l,m=1 211! "
= %TW‘ ,W.MM>EQM+MEMEMGDMD +MEMAEMGQMDWAL V_ODOV
= ﬂﬂm Sy + 2511591.512) a31al]000) +

o
= A@WHMMM + wvm‘:vm‘mﬂm_wv_wwov +

)

SO
AMHO_Q_MHOV = %W%mm + 2511591512

\\.wm — Nﬁm@mﬁwv Awm\\#v

= r3c — 2r1orsts
finally, we getset of equations
¢ =titg + rirars = —1oc + (tors)(tary) = —(r3c — 2rirorstl)

for which the solutions are; = r3 = S — ro = V2 -1

4-2v/2
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simplified implementation of NS gate

(less number of optical elements but also lower probabilityuccess!)

i D

BS2
¥) )
BS1
0) o
()
0) o
BS2
@) )
BS1
ay -
(b)
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) ) ) 173
projection synthesis

output state

d—1

|bou)1 = N o(Na| 5(No| a(No|Unr)1|no)alns)slthn)a = N elyaln)

n=0

where amplitudes

D(T, &) = (nNy N3Ny |U|nyngngn)
depend on:
transmittancesT = [1?, 13,13, 17, 2]
phase shifts¢ = [, &, &, €1,
input Fock states|n,), [ny) and|ns);
measurements resultsy,, Ns, N,

b,
% & mN_\l_ _\l__.us b, ‘
X m WN ‘Hc:oﬁos

‘ 1 photon
11> \ [ 1 photon

P> | >

175
interchanging polarization qubits and two-rail qubits

olH) + B|V) a

Q_Hcvmm + Q_DHVQNN

b alH) + B|V)

PBS
— polarizing beam splitter (e.g. calcite crystal)
transmits| ) and reflect$V’) (or vice versa)

HWP(7/4)
— half-wave plate (polarization rotator)
changes photon polarizatioW) « |H).

176
How to rotate polarization qubits?

wave plate = waveplate = retarder
a birefringent crystal (with a properly chosen thickness)
changes polarization of a light
by shifting its phase between two perpendicular poladratiomponents.

half-wave plate (HWP)

R | cos(28)  sin(20)
Sy2(B) = ﬁ sin(283) — cos(20) %

guarter-wave plate (QWP)

exp (i37) [ cos —1 sin
Sya9) = L ) o]

V2 sin(26)  —cos(20) —i
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symmetric vs asymmetric BSs

convention 1. convention 2. .

a, b, & b

Mm nﬁ : p %.m : H UN

MU% WA
a, ﬁ a,

I_,ﬁ ﬂ_.

H beam-splitter and interference H

classical coin tossing

|0) \*|. 50%

i.v BS P 50%
but here classical intuition fails
0) D
1) ? 2

(all BSs are 50-50)

0) 100%
1) E- 100%
0) —P 0%
1) 0%
0) 100%

T<33m:_o Mach-Zehnder _ZmlmSBmﬁTm

Xvﬁ"XMA

P~ L-m PF

e m= -
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Mach-Zehnder interferometer with phase shifter

1 0
Py = ﬁo %L

S = BypB,

total scattering matrix

setup 1:

1)4 . . H.
I H R P A T

S0
[0) — [¥) = Su|0) + Saa|1) = f-[0), +ify|1),
or explicitly

il0), + 1), i|0), +€?[1),

0, l.i{lﬁl{lm S0 i L
thus
prob(0z) = [L{0[¥)* = |f-]* =

prob(1z) = | (1|)]? = | f]* = cos? Amv — prob. of click in lower detector

sin? Amv — prob. of click in upper detector

190
setup 2:
g L[-11][1 0 ][-11] _[f /-
ol 1 otfloe? || 11| | S
SO
00 = |9) = Sul0) + Su[1), = f+|0) + f-[1)
and 0
probi(0z) = {0} = 1. = cos® (7)
2 : %
prob(1z) = [L(1[¢)]* = Q\meEwAMV
setup 3:
g M-ra]fr o[t 1) £ —f
2l ufloe? 1] [ S
SO
10y = f-10), + filL)p
and

prob(0z) = sin® Amv

prob(1;) = cos® Amv

191

QIP with simple linear-optical systems

1. quantum key distribution (QKD)
based on Mach-Zehnder interferometer
using Bennett's protocol B92

2. quantum-state engineering and teleportation
of qubit and qutrit states
using quantum scissors device

B92 protocol (Bennett 1992)

Alice Bob
Dy,
%> %_w _U_0<<
Uc_o
ﬁ — ﬁ D_O<<

g, =0°90°180° 270 6, =0° 90°
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H teleportation of optical QC::L quantum scissors

Alice A p4(1 photon) Bob Input: coherent state i
o[z & a
?EVDWOEYULHYULMV la)=e :Mo »\ﬂ?v
2 2
=elal/2 ,OY%YQH,NY..
/\/..:.A ?v Output: qubit state
UN (1 photon) BS1 (79:21 BS2 (79:21 T_uvH 7Ov+Q7H_.v
. (79:21) i (79:21) \Hio;N
|in )oby|0)+by|1)+b,[2) 1)

2 D,

H guantum scissors device H

Fundamental Concepts
« Entanglement
* Non-locality
» Conditional measurement

Possible Applications

* Qubit generation

* Teleportation of superposition states

» Quantum state engineering

» Conversion of a classical state into a non-classine
* Cryptography
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PPB qguantum scissors truncation and teleportation of qutrit states
- truncation and teleportation of qubit states

Alice 2 D1(1 photon) Bob

Alice A Bob jout) 0 a[0)+b[1)+c|2)

D1(1 photon)
lout ) O a|0) + b|1)

l---l’!-l--

mmm EEEEEN IIIIIIIAIIIIIIIIIII lIIllll‘Illl m "
N " 2 D, (1photon) 4 4
UN (no photon) i V : BS1 (79:21) : BS2 (79:21)
: BS1 : BS2 )
inY=a|0)+b|[l)+c|2)+... . "
in)=a[0)-bh)-c|2)+ - o fin)-a|0)-b[1)-c|2).d |3)+..
206 . . 208
quantum state truncation to qubit states guantum scissors for qutrit states
Note that the same solutions are for |6) ~ Y0|0) + 1|1} + 72]2)
[9) ~l0) +m[1) +722) + - general output state
Why? assumingy; =ny = Ny =Ny =11s
Since, in this case, the single-mode output stiatés . it T,
~ 2rityr 62 2 ©(r? — 1) (rs — 1
always a superposition ¢f) and|1) for any|s). ) ~ 2nitirsty A@ 20l0) + 72| vv et =)~ )l
conditions for perfect qubit-state truncation and teleportation as can be shown analogously|#d).
t, =y andd = 0 for |¢%) and|410) truncation and teleportation to qutrit states
t; =ty andf = « for |¢}) and|¢19) corresponds ths!}) assuming
optimized solutions 2 1 - ity
correspond to the highest probability of successful trtinnand teleportation. 272 1 —3(rty)?

In the all 4 cases, the optimized solutions are for the 50:56:B andf, = 0 or = & (show this!).

by = optimized 4 solutions
fort? =13 —v3) ~ 02l 0rtf = (3+/3)/6 ~ 0.79
andt3 =t}if & =0o0rt3 =1—}if & =
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213
phase-space quasiprobability distributions
in quantum mechanics

uncertainty principle
makes the concept of phase space in quantum mechanicsmpatide

a particle cannot simultaneously have a well defined pasditd momentum,
thus one cannalefine a probability that
a particle has a positiopand a momentum

quasiprobability distribution functions
= quasiprobabilities = quasidistributions

functions which bear some resemblance to phase-spacibuligtn functions

useful not only as calculational tools

but can also reveal the connections between classical attuu mechanics.

mxmgb_mm_ e Wigner (Wigner-Ville) ¥ function
e Husimi (Husimi-Kano)( function
e Glauber-SudarshaR function

o Omz__-O_mcUma-bwﬂmBmENm%\@ function

214
What is the Wigner function?

1 o o . i
Wig,p) = ﬁ\ dx(q +5]plqg — 5) exp AMNSV

—00

where|q & §) — eigenstates of position operator
e Wigner function can b&iegative
« density matrix p can be calculated from Wigner function.

Why is the Wigner function so important?

marginal distributions of Wigner function correspond tasdical distributions
e position distribution

(o) = Glola) = [ Wiap)dp

¢ momentum distribution

pr(p) = (plplp) = \3 W(q,p)dq

10 formulations of quantum mechanics: e
matrix formalism of Heisenberg (1925)

wave-function formalism of Schrodinger (1926)

density-matrix formalism of von Neumann (1927)
second-quantization formalism of Dirac, Jordan andiK(&B27)
variational formalism of Jordan and Klein (1927)

phase-space formalism of Wigne(1932)

path-integral formalism of Feynman (1948)

pilot-wave formalism of de Broglie and Bohm (1952)

© ©@ N o g~ NP

many-worlds interpretation (MWI) of Everett (1957)

=
o

. action-angle quantum formalism of Hamilton and Jacb®88)

216
simple examples of Wigner function

& coherent state|a):

2 .
W(a) = ~exp[-2|a — ao[’]
wherea = g + ip
& Fock state|n):

W(a) = 2(~1)"Ly(4laf?) expl-2lo]

whereL,(z) is Laguerre polynomial
& Schrodinger cat stategy 1) ~ |ag) | — ag):

g tip) = Dt focostipay)
Wila=q+ip) = [l + exp(—2ag)]

wherea, € R and

fi = exp[=2(q — an)® = 2p”] + exp[-2(q + @)® = 2p%],  fo = 2exp[~2¢° — 2]
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balanced homodyne detection

_N
detector ‘

i .
a, Y LW
mm©3m~_ YT It -....'...."
detector
BS ja . Ca,
laser

(local oscillator)

& What is measured in homodyne detection?
e intensity 7, (k = 1,2) is proportional to the number of photons:
I ~ iy =ala)

~ NN
Iy ~ Ng = Gy ay

e parametric approximation for laser field:

A%:\V >1 = ar~aqp

o beam splitter (BS)is 50:50 " = R = 1/2),
thus it is called ‘balanced’ detection.

o relations between inputy,,, and outputg;, annihilation operators:

)y L
ay = |/\m3m|§v ~
.
ay = —(ag+ar) =

V2

(as —ay)

Sm + th

S-Sl -

221

222

223
o we measurdgifference of intensities which is proportional to:
N PV Ly
ng —ny = m?m +ap)(as +ar) - m?@ —ap)(as — o)
= ajag + thw
= |az|(ePas + e’al) = 2|ar| X (0)

wheref = arg(«y) and
X(0) = ~(ase™" + aLe”)

is thegeneralized quadrature operator
e special cases:

X(0)=¢ -—position operator

X(5)=p —momentum operator

224
marginal distribution of Wigner function at angle ¢

pr(X,0) = \ W(gcost — psind, gsin + pcosf)dp

describes probability of measurement result of the quadkat
X(0) = Geosf — psinf
Remarks:
e this is so-calledRadon transformation

e pr(X,0) is directly measured in homodyne detection

Can we reconstruct Wigner function from its
marginal distributions?

H_r o0 us o0
E Vm\ \ \ pr(X, 6) expli&(q cos 0+ psin 0 — X)]||¢|d X dOdE
a —o0 J0 —00

this is theinverse Radon transformation
[K. Vogel and H. Risken, 1989]

Wiq,p) =
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moreover Single-qubit density matrix via Stokes parameters

| (H| = BB R 4 (1R) (R| 4 |R)(L|+ | L)(R| + |L)(L])

Il
D=
C\

V2 V2
3
V(] = BRI 4 (1R)(R| - |R)L| - |L)(R] + L)L) P WMMS
DY(D| = BIL RIEHE _ L\ RY(R| + i|R)(L| — i|L)(R| + |L = =
|D)(D| = AR — L (|R)(R| + il R)(L] — il LYR| + L) (L)
DVD| = L N_;Ei (1)L RV MR+ IR where
D)(D| = = (1LY (L] = i R)(L] + L) (R] + |R)(R) S = N5 = NTr{:0)
Pauli ocma:oa
= |R)(R| + |L){L| 5o ; 1+(63)  (61) —i{69) %
= |R)(L| + |L)(R| 2| (61) +i(ds) 1—(53)
au:sgxste
= [R)(R| — |L)(L| Why do we needs,?
for renormalization of the count statistics
to compensate experimental inefficiencies (e.g. of detgcto
230 . . ) ) 232
four measurements of intensity, e.g.: single polarization-qubit measurement operators
(1) with a filter that transmits 30 of the incident radiation, there are infinitely many sets of such projectors
regardless w/dﬂ\:m polarization: v the common ones are e.g.
=— o|HY + (V[p|V)) = = ((R|p|R) + (L|p|L .
(2) with a polarizer that transmits only photons in stdie: = |LY{L| + |R)(R|
ny = N(H|p|H) iy = [H)(H]|
. . . — ~ [R)(R| + [R)(L| + |L)(R| + [L)(L|
(3) with a polarizer that transmits only photons in stdbe: i, = D)(D|
_ 2 =
ny = N(D|p|D) ~ |L)(L| = i| R)(L| + i| L)(R| + |R)(R|
(4) with a polarizer that transmits only photons in staté: = [H)(H| - [H){V] = [V){H|+ [V){V]
; iy = |R)(R
ng = N(R|p|R) iy = | . .
) ~ [H)(H| = i|H)(V|+i[V)(H|+[V)(V]|
Stokes parameters via photon counts
nm.o = Mio

or N . N N > >
Si = 2(m = o) io=po, =g, @=IDNDI =
rm.m = MA Nng — SOV
S = 2(ng — ny)
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e rotation matrix4 x 4 of 2 beams by 2 HWPs and 2 QWPs

239

rotationhl_, ql_, h2_, g2] =
Kron[HWP[h1 Degree].QWP[ql Degree], HWP[h2 Degree].QWP[

g2 Degree]]

e our sequence of rotations

R[1] := rotation[45, 0, 45, O];

R[2] := rotation[45, 0, 0O, O];

R[3] := rotation[0, 0, 0, O];

R[4] := rotation[0, 0, 45, 0];

R[5] := rotation[45/2, 0, 45, 0];
R[6] := rotation[45/2, 0, 0, O];
R[7] := rotation[45/2, 45, 0, O];
R[8] := rotation[45/2, 45, 45, O];
R[9] := rotation[45/2, 45, 45/2, 0];

