
2

K
ey

w
or

ds

•
qu

an
tu

m
lo

gi
c

ga
te

s

•
qu

an
tu

m
en

ta
ng

le
m

en
t

•
qu

an
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m
cr

yp
to

gr
ap

hy

•
qu

an
tu

m
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le
po

rt
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io
n

•
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go
rit

hm
s

•
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tu

m
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co
rr
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tio
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•
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m
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m
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ra
ph
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•
so

lid
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ta
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im
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em
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ta
tio
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qu
an

tu
m

co
m

pu
tin

g

1

M
et

ho
ds

of
Q

ua
nt

um
In

fo
rm

at
io

n
P

ro
ce

ss
in

g

(w
ith

an
em

ph
as

is
on

op
tic

al
im

pl
em

en
ta

tio
ns

)

A
da

m
M

ira
no

w
ic

z

e-
m

ai
l:

m
ira

n@
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u.
ed

u.
pl

ht
tp

://
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n8
.p

hy
sd
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m

u.
ed

u.
pl

/
∼

m
ira

n

su
m

m
er

se
m
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te

r
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tin

g

1.
Q

u
a
n
tu

m
C

o
m

p
u
tin

gb
y

Jo
ac

hi
m

S
to

lz
e,

D
ie

te
r

S
ut

er

2.
A

p
p
ro

a
ch

in
g

Q
u
a
n
tu

m
C

o
m

p
u
tin

g
by

D
an

C
.M

ar
in

es
cu

,G
ab

rie
la

M
.M

ar
in

es
cu

3.
In

tr
o
d
u
ct

io
n

to
Q

u
a
n
tu

m
C

o
m

p
u
ta

tio
n

a
n
d

In
fo

rm
a
tio

n
ed

ite
d

by
H

oi
-K

w
on

g
Lo

,T
im

S
pi

lle
r,

S
an

du
P

op
es

cu

4.
Q

u
a
n
tu

m
C

o
m

p
u
tin

gb
y

M
ik

a
H

irv
en

sa
lo

5.
E

xp
lo

ra
tio

n
s

in
Q

u
a
n
tu

m
C

o
m

p
u
tin

g
by

C
ol

in
P

.W
ill

ia
m

s,
S

co
tt

H
.C

le
ar

w
at

er

6.
Q

u
a
n
tu

m
In

fo
rm

a
tio

n
P

ro
ce

ss
in

g
ed

ite
d

by
G

er
d

Le
uc

hs
,T

ho
m

as
B

et
h

7.
Q

u
a
n
tu

m
C

o
m

p
u
tin

gb
y

Jo
se

fG
ru

sk
a

8.
Q

u
a
n
tu

m
C

o
m

p
u
tin

g
a
n
d

C
o
m

m
u
n
ic

a
tio

n
s

by
S

an
do

r
Im

re
,F

er
en

c
B

al
az

s

3
B

as
ic

te
xt

bo
ok

:

1.
Q

u
a
n
tu

m
C

o
m

p
u
ta

tio
n

a
n
d

Q
u
a
n
tu

m
In

fo
rm

a
tio

n

by
M

ic
ha

el
A

.N
ie

ls
en

an
d

Is
aa

c
L.

C
hu

an
g

(C
am

br
id

ge
,2

00
0)

R
ev

ie
w

ar
tic

le
s

on
qu

an
tu

m
-o

pt
ic

al
co

m
pu

tin
g:

1.
L

in
e
a
r

o
p
tic

a
lq

u
a
n
tu

m
co

m
p
u
tin

g,
P

.K
ok

,W
.J

.M
un

ro
,K

.N
em

ot
o,

T.
C

.R
al

ph
,J

.P
.D

ow
lin

g,
G

.J
.

M
ilb

ur
n,

fr
ee

do
w

nl
oa

ds
at

ht
tp

://
ar

xi
v.

or
g/

qu
an

t-
ph

/0
51

20
71

.

2.
L

in
e
a
ro

p
tic

s
q
u
a
n
tu

m
co

m
p
u
ta

tio
n
:

a
n

ov
e
rv

ie
w

,
C

.R
.M

ye
rs

,R
.L

afl
am

m
e,

fr
ee

do
w

nl
oa

ds
at

ht
tp

://
ar

xi
v.

or
g/

qu
an

t-
ph

/0
51

21
04

.

3.
Q

u
a
n
tu

m
o
p
tic

a
ls

ys
te

m
s

fo
r

th
e

im
p
le

m
e
n
ta

tio
n

o
fq

u
a
n
tu

m
i

n
fo

rm
a
tio

n
p
ro

ce
ss

in
g,T

.C
.R

al
ph

,f
re

e
do

w
nl

oa
ds

at
ht

tp
://

ar
xi

v.
or

g/
qu

an
t-

ph
/

06
09

03
8.

4.
Q

u
a
n
tu

m
m

e
ch

a
n
ic

a
ld

e
sc

ri
p
tio

n
o
fl

in
e
a
r

o
p
tic

s
J.

S
ka

ar
,J

.C
.G

.E
sc

ar
tin

,H
.L

an
dr

o,
A

m
.

J.
P

hy
s.

72
,1

38
5-

13
91

(2
00

5)
.
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18.

F
u
n
d
a
m

e
n
ta

ls
o
fQ

u
a
n
tu

m
In

fo
rm

a
tio

nedited
by

D
ieter

H
eiss

19.
E

xp
e
rim

e
n
ta

lA
sp

e
cts

o
fQ

u
a
n
tu

m
C

o
m

p
u
tin

g
edited

by
H

enry
O

.E
veritt

20.
Q

u
a
n
tu

m
C

o
m

p
u
tin

g
:

W
h
e
re

D
o

W
e

W
a
n
tto

G
o

To
m

o
rro

w
edited

by
S

am
uelL.B

raunstein

21.
Q

u
a
n
tu

m
In

fo
rm

a
tio

nby
G

ernotA
lber

etal.