237
tomography of polarization state of two photons
No.|Mode 1/ Mode 2| HWP 1| QWP 1 HWP 2| QWP 2
1] |H) |H) 45° 0 45° 0
2 | |H) [V) 45° 0 0 0
3 V) V) 0 0 0 0
4 V) |H) 0 0 450 0
5| |R) [H) | 22.5° 0 45° 0

6 | |R) V) | 22.5° 0 0 0
7 |D) VY | 22.5° | 45° 0 0
8 | |D) [Hy | 22.5° | 45° 45° 0
9 |D) IRy | 22.5° | 45° | 22.5° 0
10| |D) D) | 22.5° | 45° | 22.5° | 45°
11| |R) D) | 22.5° 0 2259 | 45°
12| [H) D) 45° 0 22.5° | 45°
13 |V) |D) 0 0 22.5° | 45°
14| V) L) 0 0 22.5° | 90°
15| [H) L) 45° 0 22.5° | 90°
16| |R) L) 22.5° 0 22.5° | 90°
5 _ H)=1V) _ [H) +4V) _ H)—iv)
D) = 5 IL) = 5 R) = —7
238
Mathematica program for the tomography scheme
o def. of Kronecker tensor product (Kron) and Hermitian cgajie (hc)
<< LinearAlgebra‘MatrixManipulation*
fix_ y 1 := x;
Kron[matrix1_, matrix2_]:= BlockMatrix[Outer[f, matrix 1, matrix2]]

hc[x_] := Transpose[Conjugate[X]]

e def. of rotation by HWP and QWP and def. [pf,,,]1x4

Cos[2t] Sin [2t]

HWRL 1= (gin [2t] -Cos[2t]
. 1 i-Cos[2t] -Sin[2t]
QWRL_] - = (" sin [2t] u.:oOﬂN:v

\?2
POO PO1 PO2 PO3
P10 P11 P12 P13

rho = :
P20 P21 P22 P23

P30 P31 P32 P33

R[10] := rotation[45/2, 45, 45/2, 45];

R[11] := rotation[45/2, 0, 45/2, 45];
R[12] := rotation[45, 0, 45/2, 45];
R[13] := rotation[0, 0, 45/2, 45];
R[14] := rotation[0, 0, 45/2, 90];
R[15] := rotation[45, 0, 45/2, 90];

R[16] := rotation[45/2, 0, 45/2, 90]

o rotatedp”) = R p(R™)1 for thenth measurement

[RhoRotated[n_] := R[n].rho .hc[R[n]]

e examples

RhoRotated [1] // MF

P33 -1psz2 -1ip31  -pP30
1p23 P22 P21 -1 p20
ip13 P12 P11 -1ip1p0
-po3  1po2 i po,1 £0,0

RhoRotated [2] // MF

P22 —1pp3 -ipoo -P21
ip3p 03,3 £3,0 -1p31
i po,2 00,3 £0,0 -1 po1

-p12 1p13 ip1,0 P11
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245
projection measurements
enable determination of the probabilities
pm = {(HH|p|HH), p, = (HV|p|HV) , etc.:
p[l] := Kron[braH, braH] .rho.Kron[ketH, ketH];
p[2] := Kron[braH, braV] .rho.KronlketH, ketV];
p[3] := Kron[braV, braV] .rho.Kron[ketV, ketV];
pl4] := Kron[braV, braH] .rho.Kron[ketV, ketH];
p[5] := Kron[braR, braH] .rho.Kron[ketR, ketH];
pl6] := Kron[braR, braV] .rho.Kron[ketR, ketV];
p[7] := Kron[braDbar, braV] .rho.Kron[ketDbar, ketV];
p[8] := Kron[braDbar, braH] .rho.Kron[ketDbar, ketH];
p[9] := Kron[braDbar, braR] .rho.Kron[ketDbar, ketR];
p[10] := Kron[braDbar, braDbar].rho.Kron[ketDbar, ketDb ar];
p[11] := Kron[braR, braDbar] .rho.Kron[ketR, ketDbar];
p[12] := Kron[braH, braDbar] .rho.Kron[ketH, ketDbar];
p[13] := Kron[braV, braDbar] .rho.Kron[ketV, ketDbar];
p[14] := Kron[braV, bral] .rho.Kron[ketV, ketL];
p[15] := Kron[braH, bral] .rho.Kron[ketH, ketL];
p[16] := Kron[braR, bral] .rho.Kron[ketR, ketL];
all2 := Do[Print[n, " -> ", p[n] // FS], {n, 1, 16}]
246

projection measurements
enable determination of the probabilities

pr= (ulplyn) = (HH|p|HH), ps = (¢
p[1] = hc[psi[1]] .rho.psi[1] ;

pla) = (HV|p|HV), etc.:

pl2] := hc[psi[2]] .rho.psi[2] ;
p[3] := hc[psi[3]] .rho.psi[3] ;
p[4] = hc[psi[4]] .rho.psi[4] ;
p[5] := hc[psi[5]] .rho.psi[5] ;
p[6] := hc[psi[6]] .rho.psi[6] ;
pl7] := hc[psi[7]] .rho.psi[7] ;
p[8] := hc[psi[8]] .rho.psi[8] ;

p[9] := hc[psi[9]] .rho.psi[9] ;
p[10] := hc[psi[10]].rho.psi[10];
p[11] := hc[psi[11]].rho.psi[11];
p[12] := hc[psi[12]].rho.psi[12];
p[13] := hc[psi[13]].rho.psi[13];
p[14] := hc[psi[14]].rho.psi[14];
p[15] := hc[psi[15]].rho.psi[15];
p[16] := hc[psi[16]].rho.psi[16];

all2 := Do[Print[n, " -> ", p[n] // FS], {n, 1, 16}]

247
both methods give the same probabilities

P(n) = p(n)

test =Do[Print ["P[" n " ]-p["n" 1="P [n]-p[n]//FS], {n, 1,16 }]
P[1]-p[1]-(({0}}
P[2] p[2]-((0}})
P[3] p[3]-({0]]
P[4]-p[4]-({0}})
P[5]-p[5]-((0}])
P[6]-p(6] ((0])
P[7]-p[7]-((0}])
PI8]-p(8/-({0])
P[9] p[9]-((0}])
P[10] p[10]-{{0)]
P[11]-p[11]-({0]]
P[12]-p[12] ({0)]
P[13]-p[13]-{{0]]
P[14]-p[14]-({0])
P[15]-p[15]-({0)]

P[16]1-p[16]-({0]]

248
reconstruction analysis

convert 4x4 matrix into 16-dim column vector
represent operators of Hilbert spacesagperoperators in Liouville space

possible methods:

e method 1:
P1 P2 P3 P4 P1 P00
b= pPs P P P3| n.m — bm:
P9 P10 P11 P12 i
P13 P14 P15 P16 P16 P33
e another labelling:
T To 4+ 121 T3+ 1T12 T4+ 1213 T
N To — 1211 x5 Te+ 114 T7+ 12715 X9
P = . . . —
T3 — 1T12 Tg — LT14 xg T+ 1T16
Ty —iT13 X7 —AT15 Tg — iT1g Lo T16
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253
reconstructedp by linear tomography

final solution forx assuming the analyzed experimental data:

A1
x=A"Py
T T X9 +1T11 T3+ 1019 T4+ 1213
X9 P Lo — 1211 Ts T+ 1T14 T7+ 1215
. = 0= Pexp = . . .
i T3 — 112 Tg— LT14 Ts Tg + 1T16
L16 Ly — W13 L7 — W15 Tg — 116 10
X = Flatten [invA.Pexp 1
{0.487213, 0.00418524, 0.00975155, 0.519209, 0.00454278, 0.0271305, 0.0648257,
0.00622529, 0.0694526, 0.502019, 0.01142, -0.0178416, -0.0380247, 0.0145958, -0.00762037, 0.013383 }
x[[1]1] X[[2]11 +&x[[111] X[[31] +&x[[12]] X[[4]] +&x[[13]]
thoexp : = X[[21] -4 x[[11]] X511 X[[61]1 +aXx[[14]] X[[71] +&Xx[[15]11
' x[[31] [[12]11 Xx[[611-ax[[14]] x[[811 X[[91]1 +&x[[16]]
X[[411 -&X[[13]11 X[[711 -&X[[151] X[[91] -ax[[16]] X[[10]1]
rhoexp // MF
0.487213 0.00418524  +0.01142 i 0.00975155 -0.0178416 i 0.519209 - 0.0380247 i
0.00418524 0.01142 i 0.00454278 0.0271305 +0.0145958 i 0.0648257 0.00762037 i
0.00975155 +0.0178416 i 0.0271305 - 0.0145958 i 0.00622529 0.0694526 +0.013383 1
0.519209 +0.0380247 i  0.0648257 +0.00762037 i 0.0694526 -0.013383 i 0.502019

254
e method 2:p — [r,]16x1

find a set of 16 linearly independehtx 4 matrices{#, } satisfying:
Tr ﬁ@\t ' \w\tw = %Ft
16 16
Y b= WT{h At =D A
v=1 v=1

aregeneralized Pauli operatorsor their products chosen as,
e.g..,generators of the Lie algebraSU (4) or just SU(2)@ SU(2).
. |,
Vam+n = MQS & Op, Asﬂ n=0,.., wv
whereg,, are the standard Pauli operators.

for convention we denotg;; = 7

A

/1

»\c =

i3 =

255
exemplary generators of the Lie algebraSU(2) ® SU(2)

Hov_ OJ_SHA

qo"Ao 1 _Su? 0

GenerateGamma = Do[y[4 m+n] =

oo (o )

Kron [om, o], {M, 0,3}, {n, 0,3 }]

N[ BeO

¥[16] : = ¥[0]
¥[1] 7/ Simplify 7/ MF

0

O O Nk O
O O O N
N © O O
o Nk O

¥[2] 7/ Simplify  // MF

0 -2 0 0
£ 0 0 0
0o 0 0 -%
00 %+ 0

256
generators of the Lie algebraSU(2) ® SU(2)

[0100] [0 —i0 0] [1 0 0 0] 001
i |1o000 i 000 |0 -10 0 . a]000
T2 o001 T2 0 0 0 —i T2l 0100 TMT2l100

0010 00 i 0 00 0—1 010

[0001] [0 0 0 —i] [0 0 1 0] (00 —
L0010 o a0 o0 1|00 01 4|00 0
“2loto0| T2 o 00| T2l 0 00| BTzl 0 0

1000 i 000 0-10 0 0i 0

(00 0 —i [0 00 -1 00 —io] (10 0
|00 =i 0 .00t o0 oqloo0 0 il ot
21040 o> ™MT2 010 0 |> ™72l 0 00| "T2(00 -1

P00 0 “100 0 0—i 00 00 0

(01 0 o0 0—i 00 10 00 100
100 0 . alio0o 00| . ,{o-100 . a]o10
2loo0 0 1> ™72 g0 0|72 0 0 —10]7 T2l g01

00 —1 0 00 —io0 00 01 000
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inverse matrixB !

16
v

M,
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reconstruction analysis
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ﬁ 4, for our set of tomographic states

v,

1

=2

'%1, | /wm>

= <wm

mn

B

where

[Bm,JJlGXlG

{m, 1, 16 }1]

Hv © o o

e

B

S
o
'E‘ de 1 o ©
3 ey e
£
= ! © o ey
= Al o "o o
[a1)]
>
= ey ey Al
=
[ + 4l © + o oAl + W — O oo
=1
e e il
R ! < ! ' = ooo
] ~
N oy = ey ~ ey ~ -
—_ ~ — o0 o
| — — + A —_ o I O o ©
S ey e & e 2 ococoo«
== — = - =
T NS NY  NR F Y PN I N N Y
alo
e © © 0o 0o oo ©© ©© © o
o o © o 0o o o © © © N o
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another common set of tomographic states

No.| Mode 1 Mode 2

1 [H) | [H)

2.1 [H)y | V)

3 V) V)

41 [V) | [H)

51 [R) | [H)

6 [R) | V)

7Dy V) _
8 |D) |H) |Note: we have just replaced by D.
9 | D) | [R)

10 D) | [D)

110 Ry | |D)

12 [H) | |D)

3V D)

40 vy L)

150 [H) | L)

16| [R) | L)

M, =3, B, 4, for the new set of tomographic states

invB : = Inverse

M[1] 7/ MF
1 |W+
0

L
2
e 0

M[2] 7/ MF

0 _

N~
+

+ N[

NN e]
|
N[~

b[m_,n_71:=hc[psi [m].y[n].psi [mM]
B:=Table [b[n,m][[1,11]1], {n,1,16 }, {m, 1,16 }]

[B]

M[n_71 : =Sum[invB [[m, n]] ¥y[m], {m, 1, 16 }]

i _1_ 1
2 2 T2

O O N
O O O ne

N -
O O Ne O
o [N

N[ -

N
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16 matricesM,, for the latter tomographic states

My =

M,

My

Mys =

I

NI

NI

2 -0 -«
—a 0 1
-6 —i 0

1 0 0

o O =
>

00 7 —«

. My
. Mg
) >>\Nm

My

o o

0
—a 0 0

wherea =1+4;6=1—1.

|
|
|

My =

[SIE

0
0
2

0 -5 0 1
—a 2 i —«

0 —2 0 0 ’
1 —a 0 0
—a 1

i 0

0
0
-6 —i 2 =0
1
(
0
0

0

0

0
) 0 0 —a

0 6 2

a 0 0 ’
-6 =2 0 0

0

0

—a

—a 0

g 0 0 0

264

o O O
oS = O O
o = O

—_

Note: o%m:&:_m are obtained for other sets of rotations.
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269 271

‘likelihood’ function for our experimental data
L[tl_,t2_,t3 ,t4 ,t5 ,t6_,t7_,t8_,t9_, t10_, t11_,
t12_, t13_, t14_, t15_, t16_ 1 : = Module T.ﬁ RhoPhys, sum, Nmean 1}, 0.5948i 0 0 0
I S | Pty — | 05706 +0.728% 0.4060 0 0
S L | mT L —0.0215 40,9933 —0.2827 — 0.2982i 0.0615i 0
. 0.7328 +0.0536:  0.0915 + 0.0107;  0.0981 — 0.0189: 0.7085
sum = 0;
Do[
= * h i - Pphys -PSi H
e o+ (e Nk LU 17 x5 127 Nimbtry, (. 1,16 31 0.7870 0.0325 — 0.0014i  0.0328 — 0.0051i 0.1289 — 0.0094i
Lo et op(ti) = | 00325+ 0.00L46 0.0850 —0.0024 — 0.00507 0.0161 — 0.0019i
4 Pehysttini) =1 () 1398 4 0.00517 —0.0024 + 0.0050i 0.0034 0.0173 + 0.0033i
. — 0.1289 + 0.00947i  0.0161 + 0.0019;  0.0173 — 0.00334 0.1247
numerical optimalization
FindMinimum[ L(tm;) = 3.0695
L[t1,t2,t3,t4,t5,t6,t7,t8,t9,t10,t11,t12,t13,t14,t1 5,t16], . . . . P
(L8N (62 i} £3.6i3). {64, inid}{t5.tin {5).{16.tini6). by applying the optimalization procedure we can diminigh talue to
{t7 tini7} {t8,tini8},{t9,tini9},{t10,tini10},{t11, tini11}, L(top) = 0.0104
{t12,tini12} {t13 tini13},{t14tini14},{t15,tini15} {t16,tini16}] for the following matrix
thus, we need initial valuds,;.
270 272
How to estimate initial ‘physical’ matrix 7'(t;,;)? our matrix reconstructed by MaxLik method
By om_oc_mﬁ_:@% from our “unphysical’p:
0.5028 0.0230 + 0.01174 0.0279 — 0.0130¢ 0.4686 — 0.0346i
0 0 sealbonr) = 0.0230 — 0.0117: 0.0051 0.0050 + 0.00017 0.0333 — 0.0082i
Prehysttort) =1 0279 4+ 0.0130i 0.0050 — 0.0001 0.0066 0.0416 + 0.0102;
. 0 0.4686 + 0.03467 0.0333 + 0.0082i 0.0416 — 0.0102¢ 0.4854
Tltw) = is a physical density matrix as it is
0 e positive (semidefinite)
eig ppuys = 10.9687,0.0313, 0,0}
T 5% Ty VP e Hermitian

where
M = Det(p),

@tr%m = @WE@

e normalized
Ti{ppune} = 1
.\/\NMWWN = Umﬁﬂ\vézro:ﬁ rows i,k & cols Ev Hﬁﬁbwrudw =0.9394 <1
i k1 =0,..,3

(1) 3
.\/\NQ = Umﬁmbégvcﬁ row i & col _Av“
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reversible computing

- acomputational process that is (or almost is) time-ifbkritime-reversible).
Landauer’s principle

- a computational process to pdaysically reversible
it must also bdogically reversible.

logically-reversible process

- a discrete, deterministic computational process for tite transition func-
tion that maps input states to output states is a one-toworaion.

examples of reversible quantum gates

all unitary quantum gates are reversible, e.g.:

H(col0) + c1|1) = col+) +a|[=) = H{col+) + 1] =) = col0) + ea1)
[thin) = ¢0]00) + ¢1]01) + ¢2]10) + ¢3]11)

Ucenot|tin) = 000) + ¢1]01) + ¢3]11) 4 ¢5]10) = [Yhour)

Uenor|Pout) = c0l00) + ¢1|01) 4 o)1, 1 @ 1) + ¢s]1,0 B 1) = i)

but measurement is irreversible
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examples of irreversible classical gates
logic gates in a classical computer, other than NOT gater@wersible, e.g.:

AND OR XOR=CNOT
ab | c ab | c ab | c
00 |0 00 |0 00 |0
01 1]0 o111 01 ]1
0] 0 10 |1 10 | 1
11 | 1 11 |1 1110

how to make these gates reversible?
keep input(s) together with the standard output, e.g.:

R-AND R-OR R-XOR

ab | abc ab | abc ab | abc ac bc
00 | 000 00 | 000 00 | 00O 00 00
01 | 010 01 | 011 01]011 01 11
10 | 100 10 | 101 10| 101 11 o1

11 | 111 11 | 111 11 | 110 10 10

CNOT and Toffoli gates

(100 0
a

lo 1 0 0 2 &

ooo&

ﬁ o) la O by

00 1
(1000000 O
_OHooooog ) i)
0010000d
_OOOHOOOQ Ib) Ib)
0000100
_
0000010 lc) lab O c)
_ooooooou
oo oo o001

replacement for CCU gate

theorem of Barenco,Bennett et al. (1995)

Any CCU gate can be built from
CNOT, CV, and CVT gates, where V2= U

Note: Toffoli gate is a special case of CCU
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e three-qubit states

KET[n, n2, ng] = |n1, ne, n3) — 23-element column vector with
1’ at position4n; + 2ns +n3 + 1

BRA[ny, ng, n3] = (ny, ng, ns| — row vector

KET[n1_, n2_, n3_ ] :=Module [{state },

state = ZeroMatrix [8,1];

state [[4n1+2n2 +n3 +1,11]] =1;

Return [state ]]
BRA[N1_, n2_, n3_ ] :=Transpose [KET[n1, n2, n3 ]]
KET[0, 0,0 | 7/ MF

(1

Ooooooo

BRA[0, 0,1 ] // MF
(01 000000)
BRA[1, 1,1 ] // MF

(0000000 1)

286
control gates for 3 qubits

10
01

or CNOTa3 = [000)(000] + [001)(001] + [011)(010] + [010)(011]
+[100)(100] 4 [101) (101 4 [111)(110] + |110)(111]

1. CNOTy3=kron(id,cnot) whereid =

CNOT23 :=
KET[0, 0, 0 ].BRA[0,0,0 ] +KET[0,0,1 ].BRA[0,0,1 ]+
KET[O, 1,1 ].BRA[O0, 1,0 ] +KET[0,1,0 1.BRA[0, 1,1 ] +KET[1,0,0 ].BRA[1,0,0 ]+
KET[1,0,1 ].BRA[1,0,1 ] +KET[1,1,1 1.BRA[1,1,0 ] +KET[1,1,0 ].BRA[1, 1,1 ]

CNOT23// MF

1 00000O0O0O0
01000O0O00O
00010O0O00O0
001000O00O0
00001000
000O0OO0O1O00O0
00O0OO0OOTO 01
000O0OO0OOT1IO

2. CNOT9=kron(cnot,id) — analogously

287
3. CVy3=kron(id,cv)
CV23new : = Kron [id, cv ]
CV23new // MF
1 0 O O 00 O 0
01 O O 00 O 0
O O Voo Vo1 O O 0 0
O 0 v 10 Vi1 0O O 0 0
O 0 O O 1 0 O 0
O 0 O O 01 O 0
OO0 0 0 O O v 00 Vo1
O 0 0 0 0O 0 v 10 Vi1
288
or explicitly
CV23: =
KET[0, 0,0 1.BRA[0,0,0 | +KET[0,0,1 1.BRA[0,0,1 ]+
Voo KET[0,1,0 ].BRA[O, 1,0 1+vgs KET[O,1,0 ].BRA[O, 1,1 ]+
vio KET[0,1,1 ].BRA[0,1,0 ]+vis KET[O,1,1 ].BRA[O, 1,1 ]+
KET[1,0,0 ].BRA[L1,0,0 ] +KET[1,0,1 ].BRA[1,0,1 ]+
Voo KET[1,1,0 ].BRA[1,1,0 ]+vos KET[1, 1,0 ].BRA[L, 1,1 ]+
vig KET[1, 1,1 1.BRA[1,1,0 ]+vyq KET[1,1,1 ].BRA[L, 1,1 ]
CV23// MF
10 O 0 00 O 0
01 0 0 00 O O
00 Voo Vo1 00 0 0
00 Vio Vi1 00 0 0
00 0 0 10 0 O
00 0 O 01 0 O
00 O 0 0 0 vogo Vo1
00 0 0 0o0 Vio Vi1
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a substitution circuit for CCU gate

=

V \A V [—

S

gatel gate2 gate3 gate4 gates

294
substitution circuit for CCU gate

1 000 1 000
swap : = 0010 . crot = 010 0]
0100/ 0 001/
0 001 0010
10 O 0
01 O 0 . . .
V=19 o Voo Voi ;id = ldentityMatrix [21;
0 0 vip Vi1
gatel: =Kron [id, cv ]
gate2 : = Kron [cnot, id ]
gate3: = Kron [id, hc [cv]]
gated : = gate2
gate5: = Kron [swap, id ].gatel.Kron [swap, id ]

CCU1ltemp : = gateb.gate4.gate3.gate2.gatel

295
properties of unitary matrices

a matrix is unitary iff its row and column vectors are orthomal
thus for

V= ﬁeo.o 0,1 %

V1,0 V1,1
we have

* *
Vg ,gV0,1 + V1 gV11 = 0
dmb@c,c + @m,ﬁccp =1

etc.

-

1: = {Conjugate [Vgo ] Voo +Conjugate [vio] Vipo - 1}
2: = {Conjugate [Vop ] Voo +Conjugate [Vo1 ] Vo1 -1}
3: = {Conjugate [Vo1 ] Vo1 +Conjugate [vi1] Vi1 -1}
4: = {Conjugate [Vio] Vio +Conjugate [vi1] Vi1 -1}
5: = {Conjugate [Vop ] Vo1 +Conjugate [vip] Vi1 -0}
6: = {Conjugate [Vop ] V1o +Conjugate [vo1 ] Vi1 -0}
7 : = {Conjugate [Vo1 ] Voo +Conjugate [vi1]Vio -0}
8: = {Conjugate [Vip] Voo +Conjugate [vi1 ] Vo1 -0}

= = = = = = =

296

.finally

CCul:=CcCultemp/.r1 /.2 /.r3 [.r4 /.¥5 /.16 /.17 /.18
CCU1// MF

10 0

o O O oo
O O O O oo

0
2
V5o +Vo1 Vi Voo Vo1 +Vo1 Vi1

O O OPFr OO0 OO
o O P OO O0OO0OOo

o O ©Ooor oo

O O OO O oo
O O OO O O
o O OOk OO0

2
Voo Vio +Vio Vi1 Vo1 V1o +VI3

test = Max[CCU- CCU] // MF

0

we have shown that our gate C¢Cklmulates the original CCU gate
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2{0)-+bi1)

guantum repetition code
[¥) = al0) +b]1)

UekorUtkor|¥)10)]0)

qg/ CHQOZCH - QOACHQOZCH

in general

:Q‘zoa al0) + b|1))[0)="

UtKor(al00) + b[10))
al0,0 @ 0) +b|1,0 @ 1)
al00) + b|11)

Qozci@_oov +0|11))[0)
al0,0,0 6 0) + b|1,1,0 & 1)
al000) + b[111)

V=L = |0)®N 4 p[1) @Y

mLoov+g“_.n_.v

%ooY%:V

OVD N +UT.VD

a
\/

\V

301

303
bit-flip error

|1o) = a|000) + b|111) — |3rd bit flip| — |¢/1) = a|001) + b|110)

error detection = error syndrome diagnosis/measurement

lhs) = [161)]00) = a|00100) + b|11000)

- qOzo_ OZO__QMV
=al0,0,1,0©0&0,0) +b[1,1,0,0® 16 1,0)
= al0,0,1,0,0) +b|1,1,0,0,0) = |[¢pg) (sic!)

= Qozo_ ozo__@uv
H@_ooHoo@o@H:@: oo@o@c

= al0,0,1,0,1) i_fbﬁv
- ?_99 1) + b1, rovv ®0,1)

so let us measure modes 4 & 5:

_N\uuV = »mA\g.\“ NE.\\T\EV = QE“ Ou Hv + Sf HvOV

304

in our case the measurement result (i.e. error syndrome) is:

M =0,M" =1
error correction = recovery

so we know that we have to flip the 3rd qubit

16) = Xalts) = al0,0,0) +b[1,1,1) = [¢p)

Analogously, we can find a proper action for other measurénesalts:

error syndrome = error correction
M = 0,M"=1= |¢) = X3J¢5)
M =1,M"=0= |¢y) = Xo|t)s)
M =1,M"=1= |¢y) = X1[¢)5)
M =0,M"=0= |) = |¢5)

so in general

|v0) = uw?ifﬁi__@mvv whereX = I,
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encoded initial state encoding qubit against bit-flip error
¥h) = al + ++) +b] = ——) al0) + b|1)

phase-flip error |y)) — |4/) 10) al000) + b[111)
[¥1) = al ++=) + 0 = —+) 0) —&——

oral + —+) +b[ — +-)

encoding qubit against phase-flip error
oral —++) + b+ ——)

oral +++) + b — ——) al0) + 1) H]—
apply Hadamard gates tojy]) — [¢;) 10) (HF- al+++)+b — ——)
1) = HE3) = HyHoHy(a| + +—) + b — —+)) = a|001) + b|110) 0) —— (A
and analogously
al + —+) +b| — +—) — a010) + b|101) How to encode qubit against both errors?

al — ++) + b/ + ——) — a[100) + b|011)
al + ++) +b| — ——) — al000) + b|111)
so now our standard bit-flip ECC can be applied

310 312
encoding code for Shor’s nine-qubit ECC

phase-flip error correction |¢/}) — |¢y)

al0) + b|1) @
Syndrome Measurement Recovery 10) S
Rril O 0) ———
V1) — 'H — R — [to) 7] _
R | 0) H] I
i; H i —
o) / ar- 0 ——
I | 0 ‘w‘
o) : ar 0
0) — H
1o} = Mm_mi:\ﬁz A @Q&n iz_Qmwce >m,woa >mwoe~w%ce~w®w_§v_ocvv _ov
0) —=

first real error correction code against both bit-flip andgenéiip Singleerror
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so finally
1 i
|0)L = |¢s) = wﬁ_oocoooov +[0011110) + |0101101) + |0110011)
+[1001011) + [1010101) + |1100110) + |1111000))
1
-F T m
/\W evenveHamming
Analogously
) = 1) — |s) = 1)y
where
1
1), = —=(|1111111) + |[1110000) + [1001100) + |1000011)

NG
+]0101010) + [0100101) + [0011001) + |0010110))
1

= w M V)

odd veHamming

Thus, in general
al0) + b|1)—al0), + b|1),

318
bit-flip syndrome detection in Steane’s 7-qubit ECC

10y —b4

N\

@

10) ~BBdb A

D
\J
A

|0) - DDDD A

phase-flip syndrome detection
- the same circuit but with extra Hadamard gates, as for Slcode
fault-tolerant syndrome detection

to make the circuit fault tolerant, each ancilla qubit mustéplaced
by four qubits in a suitable state.