22.
T

h
e

P
h
ysics

o
fQ

u
a
n
tu

m
In

fo
rm

a
tio

n
edited

by
D

irk
B

ouw
m

eester,A
rtur

K
.E

kert,A
nton

Z
eilinger

23.
Te

m
p
le

o
fQ

u
a
n
tu

m
C

o
m

p
u
tin

gby
R

iley
T.P

erry
(free

dow
nloads

atw
w

w
.toqc.com

)

24.
Q

u
a
n
tu

m
C

o
m

p
u
ta

tio
nedited

by
S

am
uelJ.Lom

onaco,Jr.
(free

dow
nloads

atw
w

w
.cs.um

bc.edu/
∼

lom
onaco)

25.
L

e
ctu

re
N

o
te

s
fo

r
P

h
ysics:

Q
u
a
n
tu

m
In

fo
rm

a
tio

n
a
n
d

C
o
m

p
u
ta

tio
n

by
John

P
reskill

(free
dow

nloads
atw

w
w

.theory.caltech.edu/people/presk
ill/ph229).

5
9.

A
n

In
tro

d
u
ctio

n
to

Q
u
a
n
tu

m
C

o
m

p
u
tin

g
A

lg
o
rith

m
s

by
A

rthur
O

.P
ittenger

10.
Q

u
a
n
tu

m
C

o
m

p
u
tin

gby
M

.N
akahara,Tetsuo

O
hm

i

11.
P

rin
cip

le
s

o
fQ

u
a
n
tu

m
C

o
m

p
u
ta

tio
n

a
n
d

In
fo

rm
a
tio

n
-

V
o
l.1

by
G

iuliano
B

enenti,G
iulio

C
asati,G

iuliano
S

trini

12.
P

rin
cip

le
s

o
f

Q
u
a
n
tu

m
C

o
m

p
u
ta

tio
n

A
n
d

In
fo

rm
a
tio

n
:

B
a
sic

T
o
o
ls

A
n
d

S
p
e
cia

lTo
p
icsby

G
iuliano

B
enenti

13.
Q

u
a
n
tu

m
O

p
tics

fo
r

Q
u
a
n
tu

m
In

fo
rm

a
tio

n
P

ro
ce

ssin
g

edited
by

P
aolo

M
ataloni

14.
L

e
ctu

re
s

o
n

Q
u
a
n
tu

m
In

fo
rm

a
tio

n
edited

by
D

agm
ar

B
ruß

,G
erd

Leuchs

15.
A

S
h
o
rtIn

tro
d
u
ctio

n
to

Q
u
a
n
tu

m
In

fo
rm

a
tio

n
a
n
d

Q
u
a
n
tu

m
C

o
m

p
u
ta

tio
n

by
M

ichelLe
B

ellac

16.
Q

u
a
n
tu

m
C

o
m

p
u
ta

tio
n

a
n
d

Q
u
a
n
tu

m
C

o
m

m
u
n
ica

tio
n

by
M

laden
P

avicic

17.
S

ca
la

b
le

Q
u
a
n
tu

m
C

o
m

p
u
te

rs:
P

a
vin

g
th

e
W

a
y

to
R

e
a
liza

tio
n

edited
by

S
am

uelL.B
raunstein,H

oi-K
w

ong
Lo

8
qubit=

quantum
bit

•
the

sm
allestunitofquantum

inform
ation

•
physically

realized
by

a
2-levelquantum

system
w

hose
tw

o
basic

states
are

conventionally
labelled
|0〉

and|1〉
•

B
y

contrastto
classicalbits,

a
qubitcan

be
in

an
arbitrary

superposition
of’0’and

’1’:

|ψ〉
=
α|0〉

+
β|1〉

w
ith

norm
alization

condition|α| 2
+
|β| 2

=
1.

•
m

atrix
representation

ofqubitstates:

|0〉
=

[
10

]

,
|1〉

=

[
01

]

|ψ〉
=
α|0〉

+
β|1〉

=
α

[
10

]

+
β

[
01

]

=

[
αβ

]

7
a

tw
o-levelatom

/system

|g〉
-

ground
state

|e〉
-

excited
state

–
physicalnotation

|g〉
=

[
01

]

,
|e〉

=

[
10

]

–
inform

ation
notation

|g〉
=

[
10

]

,
|e〉

=

[
01

]

•
P

aulim
atrices

σ̂
x ≡

[
0

1
1

0

]

,
σ̂
y ≡

[
0
−
i

i
0

]

,
σ̂
z ≡

[
1

0
0
−

1

]

.

•
rasing

(̂σ
†)

and
low

ering
(̂σ)

energy
operators,

=
atom

ic-transition
operators

σ̂
†

=
σ̂
x

+
iσ̂

y

2
=
|e〉〈g|,

σ̂
=
σ̂
x −

iσ̂
y

2
=
|g〉〈e|,

σ̂
z

=
σ̂
†σ̂−

σ̂
σ̂
†

=
|e〉〈e|−

|g〉〈g|
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qu

an
tu

m
(lo

gi
c)

ga
te

s
ba

si
c

qu
an

tu
m

ci
rc

ui
ts

op
er

at
in

g
on

a
sm

al
ln

um
be

r
of

qu
bi

ts

th
ey

ar
e

fo
r

qu
an

tu
m

co
m

pu
te

rs
w

ha
t

cl
as

si
ca

ll
og

ic
ga

te
s

ar
e

in
co

nv
en

tio
na

lc
om

pu
te

rs

P
au

li
X̂

ga
te

=
qu

an
tu

m
N

O
T

ga
te

=
bi

tfl
ip

X̂
≡
σ̂
x

=

[
0

1
1

0

]