. 319
fault-tolerant device

- a device that works effectively even
when its elementary components are imperfect.

fault-intolerant and fault-tolerant circuits

data data
ancilla D4 D 4
. Y
ancilla PN
N\
U
wrong! correct!
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most general single-qubit error

the most general single-qubit unitary error transfornratio
(apart from irrelevant global phase factor) can be expatoledderc as

Upiror = €1 + ®A$ =6l + e,6, + €,0, + €0,

discrete set of quantum errors
fundamental result of quantum error correction theory:

correcting just a discrete set of errors
(bit flip, phase flip and combined bit-phase flip)
a quantum error-correcting codes can correct a continugtusf grrors.

Shor’s and Steane’s ECCs

e they protect not only against bit and phase flip errors
but against arbitrary errors affecting only a single qubit

e by measuring the error syndrome,
the state collapses into one of the four states

aul), oyl), G:1¢), [¥)

which are correctable with the codes.
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325
Hilbert space for ECC

subspaces corresponding to different errors should beguottial

thus the total Hilbert space for ECC should be
large enough to contain all the orthogonal subspaces.

number of subspaces ig(3n + 1)

Orthogonality requires a subspace for each of the threeseere@ry qubit can
suffer and another one for the unperturbed logical state.

We must double this to have enough space to accommodatedgithall states
and their erroneous descendants.

minimum number of encoded qubits isn = 5 for ECC
2Bn+1)<2" = 26416forn=4 & 32<3R2forn=>5
number of encoded qubits for ECC
n =9—Shor ECC

n =7— Steane ECC
n =>5—Los Alamos ECC = itrequires the minimum number of ancillas
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Los Alamos ECC

[Laflamme, Miquel, Paz, Zurek (1996)]
1. 5-bit encoder

la) N8

gates 1 2 3 4 5 6 7 8

327

encoded qubits

|B1)|00) — | B3)|11) + [ Bs)|01) + [ B7)[10)
—|B2)[11) = [B4)[00) = [Bg)[10) + [ Bg)|01)

in terms of the (unnormalized) 3-qubit Bell states:

|By) = [000) £ [111)
|Bs) = |100) £ [011)
|Bs) = [010) = [101)
|By) = [110) = [001)

Other allowed encodings can be found from those by
permutation®f bits and coordinated signs.

Thus, all the allowed encodings have the same sign pattern
with two minus signs in one of the logical states and fouthe other.

328

encoded qubits explicitly

[B1)[00) — | B3)[11) + [ B5)[01) + [ B7)[10)
(|000) + [111))]00) — (]100) + |[011))]11)
+(]010) + [101))|01) + (]110) + [001))]10)
|00000) + |11100) — [10011) — |01111)
+[01001) + ]10101) + |11010) + |00110)
(lexicographic order)
100000) + [00110) + [01001) — [01111)
—[10011) + [10101) + [11010) + [11100)

=|B2)[11) = [B4)|00) — |Bg)|10) + [ Bs)|01)
—(]000) — |111))]00) — (|100) — |011))|11)
—(]010)y — |101))]01) + (]110) — |001))|10)
—[00011) + |11111) — |10000) + |01100)
—|01010) + |10110) + |11001
(lexicographic order)
—|00011) — |00101) — |01010) + |01100)
—|10000) + |10110) + [11001) + |11111)

)
) — [00101)
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333 335
triple-controlled rotation: CCCR another triple-controlled rotation: cCcR

o

P
A R

mlﬁw: mi wlﬁw: NHL

Ry R Ro1 Ry
CCCR = I+[1110)(1110|(R11—1)+[1110) (1111| Ryo+[1111) (1110 Roy +[1111) (1111](Rpp—1) cCeR = I+]0100)(0100]( Ry, —1)+]0100)(0101| Rya4|0101)(0100| Roy+|0101) (0101 |( Rys—1)

CCCR=eye(16)+... cCcR=eye(16)+...

ket(1 1 1 O)*bra((l 1 1 O])*(R(1,1)-1)+... ket(f0 1 0 O])*bra(0 1 0 O])*(R(1,1)-1)+...

ket(1 1 1 O])*bra(l 1 1 1])*R(1,2) +... ket(0 1 0 O])*bra(0 1 0 1]*R(1,2) +...

ket(1 1 1 1])*bra(l 1 1 O)*R(2,1) +... ket(0 1 0 1])*bra(0 1 0 O])*R(2,1) +...

ket((1 1 1 1])*bra(fl 1 1 1])*(R(2,2)-1); ket([0 1 0 1])*bra([0 1 0 1])*(R(2,2)-1);

334 336
CCCR gate explicitly cCcR gate explicitly
CCCR= | cCcR= |

1 00 00000O0O OO OO OO OO OO O 10 0 0 O 0 0000 0O OGO OO0 O
01 00000000000OOCTO0 D0 0 1 0 0 O 0 0 000 OO OGO OO0 DO
001 0000000000000 0 01 00 0 0000 O0OOTO OO0 O
0 00 1000000000000 0 00 1 0 0 0000 O0OOTO OGO OO0 O
© 000 10000000000 o0 0 00 0 RL1)RL2O0 0 0 0 0O 0 O 0 O O
© 0000 10000000000 0 00 0 R21))R22 0 0 0 0 0 0 O 0 O O
© 00000 1000000000 0 00 0 O 0 100 00 0O0O0OO
0 00 000010000000 0 0 00 0O 0 01 00 0O0O0UOO0 O
0 0 0000001000000 0 0 00 0O 0 001 00O0TU 0UO0O0 O
0 0000000010000 0 0 0 00 0 O 0 0 001 0O0O0UO0 0O
0 00 000000ODD0I10000 o0 0 00 0O 0 0000 100000
6 000000000DOTI10T00.o0 0 00 0 O 0 000001100 0 O
6 0000000000D0OTI1IO0o0o0 0 00 0O 0 0000 O0OT1UO0TO0 0
0 00 00000D0OD0ODDO0ODODDOLTI1oO0o0 0 00 0O 0 0000 O0OT 0T1O00
0 000O00O0OGO0TO O OO OO0 0 0 R RL2) 0 0000 0 c 000000000
0 0000O0O0O0O0RO OGO 0O0 0 0 R21 R22L 0 0000 0 0 000000000
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349
Requirements for scalable QIP

[Knill, Laflamme, Zurek et al., 2002]

1. Scalable physical systems:
the ability to support any number of independent qubits.

2. State preparation:
the ability to prepare any qubit (or at least large fractibthem)
in the standard initial stat@).

3. Measurement:

the ability to measure any qubit (or at least large fractibthem)
in the logical basis.

Note: sometimes thstandard projective measurementan be
replaced byweak measurementshat return a noisy number whose
expectation is the probability that a qubit is in the staje

350
4. Errors:

The error probability per gate must be belottereshold and satisfy
independenceandlocality properties.

¢ For the mospessimisticindependent, local error models, the error
threshold is above- 10-°.

For somespecial error models the threshold is substantially higher.
For example:

e For theindependent depolarizing error model| it is believed
to be better than- 10—,

e Fortheindependent ‘erasure’ error model, where error events
are always detected, the threshold is above .01.

e The threshold is also above .01 when the goal is onltransmit
guantum information through noisy quantum channels.
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5. Quantum control:

the ability to implement ainiversal setof unitary quantum gates act-
ing on a small number (usually at md®v0 at a time) of qubits.

e For most accuracy thresholds, it is necessary to be ableply Hpe
quantum control in parallel to any number of disjoint paifsqabits.
This parallelism requirement can be weakened if a nearly noiseless
gquantummemory is available.

e Theuniversality assumption can be substantially weakened by re-
placing some or all unitary quantum gates with operatioqsepare spe-
cial states or by having additional measurement capatsiliti

accuracy-threshold theorem
Assuming the above requirements for scalable QIP:

If the error per gate is less thartlareshold,
then it is possible to efficiently quantum compute arbityaaiccurately.

This is one of the most important results in
guantum ECC and fault-tolerant computation.
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Introduction to quantum algorithms
(part )

guantum algorithms and classical cryptography

public key cryptography (PKC)
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Encryption with a secure channel for key exchange Why do we need PKC?
Number of keys
Alice Bob a problem of huge number of keys for symmetric algorithms.
€ Secure e How many keys should be generated forcorrespondents if everyone
Xmu\ source 1 QQOJ\UQOD wants to communicate with all others using symmetric athors?
channe
de —a-1
Eve d=e
encryption | ¢ unsecured E (c)=m
E.(m)=c channel mm nam(N) = (§) = 251
A- m e How many keys are required for 6 or 1 milion correspondents?
laintext plaintext Mgy (6) = 15
c m_: mx E\m,\S:AHO@.v ~ Fw:
e How many keys are required asymmetric algorithms?
Nasym(N) = 2N
. . 358 360
Encryption with a unsecured channel for key exchange popular public-key encryption schemes
based on integer factorization problem
public-key encryption scheme computational problem
Alice unsecured e Bob blic-k lon sch lonal probl
¢ channel o~ _Am< source RSA integer factorization problem
N (Rivest-Shamir-Adleman & Cocks)
€ Eve Rabin integer factorization problem
: decryption Williams integer factorization problem
mJOJ\Uﬁ_o: C unsecured d=el Blum-Goldwasser probabilistic integer factorization problem
E.(m)=c channel Goldwasser-Micali probabilistic’  quadratic residuosity problem
e m —_
o m QAOVIB or integer factorization problem
mm ElGamal discrete logarithm problem
intex or integer factorization problem
plaintext .
U_m_sﬁmxﬁ generalized ElIGamal generalized discrete logarithm proble
or integer factorization problem
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365
examples of factorization times

MIPS = millions of instructions per second

e 1-10 MIPS in a modest PC

e hundreds-thousands of MIPS in a supercomputer

e say,N’ = 10° MIPS are available in contemporary computers

time required to factorize:

t(n)= N(n) /N’ /60 /60 124 /365
sec min hours days years

examples

1.n=10"" = Ny~ 3.5-10"> MIPS — 40.5 days~ 1 month
2.n=10"" = Ny~ 5.9-10" MIPS — 687.5 daysx 2 years
3.n =10 = Ny~ 7.0-10%* MIPS — 22.5 min years

366
How old is the universe?

HE?Q% ~ 1.25- HOS = 12.5 billion years
What is the largest factorizable integer within T, ;i verse?

1. direct method

N =10 = T=317-10" > Thiverse

2. Monte Carlo method (Pollard method)
N=10" = T=x16-10"> Tyivese

3,4. Fermat methodandquadratic sieve method
N=10" = T~136-10" > Thiverse

5. number field sieve method

N=10" = T ~~81-10" > Tiverse

N =107 = T =x1.18-10" < Thiverse

367

Introduction to quantum algorithms
(part )

classical RSA algorithm
guantum Deutsch algorithm
guantum Deutsch-Jozsa (DJ) algorithm
guantum Hadamard transform

quantum Fourier transform

368
Rivest-Shamir-Adleman (RSA) algorithm (1978)

I. generation of RSA keys (by Bob)
1. choose two large primes# ¢
2. calculate
n=pg and ¢=(p—1)(¢—1)
3. choose randomly an integef1 < e < ¢) coprime tog,
i.e. their greatest common divisor is one, GEDY) = 1.
4. using the extended Euclidean algorithm, calculiafe < d < ¢) such that
ed =1 mod ¢
5. thus
public key - (n, ¢)
private key - d
e cryptographic terms:  n - modulus
e — encryption exponent
d — decryption exponent
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QCD(116,42) =d =ax + by ? inverse of an integer modulo 9

. 0-1 —_
g a b x ., Xy Y. Yy problem: 8* mod 9 = ?

..................................... 8y=1 mod 9 => 9x + 8y =1 mod 9
- 116 42 1 0 0 1 q aby > Y1

2 2350 1 1% & ———
1 32181 1 273 & 181 1 n
310 21 4 371 & 8 10 1
5 220 4% 11 Css 50 9*1 + 8*(-1)=1 & y=-1=8 mod 9
| I | thus 8 is Emm _n:m,wwww n_ow itself mod 9
answer: d y =g mod &

multiplicative or modular inverse of integers mod 9

Inverse of an integer 21mod9=5
problem: 4 mod 9 = ? 5'mod 9 =2
4y=1 mod 9 => 9x + 4y =1 mod 9 1Tmod9=1
.................... 3y=1 mod 9
- 9 4 0 1 9x + 3y =1 mod 9
2 411 -2 3(3x+Yy)=1mod9 =>no solution
4 10 2 61 mod 9 =7 =>no solution
S0 9*1 + 4*%(-2)=1 & y=-2=7 mod 9 all invertible elements modulo 9
thus 7 is the inverse of 4 mod 9 7*4={1,2,4,5,7,8}
4*7=1 mod 9

nis invertible <~ GCD(n,9)=1
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13 = (1101),
il 0 1 2 3
e 1 0 1 1

A2/117 117 =38 38 =135 135=86 (mod 187)
cl117 117 117*13587 87*86=2 (mod 187)

so the cipher ig = 2

e Mathematica: PowerMod[117, 13, 187} 2
lll. RSA decryption

1. Bob calculatesr = ¢? mod n = 2" mod 187
d =37 = (100101),

1101 2 3 4 5

410 1 0 0 1
A%|2 4 16 16 =69 69 =86 86 =103 (mod 187
m| 2 2 32 32 32 32*103=117 (mod187

2. thus he finds Alice’s message to be
m=117= (01,17) = ,AM”

382
lengths of public keys

1. The above PKC examples were given &itificially small numbers
and thus such cryptosystems are not secure at all.

2. Toinsure security of a PKC system, the lengths of publslghould be
of hundreds of decimal digits

3. To determine the required key length you should consider:
e intended security
o lifetime of the key
e current state-of-the-art of factoring.

4. The wise oQEon._u:QE:m-oo:mmﬂ<mﬁ_<m<§m: choosing public-
key key lengths akistory teaches us a lot:

¢ “| shall be surprised if anyone regularly factors numbersiaé 10%°
without special form during the present century” (R. Guy7@p

e “Factoring a 125-digit number would take 40 quadrillion i&¥a
tj. 4 - 10" lat (R. Rivest, 1977).

e ... but already in 1994 a 129-digit number was factorized.

Recommended lengths of public keys

to be secure against attacks of
(a) a single person, (b) private agencies, (c) nationalrgg@gencies:

length in bits => length in decimal digits
year (@) (b)) (c) @ () (o
1995 768 1280 1536 231 386 463
2000 1024 1280 1536 308 386 463
2005 1280 1536 2048 386 463 617
2010 1280 1536 2048 386 463 617
2015 1536 2048 2048 463 617 617

[Bruce Schneier: “Applied Cryptography”]

e American National Security Agency (NSA) recommends kegtha from
512 up to 1024 bits (so from 154 do 308 decimal digits) in tBegital Signa-
ture Standard (DSS).

integer length (umber of digits)
length L, of integern with baseb is given by
Ly =[logyn] +1=[lnn/nbd] +1

384
How Eve can crack the RSA cryptosystem?

By factorizingn:
If Eve can factorize: = pq then she can calculate= (p — 1)(¢ — 1)
and thus can calculate Bob’s private kéy
Why is the RSA believed to be secure for large integers?
There is seemingly no efficient
(i.e., polynomial-time and polynomial-space)
classical algorithm for integer factorization.
RSA hypothesis (1978)
Any general method of cracking the RSA cryptosystem
which enables finding private keyfrom public key @, €)
requires an efficient algorithm for integer factorization.
Note
There is still no proof of this hypothesis.
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Deutsch algorithm

|0) H X X H -
Cdﬂ
1) H y yO f(x)

| |

_N\\Hv _k\mv _Swv _R\hv

. 390
Deutsch algorithm

1. prepare input state

|1h1) = [0)[1)
2. apply Hadamard gates(create equal superposition)
: 0) +11)10) —[1)
_ m®w = |4)|=) = 7

— WA_%V —101) + 10) — |11))

3. apply Uy gate
— Uy = |#)ly @ f(@))
[3) = Uplbo)

~ Ugl00) — U|01) + U |10) — Ug|11)
= 10,0® £(0)) —10,1& f(0)) + [1,0& f(1)) — 1,1 & f(1))

301
We neglect normalization thus sigr*is used.

case l: f(0) = f(1)=0
[Y3) ~ [0,000) —10,160)+ 1,00 0) — 1,16 0)
= 10,0) —[0,1) +[1,0) — |1, 1)
= 10)([0) = 1)) + [1)(|0) — 1))

~ [ )=
case ll: f(0) = f(1) =
W3y ~ (0,08 1) — (0,14 1)+ 1,00 1) — 1,16 1)
= 0,1) —10,0) + |1,1) — |1,0)
= —10)(|10) = 1)) = I)([0) = [1))

~ =)=

SO

f0) = f(1) = |43) = £|+)[-)

392

case lll: f(0)=0, f(1) =

[¢3) ~ 0,0® f(0)) -0, H@i )) + L0 f(1) — L1 f(1))
=10,050)—0,100)+[1,051) —|1,1 1)
= 10,0) —|0,1) 4 [1,1) — |1,0)
= 10)(10) = [1)) + [1)([1) = [0))
~ [0)|=) = [H]=)
~ [=)1=)

case IV: f(0) =1, f(1) =

[¢3) ~ 10,0® f(0)) = 10,1 f(0)) +[1,0® f(1)) — 1,1 @ f(1))
=10,001) —10,1® 1)+ (1,00 0) — |1,1 D 0)

|0,1) —10,0) 4+ |1,0) — |1, 1)

= |_8w__ev| 1) = L) = 10))

SO

FO0) 7 f(1) = [3) = £|=)|-)
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3. apply U; gate

[1b3) ~ 00,0 @ f(00)) +[01,0 & f(01))
10,0 @ £(10)) + [11,0 @ f£(11))
|oop 16 £(00)) + 01,16 £(01))

+10.18 F00)) +]11.1 (1))

4. apply Hadamard gates
[ps) = H®* @ I|yi3)

*, let's analyze all cases for different functionsf
number of cases
Neass = Ca+C{+Ci=1+1+6=38
where [{00,01,10,11}| =4
C}' — binomial coefficient

case 1:(trivial)
f(00) = f(01) = f(10) = f(11) = 0
[a) = (I ® H)|r) = 00-)
case 2:(trivial)

f(00) = f(01) = f(10) = f(11) =1

[3) = Upldbo)
- SA_%:_S:_S I11) A _ :v
= (J00) + 10 + J01) + 1)) (1) = [0))
= —li2)

SO

) = —(1 ® H)Jiby) = —|00—)

397 399
case 3:

F(00) =0, £(01) = 0, £(10) = 1, f(11) = 1
[¥3) ~ 00,0 @ 0) + 01,06 0) + [10,0 ® 1) + 11,0 ® 1)

— (00,1 0) + 01,1 & 0) + (10, 1@ 1) + [11,1 & 1))

= 000) + |010) + |101) + |111)
—(]001) 4 011) + |100) + |110))

= ([00) —[10) + |01) — [11))(|0) — [1))

= ([0) = [1)([0) +[1))(|0) — |1))

~ 7|v+v|v
o)
TFQ = Qm&@m ®~>v_€wv ~ A%~®w ®N>i|u+v|v = ﬁvou |v
398 400
all cases in DJ algorithm for 3 qubits
casef(00) f(01) f(10) f(11) |z, z0,v) |X,y)| answer
1. O 0 0 0 00—) | |0-) | constant
2. 1 1 1 1 100—) |]0-)
3. 0 0 1 1 110-) |]2-)
4, 0 1 0 1 01-) |]1-)
5.1 0 1 1 0 111-) ||3—) balanced
6. 1 0 0 1 111-) |13-)
7. 1 0 1 0 01-) | [1-)
8. 1 1 0 0 110-) | 12-)

x = (21, 29) = 221 + 29
5. measurex

if =0
if >0

= f(z)is constant
= f(z)is balanced
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DJ algorithm for » qubits

1. initialize (n + 1)-qubit state
[1) = 10)*"1)

2. generate equal superposition by applyapdamard gates

) = HEH ) = (HEM|0)®M)| ) = 3M_x_|

3. calculate f by m_o_o_s:@S gate

[3) = Upliba) = /\IMU 1) |-)

406
DJ algorithm for » qubits

4. applyHadamard gate
[g) = (HE™ @ I)|t)3)

) = —= (=070 (177)x)) |-)

5. measure|z) :

= 0= f(x) isconstant
z > 0= f(x) isbalanced

407
quantum Fourier transform (QFT)

e QFT on group (Z>)"
= quantum Hadamard transform

QFT'|x) = H*"|x VXY (N = 2"
|x) = H™"[x) 3MU ly), )
groupZ, = the set{0, 1} with addition modulo 2¢)

group(Z,)" = the set{0, 1}" with addition modulo 2®) bit by bit
o O_n._. on group Zy

QFT|x) = /\| M exp A@%%v ly)

or just <<_50£ the bold face:

QFT|z) — M exp Aﬁév 1)

co

groupZy = the set{0, 1, ..., N — 1}" with addition modulo N )

408
Quantum Fourier Transform

211

N-1
|z} = QFT|— ,\|H| MU exp A%év )

or compactly

z) = [QFT| — — M B)y)

oo ()

QFT of arbitrary pure state of n qubits
N-1 N—-1N-1

) = 3 cala) = [QFT — —— M S ea™y)

x=0 &o@o

where
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Seemingly another implementation of QFT for n=3 problem for Grover’s algorithm

(the needle in a haystack problem)
assumptions

e given anoracle which calculates(z):
Hi S |y1) .
fley=1if z =x

|y0)

Fla) = 0if z £z
@ov " MT _Sv e f(x) can be calculated using ordinary (reversible) computeecod
given in terms of the phase gate (S gate) ajigl(sic!) gate (T gate) problem
10 1 0 find the element, in the least number of oracle queries.
1, T= . average number of evaluations off
04 0 exp(ir/4)

classically =N /2
but it is exactly our scheme as quantumly — ??7?

S =

A

Ro=23, Ry=T examples
e searching a phone book for a name and phone number

e searching a database for a key to crack a cryptosystem

414 . 416
oracle queries

1. oracle query in DJ algorithm

Introduction to quantum algorithms 0y = |2)ly) 2 o)l @ )
(part I1I) a note

in fact, the content of th&arget register |y) is unchanged in the DJ algorithm

Grover's algorithm for searching database and f(z) is encoded in the sign of tfeontrol register |z).

Shor’s algorithm for integer factorization 2. oracle query in Grover’s algorithm
Uylr) = (=1)/“z)
or

Uy =1 — 2|zo) (x|

it is just equivalent to the query in DJ algorithm
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two-qubit Grover’s search of |zy) = |2) three-qubit Grover’s search of |xzy) = |2)
3. phase flip of allz) except|0) 4. Hadamard gate initialization Hadamard gate

<X|y>
o
<x|y>
[=}
<x|y>
o
<x|p>
E

- l0> 11> |2> 13> -t 10> 11> 12> 13> -1 10> 1> 2> 3> 4> [5> 6> [7> 1 0> |1> 2> 3> |4> [5> |6> 7>
- end of 1st Grover iteration 1.1 oracle phase flip dfc) |.2 Hadamard gate
recommended number of repetitions (or queries) ' H
2@:0191 = Hﬁﬁmﬁ./\a\%v . 1 | | }
whereN = 2" = 4 s0 w
»\/\AEninm =1 X .
1 10> 1> 2> [3> 4> [5> 6> [7> 1 0> |1> 2> 3> |4> [5> |6> 7>
. . . 422 424
guantum circuit for two-qubit Grover’s search three-qubit Grover’s search of |z) = |2)
1.3 phase flip of allx) except|0) I.4 Hadamard gate - end of 1st cycle
step Il 1Il.1 1.2 1.3 .4 ) )
qubitA — H — H — H — N
.—hXO .—ho 05 -05
qubitB — H — H — H — . }
0> 1> [2> 3> [4> |5> 6> |[7> 10> 1> [2> 3> |4> 5> 6> |7>
I1.1 oracle phase flip ofz) II.2 Hadamard gate

11> 2> [3> |4> [5> [6> [7>
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Quantum speedup

Grover's search is quadratically faster than classical se&h

Note: It speeds up any kind of database search.

However the maximum advantage is gained in unsorted dasabas
Can we find faster quantum-search algorithms?

Shor’s algorithm is exponentially faster than classicasn

so it possible to find also a search algorithm that fast?
Optimality theorem:

The search problem cannot be solved in less SA% v iterations.

= | Grover’s algorithm is optimal!

But can we find an algorithm that would run, say, twice faster?
Possibly yes, but it is not the issue of the optimality theare

430
guantum entanglement and quantum speed-up
Q: Quantum entanglement is a key resource for QIP. But
do we need it for quantum speed-up in e.g. Grover’s algofthm
A: "Entanglement is neither necessary for Grover’s algorithm
itself, nor for its efficiency.” [Bhattacharya et al., 2002]

Q: Really?
A: Inversion about the average amplitude is a classical psoces

Q: Can Grover’s algorithm be implemented classically?
A: Grover’s algorithm has already been experimentally
implemented using classical Fourier optics.

431
guantum entanglement and database size

Q: Is entanglement useful for Grover’s algorithm at all?
A: Yes. Lack of entanglement limits the database size,
which scales linearly with the beam diameifer
(or D? for a 2D version)
= number of qubits scales only aslog, D

assumeD equal to the size of the universe,10%m
= itis equivalent tox 86 qubits.

This limitation exists for any database containing classitformation.

Q: Anyway, it seems that entanglement is not necessary
for quadratic speed-up.

But do we need it for exponential speed-up?
A: Most probably, yes.

432
How to implement Grover’s algorithm classically?

via classical optical interference

A classical implementation of Grover’s search
[Amsterdam’s experiment of Bhattacharya et al. (2002)]

e quantum probability amplitudes
— a transverse lasé&eam profile
= a complex electric field amplitude(x)
e quantum states, which label items of the database
— continuouscoordinate x
e sought itemz
— narrow area around the “item position’



H X)) OA A H— (1|
N

|c_u__|_ X X um I*cDAO_

SJ1ay10 pue e

wyiiobe luelizeA-uisisulag e
wiyaiobe 1anolis) «
wyliobje uowis « :ul pasn

aunnoJgns wnuenb uowwo e S
wiyiobre r@ wnuenb

“TyspRIA (WIoJSuUel) pJewepeH Jo peaisul) wiojsuel) Jsuno —
syiBus| [eo0y) — ¢ 1/ ‘siouw — ¢ tppnyjdwe abelane ayl Inoge UoISIaUl — Y|

Japlio
uone.a)|
e
TES
X
no /. o ul
sos|nd A (() A ®  osnd
. aje|d ' ale|d
1 vVI T a|oeIO

(2002) "Ie 18 eAreyoeneyg Jo Juawiiadxa s,weplaiswy

oJeas S JaA0l9) Jo uonejuswa|dwi [eaIsse|d
GEV

1ZgoISSILISURI) YIM S1o4iw 8y} Jo suo ybnoiy) paniwsuels)
Y61 spiodaltspolpoloyd Buinow ‘diypunod yoes Jsye «—
nopeal e
‘alaymasie 0 = (,2)0¢
punoJe eaje moueu e ul st 2 1 ¢ = ()0
[(2)0galdxo (2)7 — (@)
(apnujdwre abelane syl Inoge UOISIBAUI = Y|)
aue|d Ja11n04 ay) uig|iyoid aseydsiunduwi yaiym
are|d ajorlo ay1 91| (a1e|d el pajied) are|d aseyd <
{0hdaoxa (z{re Buidd)y aseyd Aq (plsyrew yaiym Siboumm )
sug'eT=1:Ajeaioads
sJo4liw AlIAeD ay) usamiag asind e Jo dupunole «—

uoljelall S, 19N0J9 Yyieo e
VeV

‘alaymasia 0 = (2)"%g
(punoue eare moueu e Ul sI 7 )| ¢ = (2)%g
[(2) " a)dxa ()57 — (2)7
weaq ay) uo ()" @ajyoid aseyde syudwi yaiym
©1e1d ajorA)) po|ed) are|d aseyd «—
(0zhdaoxa (z{re Buiddiy aseyd Aq
Oguay ayy syrew yaiym ‘(0z)/ (18|9eI0 o
wo 09 = &/ ‘'wo oF = Lfsyibus| reaoy yum
Sasug| 19|gnop diewolyoe ‘[ealtayds:Ajeonoads
sosua| Aq pajuawajdwi wiojsuel] JalIN0O4eIISSe|D «—

wiojsuel) plewepeH wnmuenb e
eev



437
Simon’s problem (1994)

it is an oracle problem closely related to Shor’s algorithm
GIVEN:
f:{0,1}" — {0,1}" — a 2-to-1 function such that

Vx#y: f(x)=fly) & y=x0r,

r — a fixedn-bit string called théunction’s period
TASK:
find periodr.