X̂
|k
〉=
|1
⊕
k
〉,

k
=

0,
1

ex
am

pl
es

X̂
|1〉

=
X̂

[
0 1

]

=

[
1 0

]

=
|0〉

X̂
(α
|0〉

+
β
|1〉

)
=

[
0

1
1

0

]
[
α β

]

=

[
β α

]

=
β
|0〉

+
α
|1〉

9
qu

di
ts

=
qu

ni
ts

d
-d

im
en

si
on

al
qu

an
tu

m
st

at
es

,g
en

er
al

iz
ed

qu
bi

ts

|ψ
〉 d

=

d
−

1
∑ n
=

0

c n
|n
〉

w
ith

no
rm

al
iz

at
io

n
co

nd
iti

on
d
−

1
∑ n

=
0

|c n
|2

=
1

sp
ec

ia
lc

as
es

2D
qu

di
t=

qu
bi

t

3D
qu

di
t=

qu
tr

it

4D
qu

di
t=

(q
u)

qu
ar

tit
=

qu
qu

ar
t

5D
qu

di
t=

(q
u)

qu
in

tit

...

op
tic

al
qu

di
ts

ar
e

sp
an

ne
d

ind
-d

im
en

si
on

al
F

oc
k

sp
ac

e

12
ph

as
e

ga
te

Ŝ
=

[
1

0
0
i

]

H
ad

am
ar

d
ga

te

Ĥ
=

1 √
2

[
1

1
1
−

1

]

ex
am

pl
es

Ĥ
|0〉

=
1 √
2

[
1

1
1
−

1

]
[

1 0

]

=
1 √
2

[
1 1

]

=
1 √
2
(|0
〉+
|1〉

)
≡
|+
〉

Ĥ
|1〉

=
1 √
2

[
1

1
1
−

1

]
[

0 1

]

=
1 √
2

[
1 −
1

]

=
1 √
2
(|0
〉−
|1〉

)
≡
|−
〉

Ĥ
|+
〉=

1 √
2

[
1

1
1
−

1

]

1 √
2

[
1 1

]

=
1 2

[
2 0

]

=

[
1 0

]

=
|0〉

Ĥ
|−
〉=
|1〉

11

P
au

li
Ẑ

ga
te

=
ph

as
e

fli
p

Ẑ
≡
σ̂
z

=

[
1

0
0
−

1

]

Ẑ
|k
〉=

(−
1)
k
|k
〉,

k
=

0,
1

ex
am

pl
e

Ẑ
(α
|0〉

+
β
|1〉

)
=

[
1

0
0
−

1

]
[
α β

]

=

[
α −
β

]

=
α
|0〉
−
β
|1〉

P
au

li
Ŷ

ga
te

=
ph

as
e

fli
p

+
bi

tfl
ip

Ŷ
≡
σ̂
X

=

[
0
−
i

i
0

]

Ŷ
|k
〉=

i(
−

1)
k
|1
⊕
k
〉,

k
=

0,
1

ex
am

pl
e

Ŷ
(α
|0〉

+
β
|1〉

)
=

[
0
−
i

i
0

]
[
α β

]

=
i[
−
β α

]

=
−
iβ
|0〉

+
iα
|1〉
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qubitrotations
•

rotations
on

B
loch

sphere

R̂
n (2θ)

≡
exp

(−
iθ

n
·
σ̂

)

=
σ̂
I
cos

θ−
in
·
σ̂

sin
θ

=
σ̂
I
cos

θ−
i(n

x σ̂
x

+
n
y σ̂

y
+
n
z σ̂

z )
sin

θ,

•
P

aulim
atrices

(and
identity

m
atrix)

σ̂
x
≡
[

0
1

1
0

]

=
|0〉〈1|+

|1〉〈0|,

σ̂
y
≡
[

0
−
i

i
0

]

=
−
i|0〉〈1|+

i|1〉〈0|,

σ̂
z
≡
[

1
0

0
−

1

]

=
|0〉〈0|−

|1〉〈1|,

σ̂
I
≡
Î

=

[
1

0
0

1

]

=
|0〉〈0|+

|1〉〈1|

σ̂
=

(σ̂
x ,σ̂

y ,σ̂
z )

13

B
loch

representation/sphere

|ψ

x

z

y

θφ

|0

|1
|0

+
 i

|0
|1

+
2

|1
2

|ψ〉
=

cos
(
θ2

)

|0〉
+
e
iφ

sin
(
θ2

)

|1〉

16
B

loch
vector

(P
aulivector)

for
a

qubit
•

in
any

pure
state|ψ〉

=
cos

(
θ2

)

|0〉
+
e
iφ

sin

(
θ2

)

|1〉

w
e

have

r
B

lo
ch ≡

(r
x ,r

y ,r
z )

=
(sin

θ
cos

φ
,sin

θ
sin

φ
,cos

θ)

•
in

any
m

ixed
state

ρ̂
=

[
ρ

11
ρ

12

ρ
21
ρ

22

]

=
12 (σ̂

I
+

r
B

lo
ch ·
σ̂

)
(so-calledP

aulibasis)
=

12 (σ̂
I
+
r
x σ̂

x
+
r
y σ̂

y
+
r
z σ̂

z )

w
e

get

r
B

lo
ch

=
〈σ̂〉

=
T
r[ρ̂
σ̂

]

=
(T

r[ρ̂
σ̂
x ],T

r[ρ̂
σ̂
y ],T

r[ρ̂
σ̂
z ])

=
(2R

eρ
21 ,2Im

ρ
21 ,ρ

11 −
ρ

22 )

15
•

rotations
aboutk

=
x
,y
,z

axes–
specialcases

of̂R
n (θ)

R̂
k (θ)

=
exp
(−
i
θ2 σ̂

k

)
=
σ̂
I
cos

θ2 −
iσ̂

k
sin

θ2

or
explicitly

X̂
(θ)
≡
R̂
x (θ)

=

[
cos

θ2
−
isin

θ2

−
isin

θ2
cos

θ2

]

Ŷ
(θ)
≡
R̂
y (θ)

=

[
cos

θ2
−

sin
θ2

sin
θ2

cos
θ2

]

Ẑ
(θ)
≡
R̂
z (θ)

=

[
e −

iθ/2
0

0
e
iθ/2

]

•
D

o
w

e
need

allX
Y
Z

-rotations?
N

o!
e.g.

w
e

can
om

itZ
-rotation

as

Ẑ
(θ)

=
X̂

(
π2 )Ŷ

(θ)X̂
(−

π2 )
=
Ŷ

(
π2 )X̂

(−
θ)Ŷ

(−
π2 ).