How many oracle queries are required
to find period r?

exponential numbeclassically
polynomial numberquantumly

438
Simon’s algorithm - step by step

initial state

[%0) = [0)¥"]0)" = |0)|0)
e applyn Hadamard @mﬁmm to the firstqubits:

1) = M

Xmﬁo Z,s
where|x) = |z1,z9, -+, xp)
e apply quantum oracle:

|th) = Y. ).

&wﬂxmﬁou%

e measure the last qubits and obtain a certajf{x’) € {0,1}",
which yields the {-qubit) state:

439
0g) = =(X) + [ D 1))
e applyn Hadamard gates to thequbits:
|4) = S (R 4 (e |y
,\w\jr %m?“::
1 /,
= g MoT:x Yy)-
ry=

e measurei),) to gety such that -y = 0.

e repeat the above steps a polynomial number of times
to get, with high probability,
n linearly-independent valugs= {y1,y9, . .., yn} such that
y - r = r, which determines.

440
multiplicative order of an integer

k = ord(z,n) = ord(z)

multiplicative order ofr is the smallest integér for which

k

1=2"modn

Mathematica: MultiplicativeOrder[x,n]

example
ord(8,21) =
8l mod 21 =8
82 mod 21 =64 mod 21 =64 —3-21 =1
= ord(8,21) =2
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Shor’s algorithm to factorize an integer N

1.
2.
3.

If IV is even then return factgi = 2.

Test classically whethe¥ = a’.

Choose randomly an intege1 < a < N) and apply
the Euclidean algorithm to check whether

a andN are coprime, i.e. GC@, N) = 1

If not then choose another

. Prepare two registers:

register #2 has, = [logy N'| qubits
(this is the number of qubits to storé);
register #1 has; = 2ny qubits
(in optimized versions of the algorithm; can be smaller).

446

. Initialize both registers:

[¥1) = [0)®m[1) e

. Apply Hadamard gates to register # 1:

i.e. create an equally-weighted superposition
Ni—1

Xn
o) = HE™M|yhn) = /\3 M |z, 15)

whereN; = 21,

. Apply modular mxuo:m::m_ gate to register # 2:

wav Unod. exp Tme
af' mod 15

Ry 10) 1) 2) vl N 1)

Ro|la” mod N) |a' mod N)

a’> mod N)|... [a™~1 mod N)

447

8. Measure register #2 to get some state
g) = N o2 [h3)
where) is an (unimportant) renormalization constant.
9. Apply QFT' on the register # 1:
[05) = QFTT|uy)

and measure it.

10. Apply the classical method of continued fractions
to find periodr.

11. Ifris even and;, # —1( mod N)
then calculatef =GCD(a’/2 + 1, N)
If f#1orf+# N thenreturnf.
Otherwise repeat the algorithm.

How to factorizeN=15?

1. choosex such that
1<x<N-1, GCDkN)=1
2. find multiplicative order=ord(x):
111 112 1218 114 11° 118
11 1 11 1 11 1 (modN)rsa
3. findy: y>=1 mod N
sincex'=1 mod N thery=x"?=11
4. calculate5CD(y+1,N)=GC[(12,15)=3
GCD(y-1,N) =GC[(10,15)%

e.g.x=11

SO 15=3*5
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lucky, unlucky and bad choices ofau modulo N=15
condition: GCD(a,N)=1

a=3,5,6,9,10,12 = GCD(z,N)#1 =

a a2 a3 aM .. a™14(mod N)

2 4 8 1 2 4 8 1 2 4 8 1 2 4 unlucky

3 9 12 6 3 912 6 3 912 6 3 9 wrong

4 1 4 1 4 1 4 1 4 1 4 1 4 1 lucky

5 10 5 10 510 510 510 510 5 10 wrong

6 6 6 6 6 6 6 6 6 6 6 6 6 6 wrong

7 4 13 1 7 413 1 7 413 1 7 4 unlucky

8 4 2 1 8 4 2 1 8 4 2 1 8 4 .

9 6 9 6 9 6 9 6 9 6 9 6 9 6

10 10 10 10 10 10 10 10 10 10 10 10 10 10

11 1 11 111 111 111 111 1 11 1

12 9 3 612 9 3 612 9 3 6 12 9

13 4 7 113 4 7 113 4 7 113 4

14 1 14 114 114 114 114 1 14 1
a=2,7,8,13 = long period = unlucky choice = harder factorizatio
a=4,11, 14 = short period = lucky choice = easier factorization

bad choice = excluded

h
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Example 2: Factorize againy = 15 but for « =11
1-2.ditto
3. we choose = 11 (lucky choice)
GCD(11,15)=1 = OK
4—6.ditto
7. apply modular exponential gate to register # 2:

_Qwv = QBOQ.@% TEMV

afll mod 15

Ry 10) 1) 12) 255)

Ry 11" mod N)[|111 mod N) [11° mod N)|... [11*° mod N)
=11 =) [=hen=) = |11)

SO

455

RBl[0)] 1) 112)] 13) [14)
Ry |[[1) 1) [[1) [[11) []1) [[11) [1) []11)

—_
~—

8. measure register #2:
for example, we get statel):

L) 3) 15) ||
Ryl [[11) 1) [[11) .|

1hy) = N o(11bg) = N(|1)1 + [3)1 + [5)1 + ...)
where\/ is a renormalization constant

9. apply QFT on the register # 1:
[5) = QFTT|y) = %%X +[128)1)

10. apply the classical continued fraction method
to find periodr

456
11.risevenand # —1 mod N =

GCD(117/2 + 1, 15) = GCD(11 + 1, 15) = GCD(3 4, 3x 5) = 3
GCD(11"/2-1, 15) = GCD(10, 15) =5
which are the sought factors.

Note 1:

To find periodr, one usually has to apply
the complete classical continued fraction method.

Note 2:
Shor’s algorithm resembles Simon’s algorithm

Actually, Shor has found his algorithm by generalizing Si'so
algorithm, i.e. by replacing Simon’s Hadamard transforRmifier
transform overzy') by Fourier transform over .
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7-qubit circuit for Shor’s factorization of N = 15
L A
— 4 H QFTt
~H * A
A B C D E F G H
462

optimized version of the 7-qubit circuit
for Shor’s factorization of ¥ = 15

(gates C, E, F, H are removed)

QFTT -/

L

= N

A B D G

463
Quantum Fourier transform and its inverse for 3 qubits

QFT

|x9) — H|— Ry T R W |90)

|71) H— Ry ly1)

|0) H — |y2)
QFT!=QFTf

ly2) — H —e 7o)

ly1) Ry —{H 1)
|y0) Ry — Ry~ H | |xp)

where the rotations arg, = R(90°), Rz = R(45")
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Outline
Generalized projective measurements
Positive operator valued measure (POVM)
Kraus representation
Damping channels for a single qubit
Imperfect photocount detectors
Bell-state and GHZ-state analyzers

Fidelity and other measures of quality of the state geioera

© N o 0 bk~ w0 Db P

Entanglement measures
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POVM operators
are not projective measurements

o Lol 1=l
1+ (ulv) 1+ (ulv)
A =1—-A,— A, = inconclusive measurement

probabilities of measurements
P = (¢]Ail¥)
=  P,=|af*(1 —cos), P,=|8]*(1—cosh), Pr=]|a+p*cost
special input states
V) = |u) = P,=0 = detector D, will not click

[¢) = |v) = P,=0 = detector D, will not click

an optical implementation of POVM

optical implementation of POVM

D,
DC
D<
BS \ BS \ .
PBS .
0‘
o M
7l n
HWP o Hwp -
(H) H (NoT)?
@)

471
Neumark’s theorem

One can extend the Hilbert spakeof states, in which thel, are defined, in

such a way that there exists, in the extended sjig@eset of orthogonal and

complete projector:) (11| such that4,, is the result of projectingy) (x| from
K into H.

physical implication

There always exists an experimentally realizable pro@danerating any
desired POVM represented by given matriees

most Omsm_.m_ measurement operator

It is also generally thought that a POVM belongs to the mosega test to
which a quantum system may be subjected.

analogy

a pure state of the bipartite system AB may behave like
a mixed states when we observe subsystem A alone,

similarly

an orthonormal measurement of the system AB may be
a nonorthonormal POVM on A alone

472
Kraus representation
= operator sum representation

an elegant representation to describe open system dynamics

basic idea

e The final state of an open system cannot be described by aytraasfor-
mation of the initial state.

e So let’s analyze evolution djoth the system and environment
p(0) = ps(0) ® pu(0) — psi(t) = U(t)ps(0) @ pe(0)U(¢)
e reduced density matrix

ps(t) = Tee {pse(t)} = > _({ki}lpse(t)|{k:})
{k:}

where|{k;}) = |ky---k;--) =11 @ |k;)

is an orthonormal basis of the environment Hilbert space
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damping channels for a single qubit

1. amplitude-damping channel

0)510)p — 10)50)

1)sl0) — /1= p|1)gl0) p + /pPl0)s[1) &
2. phase-damping channel

0)510) g = V1 =pl0)s0) g + /Pl0)5|1)
Dsl0)p — 1 =pl)sl0) g+ vpI1)sl2) 5

e itis a ,caricature” model of decoherence in real systems

e no bit flip in system!

3. depolarizing channel

90 = VT BI0) s +[E[oatilsls + ol s

+o. @ngi

478
conditional measurements using imperfect photocounters
/ 7 7/ -
& | b, .

% w

%& Ww H\H/H mv .%soszm f N, photons

% % b, . s photens _n_uv |v'_wW N, photons

% \wp N, photons F' Z» v:oﬁozm

pr =N Try, 0, (TR 0) (D)

:@wv POVM for thekth imperfect photocounter detectiig. photon
|®) |four-mode state before the measurements

p1 | single-mode state after the measurements

N |renormalization constant

POVM for photocount detectors (1)

» Perfectly-Resolving Photon Counter

S gV _\Az:v N(q__,,\Mn
Y A=Al

m=0 n=0 . ..
n —inefficiency
v —dark count rat

» Conventional Photon Counter (CPC)

8

~

Mg = M "(1-n)"|m{m  (No dclicks)

N¢=1-N¢% (click)

* Dark count rate ~100-1000 st

POVM for photocount detectors (1)

» single-photon counter

= M ml_\ﬁ_.lava_ BX 3 ( no clicks)
=3 St s G (el

_n_,m_ —1- _n_“_ -MY" (2 clicks)

« high dark count rate ~10% g1
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What Bell states can uniquely be distinguished in
the (Pan-Zeilinger) analyzer?
notation: particles A,B; modes 1,2

1. general input state

[Yin) = alHa)|Hp) + B|Ha)|VB) +|Va) Hp) + 6|Va)|Vi)

2. state after PBS;
if horizontal (vertical) polarization component is trarited (reflected) then

V) = a|Hao)[Hp1) + BlHa2)|Vi2) + v|Vai) | Hp1) + 0|Va1)|Vaa)

3. indistinguishability of photons
implies that we can omit subscripts B:

) = a|Hy)|Hy) + 5| H2) Vo) +v[Vi)|Hy) + 35_@

1 1 1 _
= /\MAD\ + %v_@ch + MAQ - V_@Q,OV + ﬂﬂﬁ + J\v_@c:ﬁwv + NAQ - Q\v_@ccmv

where

@) = i:é_@ =)V}, v

(Vi) 1)1

CE@V

%I

486
4. state after quarter-wave plates and detection

¢ quarter-wave plateschange polarizations as follows
1 1
H)) — —=(H:) +|Vi)), Vi) = —=([H;) —|Vi
| H;) /bﬁ_v Vi), Vi) S(H:) = 1V)
° Doﬁm..n_o_\d .UH @@T @N .Ue\f bw u,\ .U.H umm

e Case 1:

[Bh) = ) = (1200 |25) + VIV

then photons are detected in D1 and D4 or D2 and D3
e Case 2: )
@) = W) = 5 (1Y) + Vi) ) )
then photons are detected in D1 and D3 or D2 and D4
e cases 3,4:

(05— 5 (JE) 0 & | L) o) — [VIVi)  [Va)[16) )

then both photons are detected in either D1, or D2, or D3, or D4

GHZ-state analyzer

D1 D3
D2 D4
PBS1 ')\ '\/\
PBS2 D5
HWP HWP
D6
e D
PBSap PBS;c
o o
B C
488

polarization GHZ states

+y_ L
9%) = s (D)) +V)V) V)
¥) = (V) + 1H)V)IV)
u5) = (1)) + V)V
1 1
05) = S5 (I mIV) + V)W)l

o the Pan-Zeilinger analyzer discriminates between
only two (|o*+)) among2?V GHZ states
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QND — Fock filter

Kerr

PS

Key: Kerr nonlinear medium described by 3rd order susceptjhyit’
|a) — strong coherent field
PS — phase shifter

QND measurement does not destroy coherence of the signal

state, but only adds extra phase, which can easily be corresd.

494

Kerr effect and QND _

()
vacuum > -
o1
- —
_Q—.O_QQ BS1 BS2 D2
0
\ /
> Kerr ——p >
signal medium /z
M1 M2

495
Measures of quality of the state generation

1. Fidelity
= Uhlmann’s transition probability for mixed states

F(pesps ) = ?; «%&«ﬂﬁ

Pexp — density matrix for the experimentally generated state
P — theoretically predicted density matrix

2. Bures distance

a measure of discrepancy betweep, andp,:

bmmmmxt__xw;v =2-2 mquGa: \wﬁrv

e it satisfies the usual metric properties including symmetry

Umgei _Prv = Dp Qw:ﬂ_ _moxvv

496
3. Quantum relative entropy = Kullback-Leibler ‘distance’

S(allp) =Tr(olgo —algp)

it is not a true metric since
S(allp) # S(pllo)

4. MaxLik parameters
- used by us in the tomographic reconstruction of physicatite matrices

5. Relative entropy of entanglement

minimum of the quantum relative entropy

over setD of all separable statgs

B(s) = min,epS(ollp) = 5(alls)

p is the separable state closestto
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Negativity
[Zyczkowski et al. PRA'98, Eisert, Plenio JIMO’99, Vidal, Wer, PRA02]

a quantitative version of the Peres-Horodecki entanglemdn
criterion [Peres, PRL'96, Horodecki et al., PLA'96]

N(p) = max{0, —2 min; p;}

N(p) = max{0, =23 pi;}
where p; eigenvalues of the partial transpose op

Logarithmic negativity
En(p) = logo[N(p) + 1]

a measure of the PPT entanglement cost
[Audenaert et al. PRL'03, Ishizaka PRA04]

En gives upper bounds on the teleportation capacity and the
entanglement of distillation £ [Vidal, Werner PRA02]

502

geometric measure of entanglement

entangled states

S(0 |l Pecp)

o)
Q

P sep

separ able dates

503
Relative entropy of entanglement (REE)
[Vedral, Plenio, Jacobs, Knight, PRA'1997]
E(o) = inf)epS(allp) = S(ollp*)
p* —the closest separable state 10
guantum relative entropy
or a quantum Kullback-Leibler distance
S(allp) = Tr (o logo — ologp)
NOTE:
S(o||p) is a “distance” betweens and p
e butitis not a true metric:
it is neither symmetric nor satisfies the triangle inegyalit
e itis not a unique measure of the distance:
see also Bures measure with the Uhlmann transition prabefat fidelity)
S'(o]lp) = 2 — 2/F(o, p) with F(a, p) = [Tr(\/po/p)"/*)

504
Bell-inequality violation

For two qubits the Bell inequality due to Clauser, Horne, Shi
mony and Holt (CHSH) [PRL'69]:

'Tr (p Bopsn)| < 2
where Bell operator is

Bensun=a-c®@ (b+b)-oc+a-cx((b-b) o
and arbitrary p in Hilbert-Schmidt basis is

3
p=1 A~®~+~..Q®~+~®m.Q+M ?:Q:@st
n,m=1

with w:i =Tr AE On & Q.Sv

Horodecki et al. [PLA'95] showed that

maxp.yqy 1 (p Bensn) = 2/ M(p)
whereM (p) = max; -y, {u; + uy};
u; are eigenvalues df, = T T,; T), = [tum]sx3
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509 511

Questions

real teleportation

1. Can we find analytical examples of two-qubit states for Alice

which entanglement measures impose different orderings ? Bob
Am v K._OCG

. 277 ¥

2. Are there mixed states more entangled than pure states ??~ imperfect BSM @
ABCD
: : ot . L AE@ED imperfect U
3. Can we find a physical process manifesting the different ), \ P
orderings ? < W, <
1@ 2 @(—®3

*

R
lin) 8 imperfect EPR state D

E(p')> E(p™) 0 F(p)>F(p")

510 512
Upper & lower bounds for negativity vs concurrence
. . 1 ;
_Qmm._ ._“m_m—uo—.._..m._.._o_\d — pure & Werner states %
Horodecki states )
Bennett, Brassard, Crepeau, Jozsa, Peres, Wootters (1993) 08 ¢
Alice Bob .....%
o< b= 4_ out) 0.6}
O >
.. MJ 15 ;
A B CD h
BSM .D-. ABEDN <04
<« 7 % R
1 @ 28— @3 2
ooo . . . .mm”n..
in) o8 oo s or s o 1

concurrence

teleportation fidelity F = 0n | p,, |In0O=1

Numerical simulations of x 10* states.
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517
States specifically violating the ordering condition

z A P 1] 5 A

Vo.m v .Wom .Wo.m \\ K

muob ) \\\ . ch» 7 4 4 m.vos \ﬂ/\x\

= (] K>
° " concurrence " “concurrence ©© " " concurrence
(a) states with constant negativity
(b) states with constant concurrence
(c) states for whicl(p1) — C'(p2) = —[N(p1) — N(p2)]
518

States specifically violating the ordering condition
p(p,a) = plo—) (-] + (1 = p) ) (gl
with [1g) = /1 — ¢|00) + /g|01)

then
N(p(p,q)) = /1 —=2p(1 —=p)(1—q) — (1 — p)
C(p(p,q)) =p

e Three classes of states

1. states with the same negativityV:

No[No+2(1—-p)]—p?

p'=pp,q)forq = ==55=5
2. states with the same concurrencé’:
"= p(Co, q)

3. states giving exactly opposite predictions:

— " mo__ [N(p)+C(p)+1-2p]*~1
p" = plp.q") for ¢" = 1 + =F—= = —

519
REE vs concurrence and negativity

REE for Bell diagonal (including Werner) states

By (C) = Ey(N) = $[(1+C)log(1+C) + (1 — C)log(1 - O) ]
REE for pure states

Ep(C) = Ep(N) = H (31 + V1= 7))

REE for Horodecki states

o = Cly—) ([ + (1 = C)|00)(00]
Ey(C)=(C—=2)log(1—=C/2)+ (1 —C)log(l — C)

Ep(C=+2N{1+N)-1)

520
Numerics for two-qubit REE:

[Vedral and Plenio, PRA'1998]
Caratheodory’s theorem:
Any state inD can be decomposed into a sum of

at most(dim(H 4) x dim(Hz))? products of pure states.

Thus, any disentangled 2 qubit state can be given by

16
p = pilai) (W ail ® [¥pi) (¥Bil
=1

1=

= there are at most15 + 16 x 4 = 79 real parameters
How to minimize S(s||p) over 79 parameters?

S(a||p) is a convex function

D is a convex set (convex hull) of its pure states

a convex function over a convex set can only have a globalmuim
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All cases of different state orderings

Table 1: All cases of different state orderings by E, C & N.

A —
N ml
LA =
g || I
7 174 7
3. 4 A 5
AT A1
u 1T
sl
V17
174
1 NoSia
mumud = N\Hi
i i a
7 174
10,4 11,
1]
AT 1
|
7
T 13. — 14. i
== —H Pmn
[ 1] ]
74 7\ i 1

Class | Concurrences | Negativities | REEs

1 C(o') < C(o”) |N(¢') < N(¢”")| E(0') < E(0”)
2 C(o") < C(d”) |N(¢') > N(¢”")| E(0') < E(0")
3 C(o') > C(d") |N(¢') < N(¢")| E(0') < E(0")
4 C(o") < C(a") |[N(0') < N(o") | E(c’) > E(c")
5 C(o'y=C(d") |IN(c') = N(o") | E(0') = E(0")
6 C(o') < C(o”) |N(¢') = N(c¢") | E(0)) < E(0")
7 C(o')=C(c") |N(¢') < N(¢")| E(0') < E(0")
8 C(o') < C(d”) |IN(0) < N(o")| E(c') = E(o”)
9 C(o")=C(d") |N(¢') = N(¢") | E(0') < E(0")
10 C(o) < C(a") | N(o') = N(o") | E(0’) = E(0”)
11 C(o'y=C(d") |IN(o') < N(¢") | E(0') = E(0")
12 C(o') > C(0”) |N(¢') = N(¢") | E(0)) < E(0")
13 C(o')=C(c") |N(¢') > N(¢”)| E(0') < E(0")
14 C(o') < C(o") |N(0’) > N(o")| E(c') = E(o")

525

526

527

Quantum information processing
with quantum dots

1. based on electron spins of quantum dots
using optical methods

2. based on nuclear spins of quantum dots
using NMR methods

528

What are the quantum dots?

Quantum dots (g-dots or artificial atoms) are
small metal or semiconductor boxes that hold a well-defined
number of electrons

useful property
number of electrons in a g-dot can be adjusted by changing
the dot electrostatic environment
parameters
number of electrons: from 0 to hundreds
size of g-dots: from 30 nm to 1 micron
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533

conduction band

v

_<v3
vaence band

Level structure of quantum dots in V configuration

) ) 534
Hamiltonian for

N three-level g-dots interacting with v + 1 fields

H = NWQU + M;J + wa:?
NW@U = MAMMov%wo |_|Am.A VQ: |_|MA VSEV

n

Hp = mEo%mom,\m@o% + M EEMEA&%JS@MS“

wa:w - MN@Q 93 Qo@ + AQ\M v+ @o_
+ M ﬂﬁm @nm/b.m@@ + QMB\%MHY
n
where thenth dot operator is;,Y = |z),,(y|

Note: Q-dots are coupled only indirectly via the
cavity and laser fields

535
Derivation of g-dot interaction Hamiltonian

o L
3-level Hamiltonian for |g,, >, |e;, >, |vy >, @m v_ Geay

]

. I L
effective 2-level Hamiltonian for |g,, >, |e,, >, @M@ v_ Qeay

]

effective spin-spin interaction Hamiltonian for |g,, >, |e,, >

]

equivalent-neighbor (SVW) Hamiltonian

536
Hamiltonian after adiabatic elimination
Heg w n#m 3335 Tmﬁms\@mib —An)t 4 %3 QS@\AD: Ap)t g
where
RBSQV — |Q:QVDQ33A$
t) = vl @ 1 1
gn(t) = g0gu 1 B (1)) A>§ +

DEMZ\V — EMSV o €MWW — Weaw A\& = e, .Qv

Dz = EMS — EM:V + EM:V — Weany = DEM:V — DEM:V

Adiabatic elimination requires
1. coupling strength, cavity decay rate, and thermal fluina

< B, AW gV — gl
2. valence-band levels),, are far off resonance.
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Quantum computer in a cup of coffee?

caffeine molecule

- qubits encoded in nonequivalent C-nuclei

CsH10N4O2

CHs
|
N O

MT

N
/ “CHs
CHEMICAL NAME : 3,7-Dihydro-1,3,7-trimethyl-1H-purine-2,6-dione

542

three qubits encoded in
13C-labeled alanine molecule

» E
| 0

Alanine

(alaf &)

J-coupling Hamiltonian for carbon-13 nuclei

Hiy = 116 + 106 + 156 + WA&S%M:&& + Iy e 4 %a&:@@v

543
NMR guantum computing in nanostructures

oscillating
magnetic-fiel

high-frequency currerjt

%’ antenna
| fhsulator

| B 1
mc:?ﬂuso:xkbkmm\l
| |
barrier \

GaAs ﬂ
o

barrier :
point contact channel

GaAs backgate

544
energy levels of spin 1=3/2
. — 3 -mv
e 2" 2
Q, Gy =0 tTag &mw
3 -mv
Gy T Tt — 2" 2
- Q\Hm Hﬁro Q.MN 7W Wv
RREN e — 2'2
o Coy = Co ~ Gy \||||Q.\E.| 3 MV
LT } 2'2
Zeeman guadrupole 2nd order
interaction interaction shifts

Acmcm__v\ :m@_moﬁmqv



Aouanbaly uoneinu ay) sI ¥g L = MMmalaym

(Y ws o 4 9 500 “0) é:m = oriyy
oy s

awrely Buirelol syy Ul UBIUO)ILEH ©
.w.wn\d — HO;HHR‘H\.J

90URUOSaI U0 18s 8s|nd '}l ay) Buunp ueiuoyjiweH uids
Kouanbauy soualajal Js1swoads sy st m —

piay *y1 Buneioso sy Jo apnyjdwe ayy sI g —

as|nd ayy jo aseyd ay si ‘¢ —

QQA&% + m_ﬁs\vvmoﬂu tm — vatm

pial asind “J1 ue Bunelauab sixe-rbuofe si |10

suondwnsse e

suolelol-A pue -x
87S

“190m = g 104 (9) 201 fenba s1 yoyMm

‘ ﬁ 2/ 10mP 0

0 /90, m.u— - Twctmg do = Aaw:\dvum
&/ M0mi—

T g
Jorebedoid ay) Jo swa) Ul

()2l ("0m)7yg = ((")h]

uonenba J1abuIpeyaS Jo uonnjos

N.@Cmdﬁ% = oum\\
ueluojjiweH e
SPIRINEYIM WBISAS g/T-uIds © JO UolIN|oAa 83l 0] Spuodsallod

uolnelol-7
sanbiuyoal YINN BIA suonelol

LYS

1]
ee=lool=
Fe=tol=

2=t

ava

ogbuole anels 14D uauodwod reuipnibuo| — A

(uoissadaud JowueT)

aue|d A—x ay) ul Buissaoald g Jusuodwod asiaAsuel) — XA

plal ‘1’1 8y Jo usuodwod pjaly anaubew — g

pIay onaubew onels — °g

suids Jeajonu Jo 8|quIasua Ue JO 10108A uoeznaubew — JA[

uolssadald Jowue]

upnb |9A8]-¢ = 1renbnb = 11enb

A 0 .83 03
20 A SS -
® Im )
0,
v v 3
A SN -
m03 ~
m €20 %0
-
-
- -
v -

sugnb renuiA g o1 uajeainba siluenb



« solution of Schodinger equation

for a pulse at resonant frequeneyof durationt,, which corresponds to the
nutation anglé, = wy.t,, and general phasg, can be given as

where thepropagator is

%A&? %nv =

e Special cases

1 i
Al 5
Xo(5) = o,\m@\m Lol Xp(5) = ommf,\
2
0 0 01 00
1 i 1
i V=5l i
N 0O 10 0 Y 57
Xo(5) = oL ol You(5) = N
V2 V2
0 00 1 0 0
0 — 00 0 —
- -0 00 - 10
Lvﬂamﬂ.v = 00 10 |- ;Hmﬁ.v = 00
0 0 01 00

V(tp)) = X(¢p, 0,)|1(0))

1

eXp ﬁ|ihﬁwcﬁ ﬁm_

ih

exp ﬁ - Wm%ﬁ o8 ¢y, + 0y sin ﬁwL

Op

cos & —i exp(—ig,)sin 3

2
—1exp(igy) sin e% cos %

NA%EVVNA&»VNA\&:V

=l

549

Op

550

o o
o
R

_ o O O

o O

N~ —~ O o o

—_

O = O O
_ o o O

551
Who has introduced NMR quantum computing?

the method has been developed independently by:
1. Cory, Fahmy, Havelin the article on "NMR spectroscopy: an ex-
perimentally accessible paradigm for quantum computitg96)

2. Gershenfeld and Chuangn "Bulk quantum computation” (1996).

How to generate pseudo-pure states?
pseudo-pure states (PPS) or effective pure states
can be obtained via

1. spatial averaging

2. temporal averaging

3. logical labeling
Here, we describe only a version of spatial averaging.