•
any

single-qubitgate
can

be
w

ritten
as

a
decom

position
Z

Y
(or,equivalently,X

Y
or

X
Z

)

Û
=
e
iα
R̂

n
(θ)

=
e
iα
Ẑ

(θ
1 )Ŷ

(θ
2 )Ẑ

(θ
3 )
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K

ro
ne

ck
er

te
ns

or
pr

od
uc

t
le

t

A
=

[
a

11
a

12

a
21
a

22

]

,
B

=

[
b 1

1
b 1

2

b 2
1
b 2

2

]

th
en

A
⊗
B

=

[
a

11
a

12

a
21
a

22

]

⊗
[
b 1

1
b 1

2

b 2
1
b 2

2

]

=

   

a
11

[
b 1

1
b 1

2

b 2
1
b 2

2

]

,
a

12

[
b 1

1
b 1

2

b 2
1
b 2

2

]

a
21

[
b 1

1
b 1

2

b 2
1
b 2

2

]

,
a

22

[
b 1

1
b 1

2

b 2
1
b 2

2

]

   

=

   

a
11
b 1

1
a

11
b 1

2
a

12
b 1

1
a

12
b 1

2

a
11
b 2

1
a

11
b 2

2
a

12
b 2

1
a

12
b 2

2

a
21
b 1

1
a

11
b 1

2
a

22
b 1

1
a

12
b 1

2

a
21
b 2

1
a

11
b 2

2
a

22
b 2

1
a

12
b 2

2

   
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•

E
xe

m
pl

ar
y

pr
oo

f:
T
r[
ρ̂
σ̂
x
]
=

T
r[

1 2
(σ̂

I
+
r x
σ̂
x

+
r y
σ̂
y

+
r z
σ̂
z
)σ̂

x
]

=
1 2
T
r[
σ̂
I
σ̂
x

+
r x
σ̂
x
σ̂
x

+
r y
σ̂
y
σ̂
x

+
r z
σ̂
z
σ̂
x
]

=
1 2
(T

r[
σ̂
I
σ̂
x
]+

r x
T
r[
σ̂
x
σ̂
x
]+

r y
T
r[
σ̂
y
σ̂
x
]+

r z
T
r[
σ̂
z
σ̂
x
])

=
1 2
(T

r[
σ̂
x
]+

r x
T
r[
σ̂
I
]+

r y
T
r[
−
iσ̂

z
]+

r z
T
r[
iσ̂

y
])

=
1 2
(0

+
2r

x
+

0
+

0)

=
r x

m
or

eo
ve

r

T
r[
ρ̂
σ̂
x
]
=

T
r

(
[
ρ

11
ρ

12

ρ
21
ρ

22

]

·[
0

1
1

0

]
)

=
T
r[
ρ

12
ρ

11

ρ
22
ρ

21

]

=
ρ

12
+
ρ

21
=
ρ
∗ 21

+
ρ

21
=

2R
e
ρ

21
=

2R
e
ρ

12

•
P

ro
pe

rt
ie

s:
|r B

lo
ch
|=

1
–

fo
r

pu
re

st
at

e,
|r B

lo
ch
|<

1
–

fo
r

m
ix

ed
st

at
e

20
m

at
rix

re
pr

es
en

ta
tio

n

|ψ
〉=

α
|00
〉+

β
|01
〉+

γ
|10
〉+

δ|1
1〉

=
α

[
1 0

]

⊗
[

1 0

]

+
β

[
1 0

]

⊗
[

0 1

]

+
γ

[
0 1

]

⊗
[

1 0

]

+
δ[

0 1

]

⊗
[

0 1

]

=
α

   

1 0 0 0

   
+
β

   

0 1 0 0

   
+
γ

   

0 0 1 0

   
+
δ   

0 0 0 1

   

=

   

α β γ δ

   
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tw
o-

qu
bi

tp
ur

e
st

at
es

|ψ
〉=

α
|00
〉+

β
|01
〉+

γ
|10
〉+

δ|1
1〉

no
ta

tio
n

of
tw

o-
m

od
e

st
at

es

|ψ
〉=
|ψ
′ 〉 A
⊗
|ψ
′′ 〉
B
≡
|ψ
′ 〉 A
|ψ
′′ 〉
B
≡
|ψ
′ ψ
′′ 〉
A
B
≡
|ψ
′ ψ
′′ 〉

m
at

rix
re

pr
es

en
ta

tio
n

|00
〉=

[
1 0

]

⊗
[

1 0

]

=

   

1 0 0 0

   
,

|01
〉=

   

0 1 0 0

   
,|

10
〉=

   

0 0 1 0

   
,|

11
〉=

   

0 0 0 1

   
,
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Introduction
to

quantum
-opticalcryptography

basic
cryptographic

term
s

Vernam
protocol

quantum
key

distribution

B
B

84
protocol

security
and

no-cloning
theorem

a
note

quantum
cryptography

is,probably,
the

m
ostim

portantapplication
ofquantum

optics
now

adays

21
U

niversalsetofgates
for

quantum
com

puting
•

rotations
ofsingle

qubits

•
any

nontrivialtw
o-qubitgate

(e.g.,C
N

O
T,N

S
,C

Z
)