552
How to obtain pseudo-pure states?

population of the spin energy level k)
N = \»l‘lm%|\av>

where
N m\/\mgo ngo
A= ___Z70 A=
4 kT’ AkpT’

N — total umber of spins
wy — Larmor frequency
Note: A does not contribute to the observed NMR signal
Assumption: quadrupole interactiore Zeeman interaction
ee— A — relative occupation of the corresponding quantum level
3) o0
|2) ecee
|1) eeceee
|0) eoceeeee
thermal
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NMR spectra for pseudo-pure states of two spin-1/2 systems

0

N

01 N_/ ) ks Eq
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2/13
11
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2 23 | |00) pp

@

(b)

1 [01) pps
(©)

21 2 | [10) pps
(d)

28 2 | |11) pps

(e)

L

Key: Lepulation 'Bpg _ nseudo-pure states, Eq - equilibrium [Matetsi /03]

energy level?

equilibrium
0

Q.o“_. £m Q.Nw

NMR spectra for a quartit
PPS 7oov PPS GHV nnm|iov PPS |THV
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experimental generation of pseudo-pure states

AR, (kQ)

How to rotate “qubit” B in a quartit?

qubit A

(a
0.3 )

(b)

T

0.1

I:C‘T!l.;.\.maoarm?
10) 2-oe— 1 1y
1) _‘Th”.\.mnuolwba

L 100) O-@——*
. W\/)\/\/Jﬁ

-
XTI

ese
-

in solid-state systems of?Ga nuclei

0.2

(ke2)

201

AR

qubitB =

R.(6)

60.68 60.62

RF frequency (MHz)

[Hirayamaet al.!06]
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NOT gates via rotations Hadamard gates via rotations
o NOT gate for a qubit o Hadamard gate for a qubit
o=, = || 3] = ix(m A=y 1| = ixmie - vz

« NOT gate for qubit A in a quartit o Hadamard gate for qubit A in a quartit

o
o]
o O
—_
o
]

1
0

o
o
)
(e

0
5 | = ¥3e(m) X (1) ¥ (5) Ko=) Vil —5) Vo )

1
USor = Uxor® I = = Ufior = i Xoa(m) Xi(7) V2|1
0

o =
— O
o O
o O =

o NOT gate for qubit B in a quartit

0100 1100
B s 1000 B % . . N 1 {1-100 5 S S
QZOH =1I® QZO% = 0001 = QZOH = Nkc;ﬁvum‘ww?ﬂv N‘Nm =I® H= a 00 1 1 = @vﬂ:;ﬁ.vs;mvx&mﬂ.vM\MMWAWV
0010 00 1-1
566 568
NMR spectra for classical gates in a spin-1/2 system Equivalent realizations of Hadamard gate HZ (up to factor 1)
(a) NOF (b)NOT(1)  |(c) NOT(12)  |(d) NOT(IL12) |(e) XOR1 (f) XOR2
Wy, — L
Aol Ll . o1
M T qubit A
. . = W, — H® —
(g) XNOR1 (h) XNOR2 (i) SWAP () SWAP+NOT | (k) SWAP+XOR] (I) SWAP+XOR2
qubitB — H — —_ -
* V 1y W3
‘_y [ A ﬁ I
(M) SWAP+  |(n) SWAP+ (0) SWAP+NOT |(p) SWAP+NOT |(q) SWAP+NOT |(r) SWAP+NOT T T
XNOR1 XNOR2 +XOR1 U+XOBN D+XZOEH +XNOR2 — <AMV J— XANM-V j— — NA:V J— <AMV J—
| _
# j T _ 4 0 -
= U T O TR T Y@M xmk JzmH Y@ -
ij L1 ibtﬁ
g I
[Maheshet al!03]
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CNOT gates of 3 virtual qubits #2

CNOT,, CNOT,, CNOT4 CNOT,,

— iy 1 — [

110 110 H 1 L 19

o0 Lot e Lo
L9 10 1 100 10
__|o1 o1 __ o1 d1
__joig 01 __[0o10  __|o10
ot ot oy oot

|00  —000  __ 000  _— |000)

pulses are applied simultaneously

574
SWAP gates via rotations

Uswap = = UcxotiUcnoTm2UcnoT!

o O O
o = O O
o O = O
— o O O

which acts as follows
Uswap Ag_%v +e1]01) + c[10) + &_:vv = ¢5]00) + e5]01) + ¢1]10) + e3]11)

similar gates
10 0 0 10 00
~ 00-10 - - 00 —20 5
q"mﬁw»ﬂ = 01 0 0 = M\HmAﬁ.Y W\(Cw@ = 0—; 0 0l ‘XMMAﬁ.v
00 0 1 00 01

relation between them

Uswap = @m:«% - diag([1,1, —=1,1]) = diag([1, =1, 1,1]) - Udwap
Uswap - diag([1,4,4,1]) = diag([L, 4,4, 1]) - Usyap

575
NMR implementations of two-qubit algorithms

1. Deutsch-Jozsa algorithm [Chuagigal. 98, Joneset al. 98]
2. Grover search algorithm [Jonesal. 98]
3. quantum Fourier transform [Fat al!99]
4. quantum error detection [Leureg al. 99]
5. quantum simulations [Somarebal 99]
6. dense coding [Faret al’99]
7. Hogg algorithm [Zhwet al/01]
8.

guantum erasers [Teklemarianal 02]

Hogg algorithm — a highly structured search algorithm

576
What can be done with two-virtual qubits?

NMR implementations of two-qubit algorithms on spin-3/2 nudei:

1. demonstration of classical gates
[Khitrin et al’00, Sinhaet al.01, Kumaret al.02]

2. demonstration of quantum gates

[Sarthouret al’03, Kampermanet al.02, Steffen’03,
3. generation of Bell states

[Sarthouret al!03, Kampermanret al.02]
4. quantum tomography

[Bonk et al.04, Steffen’03, Kampermanet al.05]
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exemplary NMR spectra for
Deutsch m_oo:H:B in 2 qubits
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exemplary NMR spectra for
Deutsch m_oo:%3 _: a Qcm::
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a circuif for Grover’s search in a auartit

step Il .1 .2 .3 .4

- | HzeoH T Hzo -

2 2

W —HA H 8 —Z(-m—H"HE —Z(-)—H " H® —

Wy3 — I | Nﬁwv 1 I ﬂ I —

a circuit for Grover search in two qubits

stepll 1L L2 1.3 .4
qubitA — H — — H — —_— H —
A"xO ﬁo
qubitB — H — — H — — H —

584
NMR detections of magnetization of a spin-3/2

e M,,-detection of a two spin-1/2 system enables determinatfaheo off-
diagonal elements marked in boxes:

poo P01 P02 po3
P L1 p11 pro P13
P20 po1 pao P23
| p30 031 P32 pss |

e M,,~detection of a spin-3/2 system gives the other off-diatyeleaments:

[ poo P01 poa pos
~ [P1d P11 P12 P13
£20 P21 P22 P23
| P30 P31 P32 ps3

e M -detection of a spin-3/2 system gives:

od po1 po2 pos
pro P p1a p13
P20 P21 P22 pog
P30 P31 ps2 033



Amvmo\% — mﬁm% Amvmowm — :WN

suonisuel) uojoyd-aaiy)

H\% — 2@ Amvmﬂ% — @ﬁ
mo% — wm ﬁmmvmowm‘ — NMN

/
Kl
~— o

suonisue.) uojoyd-om

Amvmm\% — oWN nﬂmvmmwm — mmmN
Amvﬁ\w — wﬁ Amvm&m — mm
Amv:& — Nﬁ Amvswm — Hﬁ

suonisuel) uojoyd-a|buis

alels 1uenb e Jjo Aydeibowol 10y Suonelod JO 18S [einjeu e
885

(suoneiol-A Buipnjour) sinopeal g1 0s

A 9=(T+2+€)
00 .
10 o
N._”x
ot —
X
Ely €2y

T

Wa1SAs |ana|-{ Jo Aydeibow o)

IXAAAL XAXXAL ‘ANAL TAXAXIT XX AIXI

ALAAIL XAIAIL “XIIA I TAAXIE XX AAXXXA XXAINA IXXXIX AXIXAL XIAIAI
AAXAIIXAXIAIXA AXXAAXXX XXX UAAI XX XXX XAXXAA AXIAXA
XXAAIA TAXIIX XAl IX IXIXAL TAALAL TIXAXE TIXXXTIXNXTAAIXIA ‘AIXIAX

XXXAXX XANAL'A IAIXE XHAAA TAIXIA XAAAAX AAXIXX TAAIX XAIAXTAXI

Al XXXXAX A XAXIX AAXI TAAIXA XIXIXA XIAXXT IXXAAA ‘TAXAA XXI
STAX XAXAIA ‘I IA AIXXX XXAXXA TAIAAX IXATAL AAXXXIT WX AXIIXI
AIXAIA “XIAX I AAAAAX IXXXXX AAXXAL XXXXIX X XAIHAA ‘TAAXA
AXAAXTAXXIAA XIIA ALAATAXA AXAINA XIXIXX XAAXX] IXIXITAIXAX XXXAIX
XXAIALTAXI TAAA XA AAAAX TTAXAX XXIXXA AIXXIA XAAIX IXXAAL'ANIXI
TAIXXA AXANX XIXA ALAIAXAA XAXIXX IXIAIIXXIAA AHAXX XAAXI XIXAIA
‘IAIX AXCAXAIXT XXHAA TTAAXX AAXXI AAAAAA ‘HHITXXXXXX <= Q=U

AX IALALAI XXAXA TALAX XIXXX AXXIX XXIXT AAXAA AIAAI

HIAX TAXX] ‘AX X XAXAA XXIA IXAAX XIAIX AHIXA ‘IXIAX AXXXT XAAIX
XIAXETANL Al XIX AAAAL XIXAA ‘IXAXA AAIXX ‘IXAIA TAXIT XXIAL “XIAXX
‘AA IXA IXXAX AIXIEIXAA AAAXX XX AAAAA ‘IHITXXXXX <= G=U

ALATIXIEAIXE XAIIXAX AXAA

11X A CAARX XA TAXT TAXA XXAX AL XXAA AAIL NI XXXX = H=U
AALAXXUMA XAX AITXXX <= e=U
ALXNXX <= z=U I'X <= T=U

sugnb-uo Aydeibowol 10} Suonelod JO S18S 18aYlo ‘2
98S

@Em%@%m%emc;
AX=0 ‘X®X=%y TO®L=4
AOY =% YOX=% [OY ="y
AD[=fy XO[=% O]

Wy

s1qnb z jo AydeiBowol 10y suoirelos Jo 18s s,Buenyd T

HI = 0
s@pnelado [euonelol uasoyd Apiadold ybnoayy dkurew Asuap
[eulfipdeirelol Ag paulelqo ag ued sjuswsd Xuyew Bulurewsal ayl e
JodsiuaWale awos Ajuo aAlb suonodalap “pypue Ly e
seapl a|dioulid

"SJuswiaInNseaw YN JO shouas e ul d Xurew
Ausuap uaaIb e Jo uononsuodal 819]dwod 1o} poylsw e sl

Aydeibowoy arels wnuenb YAIN
8G

S



N/

589
rotations in M_.-based tomography

e.g.
@ mﬁﬁmﬁNwH = »vm«o;wv

w@% = po1 — pio + p11)
WQS + po1 + p1o+ p11)
P22
P33

p after Rs = Xoy(%)

Poo

P11 ...
1
5(p22 — pa3 — p32 + p33)
WAEN + pa3 + p32 + p33)

so let us apply both rotation before read-outs

590

tomography without three-photon rotations

Xo3(0) = Mw_%iuwc_%vw\_mﬁ\i
= M\SAiWQ%IS uﬁli
= %:Aﬁvumi\@w\c;\i
= Yas(m) X02(0)Yas(—7) X
= You(m)Yas(m) X12(—0)Ya3(—7) Yo (—7)

X13(0) = Ya3(7) X19(6)Yas(—7)
> = M\:Aiwmmﬂlw 12(—7),
Yi3(0) = w@%iw@m%v wwﬁli
> = NE?K@AISSMAIQJ
Xoa(0) = %Xi%i&ﬂ%li
) = M@Ai%il@u\e;liv
Yoo(0) = Yio(m)Y0a(0)Yi1o(—)

= You(m)Y12(—0)Yor(—7)

tomography of 8-level system

+6 +5 +4 +3 +2 +1=28
so 56 readouts (including X and Y-rotations)

592

111
110
101
10
01

010

oo“_v

ooov

NMR implementations of 3-qubit algorithms on spin-1/2 nucle

1
2
3.
4
5

10.

. generation of GHZ states

[Laflamrakal ! 97]

. quantum error correction [Cost al/98]
quantum teleportation [Nielsezt al 98]
. Deutsch-Jozsa algorithm [Lindenal. 98]

. refined Deutsch-Jozsa algorithm for entangled qubits m[&tial’00]

(a meaningful test of quantum parallelism)

Grover algorithm (with cancellation of systematic esjor
[Vandersyperet al.00]

guantum simulation [Tsereg al.00]
Schulman-Vazirani algorithm (a cooling scheme) [Chenal 01]
noiseless subsystems [Vidaal.01]

guantum Fourier transform [Weinsteihal /01]
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Physical principles of
quantum computing

Number of transistors doubling cvery 18 months.

1,000,000,000 —
Itanium

1. Superposition
2. Interference
3. Entanglement
e el 4. Non-cloning

wosen 5. Uncertainty

R
«" o7 BOSE

100,000,000 = Number of transistors doubling-avary 24 months,

10,000,000 —f

Number of transistors on
an integrated circuit
El

10,000 —

gﬂuﬂw purely quantum applications of QC

1. Quantum cryptography
2. Quantum teleportation

[source: Wikipedia]

598
end of Moore’s Law?
e how to provide energy to a chip? mﬁ_/\m.:.ﬁm@ es O.—“ OO
e how to cool down a chip?
As power-driven heat can cause major malfunctions. * superfast (Shor) and fast (Grover) algorithms

“Chip with 3nm-length gates would overheat itself.” [Ganii .
.  understanding new aspects of measurement theory
e when the gate length 5 nm quantum effects become important

gate lengths  improvement of precision spectroscopy
37.nm in 2007 « understanding dissipation in mesoscopic system
~5nmin 2015-2018

quantum tunneling * partial control of decoherence
source & drain are so close that the electrons will tunnel « quantum state m:o_smm::@

even if voltage is not applied to the gate
= Heisenberg uncertaintybecomes important

= transistor becomes unreliable

» guantum simulations
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