C
Z

and
C

N
O

T
gates

C
Z

=
controlled

phase
gate

(C
P

hase)

=
controlled

sign
gate

(C
S

ign)

controlbit
targetbit

C
Z

C
N

O
T

|0〉
|0〉

|0,0〉
|0,0〉

|0〉
|1〉

|0,1〉
|0,1〉

|1〉
|0〉

|1,0〉
|1,1〉

|1〉
|1〉

−
|1,1〉

|1,0〉
or

equivalently
C

Z
:|q

1 ,q
2 〉
→

(−
1)
q
1 q

2|q
1 ,q

2 〉
C

N
O

T
:|q

1 ,q
2 〉
→
|q

1 ,q
1 ⊕

q
2 〉

w
here

q
k

=
0,1

and
q
1 ⊕

q
2

=
m

od
(q

1
+
q
2 ,2).

24

basic cryptographic term
s (I)

P
laintext

a string of num
bers (letters) of our digital alphabet

E
ncryption

a com
putation w

hich is usually quick and easy to perform
D

ecryption
quick and easy com

putation is only w
hen som

e 
additional inform

ation is available 
otherw

ise it is very long and tim
e consum

ing com
putation

K
ey

a set of instructions to
encrypt and decrypt a m

essage, 
e.g., random

ly chosen series of num
bers know

n 
to A

lice and B
ob only

23
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ex
em

pl
ar

y 
di

gi
ta

l a
lp

ha
be

t
0
1
 A

0
2
 
Ą

0
3
 B

  
  
0
4
 C

  
  
0
5
 

Ć
0
6
 D

  
  
0
7
 E

  
  
0
8
 

Ę
0
9
 F

  
  
1
0
 G

1
1
 H

  
  
1
2
 I
  
  
1
3
 J

  
  
1
4
 K

  
  
1
5
 L

 
1
6
 Ł

1
7
 M

  
  
1
8
 N

  
  
1
9
 

Ń
2
0
 O

2
1
 Ó

2
2
 P

  
  
2
3
 Q

  
  
2
4
 R

  
  
2
5
 S

 
2
6
 
Ś

2
7
 T

  
  
2
8
 U

  
  
2
9
 V

  
  
3
0
 W

3
1
 X

  
  
3
2
 Y

  
  
3
3
 Z

  
  
3
4
 

ś
3
5
 
Ź

3
6
 _

  
  
3
7
 -

3
8
 ?

  
  
3
9
 ,
  
  

4
0
 .

cl
ea

rt
ex

t: 
 A

 D
  A

 M

pl
ai

nt
ex

t: 
01

06
01

17

25
ba

si
c 

cr
yp

to
gr

ap
hi

c 
te

rm
s 

(I
I)

ci
ph

er
1.

 e
nc

ry
pt

io
n 

sc
he

m
e 

=
 c

ry
pt

og
ra

ph
ic

 a
lg

or
ith

m
 

=
 m

at
h.

 fu
nc

tio
n 

fo
r 

en
cr

yp
tio

n 
an

d 
de

cr
yp

tio
n

us
in

g 
a 

ke
y

2.
 e

nc
ry

pt
ed

 m
es

sa
ge

 =
 c

ip
he

rt
ex

t =
 c

ry
pt

og
ra

m
 

cr
yp

to
sy

st
em

=
 c

ry
pt

og
ra

ph
ic

 a
lg

or
ith

m
 

+
 a

ll 
ke

ys
 +

 a
ll 

cr
yp

to
gr

am
s 

+
 a

ll 
cl

ea
rt

ex
ts

cr
yp

to
lo

gy
=

 c
ry

pt
og

ra
ph

y 
+

 c
ry

pt
oa

na
ly

si
s

28
as

ym
m

et
ric

 a
lg

or
ith

m
s

=
 p

ub
lic

-k
ey

 a
lg

or
ith

m
s

cl
ea

rt
ex

t

pl
ai

nt
ex

t

ci
ph

er
te

xt

pl
ai

nt
ex

t

cl
ea

rt
ex

t

E
nc

ry
pt

io
n 

us
in

g 
ke

y 
k 1

(p
ub

lic
 k

ey
)

D
ec

ry
pt

io
n 

us
in

g 
ke

y 
k 2

(p
riv

at
e 

ke
y)

27
sy

m
m

et
ric

 a
lg

or
ith

m
s

cl
ea

rt
ex

t

pl
ai

nt
ex

t

ci
ph

er
te

xt

pl
ai

nt
ex

t

cl
ea

rt
ex

t

E
nc

ry
pt

io
n 

us
in

g 
ke

y 
k

D
ec

ry
pt

io
n 

us
in

g 
th

e 
sa

m
e 

ke
y 

k

ke
y 

di
st

rib
ut

io
n
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eavesdropping on classical system
 

tw
o steps:

1.
E

ve m
akes a copy (clone) of 

the inform
ation carrier 

2. and reads inform
ation from

 the copy

passive m
onitoring of

classical inform
ation is possible

29

first paper on quantum
 cryptography

1983 (1970 !) 

by S
tephen W

iesner 
first description of quantum

 coding

H
ow

 to print banknotes,                              
w

hich cannot be counterfeited

H
ow

 to com
bine tw

o
m

essages such
that 

by reading one ofthem
,

the other is autom
atically destroyed

32

n
o

-clo
n

ing
 theo

re
m

T
his is one of the m

ost fundam
ental theorem

s of 
quantum

 m
echanics and quantum

 inform
ation

�
quantum

 cryptography
is secure

�
superlum

inal com
m

unication
by using entangled states is im

possible

�
quantum

 teleportation
seem

s to be also im
possible ??? 

[W
ootters,  ś

urek and D
ieks (1982)]

It is im
possible to m

ake a copy of an unknow
n quantum

 state.

31

eavesdropping on quantum
 system

E
ve cannot clone the inform

ation
as

she does not know
 the state

of the
„carrier”

of inform
ation

m
onitoring disturbs 

quantum
 inform

ation
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cr
ys

ta
l

en
ab

le
s 

di
sc

rim
in

at
io

n 
of

 p
ol

ar
iz

at
io

ns
 p

er
pe

nd
ic

ul
ar

 to
 e

ac
h

ot
he

r

ph
ot

on
s 

po
la

riz
ed

ho
riz

on
ta

lly

ph
ot

on
s 

po
la

riz
ed

ve
rt

ic
al

ly

ph
ot

on
s 

w
ith

 s
la

nt
ed

 
po

la
riz

at
io

na 
bi

re
fr

in
ge

nt
 c

ry
st

al
fo

r 
ex

am
pl

e 
Ic

el
an

d 
sp

ar
 (

ca
lc

ite
) 

or
B

B
O
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H
ei

se
nb

er
g 

un
ce

rt
ai

nt
y 

pr
in

ci
pl

e

1.
It 

is
 p

os
si

bl
e 

to
 d

is
in

gu
is

h 
tw

o 
po

la
riz

at
io

ns
 a

t a
 =

 0
o

an
d

90
o

2.
It 

is
 p

os
si

bl
e 

to
 d

is
in

gu
is

h 
tw

o 
po

la
riz

at
io

ns
 a

t a
 =

 4
5o

an
d

13
5o

3.
 It

 is
 p

os
si

bl
e 

to
 c

ha
ng

e 
qu

ic
kl

y 
po

la
riz

at
io

n 
(e

.g
. b

y 
P

oc
ke

ls
 c

el
l)

4.
 B

U
T

it 
is

 im
po

ss
ib

le
 to

 m
ea

su
re

 
si

m
ul

ta
ne

ou
sl

y 
fo

ur
 p

ol
ar

iz
at

io
ns

 a
t 

a
=

0o ,
 9

0o ,
 4

5o ,
 1

35
o

pa
ss

iv
e 

ea
ve

sd
ro

pp
in

g 
is

 im
po

ss
ib

le
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B
B

84

2 
st

ag
es

:
1.

qu
an

tu
m

 k
ey

 d
is

tr
ib

ut
io

n 
   

 
2.

cl
as

si
ca

l e
nc

ry
pt

io
n 

e.
g.

V
er

na
m

 p
ro

to
co

l

P
R

O
B

LE
M

:
H

ow
 c

an
 A

lic
e 

an
d 

B
ob

 e
st

ab
lis

h 
th

ei
r 

co
m

m
on

 k
ey

?

35
sc

he
m

e 
of

 B
en

ne
tt 

&
 B

ra
ss

ar
d 

(1
98

4)
 

=
 B

B
84

 p
ro

to
co

l
tw

o 
ch

an
ne

ls
:

1.
 q

ua
nt

um
 p

riv
at

e 
fo

r 
ke

y 
di

st
rib

ut
io

n
2.

 c
la

ss
ic

al
 p

ub
lic

 (
e.

g.
 in

te
rn

et
) 

fo
r 

ci
ph

er
 tr

an
sm

is
si

on

A
lic

e
B

ob

ke
y

ci
ph

er
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exam
ple of V

ernam
 protocol

K
ey is a series of random

 num
bers:

1
6

 1
9

 2
4

 0
3

 1
3

 2
4

 0
7

 2
5

 1
0

 2
3

 2
0

 1
9

 2
2

 3
8

 1
4

 1
6

 1
2

 
1

6
 1

1

cleartext:
A

  D
  A

  M
  _

  M
  I  R

  A
  N

  O
  W

  I  C
  Z

  _
  Z

  
O

N

plaintext:
0

1
 0

6
 0

1
 1

7
 3

6
 1

7
 1

2
 2

4
 0

1
 1

8
 2

0
 3

0
 1

2
 0

4
 3

3
 3

6
 3

3
 

2
0

 1
8

--------------------------------------------------------------------------------------------

S
um

:1
7

 2
5

 2
5

 2
0

 4
9

 4
1

 1
9

 4
9

 1
1

 4
1

 4
0

 4
9

 3
4

 4
2

 4
7

 5
2

 4
5

 
3

6
 2

9

S
um

 m
od (40):

1
7

 2
5

 2
5

 2
0

 0
9

 0
1

 1
9

 0
9

 1
1

 0
1

 4
0

 0
9

 3
4

 0
2

 0
7

 1
2

 0
5

 
3

6
 2

9

cipher

37
Vernam

cipher/protocol(1918)
=

C
he

G
uevara

cipher
=

one-tim
e

pad

algorithm
addition

m
oduloN

(e.g.
40)

key
1.

a
series

ofrandom
ly

chosen
num

ber

2.
physically

safe

3.
notshorter

than
the

length
ofm

essage

Vernam
cipher

is
unbreakable

ifthe
above

conditions
are

satisfied.

40

B
B

84 (2)

2
. B

o
b

 ra
n

d
o

m
ly ch

o
o

se
s th

e
 m

e
a
su

re
m

e
n

t b
a

se

0
1
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2

 0
3

 0
4

 0
5

 0
6

  0
7
 0

8
 0

9
 1

0
 1

1
 1

2
 1

3
 1

4
 1

5

| 
-

\
| / / 

\
| / -

|
\

\
-

\
polarization of

+
 

x
+

+
 x x 

+
+

 x +
 

x
x 

+
+

 x   
B

ob’s base

| 
\

-
| / / 

|
| / -

/
\

-
-

\
polarization of

A
lice’s photons

photons after
m

easurem
ent
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B

B
84 (1)

co
n
ve

n
tio

n

| (
a
 =

 90
o ) a

n
d
 \

(
a
 =

 135
o )  =

>
 

b
it 1

-
(

a
 =

 0
o )  a

n
d
 / (

a
 =

 45
o )   =

>
 

b
it 0

1
.A

lice
 se

n
d
s p

h
o
to

n
s

0
1

 0
2

 0
3

 0
4

 0
5

 0
6

  0
7
 0

8
 0

9
 1

0
 1

1
 1

2
 1

3
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4
 1

5

+
 +

 x +
 x x x +

 x +
 +

 x x +
 x 

b
a
se

| -
\

| / / \
| / -

| \
\

-
\

p
o

la
riza

tio
n

1
 0

 1
 1

 0
 0

 1
 1

 0
 0

 1
 1

 1
 0

 1
 

b
it 
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B
B

84
 (

4)

4
. 
A

lic
e
 a

n
d
 B

o
b
 k

e
e
p
 o

n
ly

 t
h
o
se

 r
e
su

lts
 

o
b
ta

in
e
d
 f
o
r 

th
e
 s

a
m

e
 b

a
se

s
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 .
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B
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B
B

84
 (

3)

3
. 
A

lic
e
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n
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 B

o
b
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u
b
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 c

o
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p
a
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B
B

84
 (

6)
6.

 T
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y 
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e 
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B
B
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 (
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5
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E

ve’s
strategy

ofeavesdropping
(I)

E
ve

m
easures

a
photon

sentby
A

lice

(e.g.
by

using
another

calcite
crystal)

Q
U

E
S

T
IO

N

W
hatis

the
probability

that
a

single
photon

w
as

m
easured

by
E

ve,
butA

lice
and

B
ob

have
notrealized

it?

A
N

S
W

E
R

P
=

34

the
probability

is
surprisingly

high!

45
Testofagreem

ent

1.
A

lice
and

B
ob

com
pare

arbitrary
subsetoftheir

data.

(O
bviously,the

tested
subsetis

then
notused

for
the

key.)

2.
M

ethods:

(a)testing
bitafterbit

(b)testing
parity

e.g
20

tim
es⇒

(1/2)
20∼

0.000001

3.
Ifthe

subsetreveals
eavesdropping,

allthe
data

ofA
lice

and
B

ob
are

rejected
and

the
B

B
84

protocolis
repeated.

4.privacy
am

plification
via

e.g.
B

ennett-B
rassard-R

obert,E
kertetal.

orH
orodeck

ietal.
schem

es

48

security of B
B

84

for 1 photon P
1 =

3/4
so for n photons P

n =
(3/4) n

e.g.
P

2 =
(3/4) 2

~
 0.56

P
10 =

(3/4) 10
~

 0.06
P

20 =
(3/4) 20

~
 0.003

P
100 =

(3/4) 100
~

 10
-13

and for 1000 photons 
P

1000 =
(3/4) 1000

~
10

-125

47

strategy of eavesdropping
A

lice
    E

ve
      B

o
b

+
         +

        +1
/2

              =
1
/2

A
lice

    E
ve

      B
o
b

+
         x        +

|         /        |
1
/2

*1
/2

     1
/2

     =
1
/8

A
lice

    E
ve

      B
o
b

+
         x        +

|         \
|

1
/2

*1
/2

    1
/2

      =
1
/8

B
ase

P
olarization

P
robability
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qu

an
tu

m
 a

lg
or

ith
m

s 
an

d 
cr

yp
to

gr
ap

hy
19

85
 D

eu
ts

ch
(D

eu
ts

ch
-J

oz
sa

 / 
D

J)
 a

lg
or

ith
m

:
H

ow
 to

 s
ee

 b
ot

h 
si

de
s 

of
 a

 c
oi

n 
si

m
ul

ta
ne

ou
sl

y?

19
94

S
ho

r
al

go
rit

hm
 fo

r 
nu

m
be

r 
fa

ct
or

iz
at

io
n:

 
H

ow
 to

 b
re

ak
 c

ry
pt

os
ys

te
m

s 
of

 
R

S
A

, R
ab

in
, W

ill
ia

m
s,

 B
lu

m
-G

ol
dw

as
se

r,
…

? 

19
94

 S
ho

r
al

go
rit

hm
 fo

r 
fin

di
ng

 d
is

cr
et

e 
lo

ga
rit

hm
s:

  
H

ow
 to

 b
re

ak
 E

lG
am

al
 c

ry
pt

os
ys

te
m

? 

19
97

 G
ro

ve
r 

al
go

rit
hm

 fo
r 

se
ar

ch
in

g 
da

ta
ba

se
s:

  
H

ow
 to

 s
ea

rc
h 

th
e 

ke
ys

 m
or

e 
ef

fe
ct

iv
el

y?

49
fa

m
ou

s 
pr

ot
oc

ol
s 

of
 

qu
an

tu
m

 k
ey

 d
is

tr
ib

ut
io

n

19
84

 B
en

ne
tt-

B
ra

ss
ar

d 
pr

ot
oc

ol
 (

B
B

84
)

19
91

 E
ke

rt
 p

ro
to

co
l b

as
ed

 B
el

l’s
 in

eq
ua

lit
y 

( E
91

)

19
92

 B
en

ne
tt-

B
ra

ss
ar

d-
M

er
m

in
 p

ro
to

co
l 

a 
la

 E
ke

rt
pr

ot
oc

ol
 b

ut
 w

ith
ou

t B
el

l’s
 in

eq
ua

lit
y

19
92

 B
en

ne
tt 

pr
ot

oc
ol

 u
si

ng
 a

ny
 tw

o 
no

no
rt

ho
go

na
l s

ta
te

s 
( B

92
)

20
04

 E
ng

le
rt

 e
t a

l. 
pr

ot
oc

ol
 c

la
im

ed
 to

 b
e 

th
e 

m
os

t e
ffi

ci
en

t n
ow

ad
ay

s 
( S

in
ga

po
re

 p
ro

to
co

l)
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qu

an
tu

m
en

ta
ng

le
m

en
t

=
in

se
pa

ra
bi

lit
y

=
Ve

rs
ch

rä
nk

un
g

=
en

tw
in

em
en

t
(S

ch
rö

di
ng

er
19

35
)

it
is

a
qu

an
tu

m
ph

en
om

en
on

in
w

hi
ch

th
e

qu
an

tu
m

st
at

es
of

tw
o

or
m

or
e

ob
je

ct
s

(p
os

si
bl

y
sp

at
ia

ll
y

se
pa

ra
te

d)

ha
ve

to
be

de
sc

rib
ed

w
ith

re
fe

re
nc

e
to

ea
ch

ot
he

r.

de
fin

iti
on

A
bi

pa
rt

ite
pu

re
st

at
e

is

se
pa

ra
bl

ei
f
|ψ

A
B
〉=
|ψ

A
〉⊗
|ψ

B
〉

en
ta

ng
le

di
f
|ψ

A
B
〉6=
|ψ

A
〉⊗
|ψ

B
〉

A
bi

pa
rt

ite
m

ix
ed

st
at

e
is

se
pa

ra
bl

ei
f
ρ
A
B

=
∑

i
p i
ρ
i A
⊗
ρ
i B

en
ta

ng
le

di
f
ρ
A
B
6=
∑

i
p i
ρ
i A
⊗
ρ
i B

w
he

re
∑

i
p i

=
1

an
d
p i
≥

0
fo

r
al

li
.
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in
fo

rm
at

io
n 

is
 p

hy
si

ca
l

cl
as

si
ca

l c
ry

pt
og

ra
ph

y 
is

 
a 

br
an

ch
 o

f m
at

he
m

at
ic

s 

qu
an

tu
m

 c
ry

pt
og

ra
ph

y 
is

a 
br

an
ch

 o
f p

hy
si

cs
-

m
ai

nl
y 

of
 q

ua
nt

um
 o

pt
ic

s

„I
nf

or
m

at
io

n 
is

 in
ev

ita
bl

y 
tie

d 
to

 
a 

ph
ys

ic
al

 r
ep

re
se

nt
at

io
n 

an
d 

th
er

ef
or

e 
to

 r
es

tr
ic

tio
ns

 a
nd

 p
os

si
bi

lit
ie

s 
re

la
te

d 
to

 th
e 

la
w

s 
of

 p
hy

si
cs

”
[R

. L
an

da
ue

r]
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B
ell states (E

P
R

 state
s)

m
axim

ally entangled tw
o-qubit states

(
)

(
)

(
)

(
)y

x
y

x
D

y
x

y
x

C

y
x

y
x

B

y
x

y
x

A

1
1

0
0

2 1

1
1

0
0

2 1

0
1

1
0

2 1

0
1

1
0

2 1

)
(

)
(

)
(

)
(

+
=

Φ
=

Φ

−
=

Φ
=

Φ

+
=

Ψ
=

Φ

−
=

Ψ
=

Φ

+ − + −
singlet state

one of the 
triplet states

53

quantum
 entanglem

ent 
&

 E
instein-P

odolsky-R
osen paradox

H
ow

 to ‘violate’ uncertainty relation ?
C

an w
e m

easure exactly both com
pontents of spin?

 
2

1
 

0
=

+
→

→

S
S

1
 

→S
2

 

→S

 
2

1
      

2
1

 
0

0,
=

+
=

+
y

y
x

x
S

S
S

S

S
o let’s m

easure                   to determ
ine 

y
x

S
S

2
  

  
1

 
i

 
1

 

2

1
 

1
 

2

4
var

var
z

y
x

S
S

S
!

≥

y
x

S
S

1
  

  
2

 
i
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B

ellstates
in

m
atrix

representation

|Ψ
(−

)〉
=

1√2 (|01〉−
|10〉)

=
1√2



01−10


,
|Ψ

(+
)〉

=
1√2 (|01〉

+
|10〉)

=
1√2



0110


,

|Φ
(−

)〉
=

1√2 (|00〉−
|11〉)

=
1√2



100−1


,
|Φ

(+
)〉

=
1√2 (|00〉−

|11〉)
=

1√2



1001



a
G

H
Z

state
in

m
atrix

representation
|Ψ
′〉

=
1√2 (|000〉

+
|111〉)

=
1√2

(
[

10

]⊗
[

10

]⊗
[

10

]

+

[
01

]⊗
[

01

]⊗
[

01

]
)

=
1√2 ([10000000] T

+
[00000001] T

)
=

1√2 [10000001] T
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m
axim

ally? en
tan

g
led

 states o
f 3

qu
b

its

(
)

1
1

1
0

0
0

2 1
'G

H
Z

±
=

Ψ

(
)

(
)

1
1

0
1

0
1

0
1

1
3 1

0
0

1
0

1
0

1
0

0
3 1

+
+

=
Ψ

+
+

=
Φ

W W

G
H

Z
 (G

reenberger-H
orne-Z

eilinger) states

W
 states

(
)

1
1

0
0

0
1

2 1
''G
H

Z
±

=
Ψ

(
)

0
1

1
1

0
0

2 1
G

H
Z

±
=

Ψ
iv

(
)

1
0

1
0

1
0

2 1
'''

G
H

Z
±

=
Ψ
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A

pp
lic

at
io

ns
of

qu
an

tu
m

en
ta

ng
le

m
en

t(
II)

in
qu

an
tu

m
co

m
m

un
ic

at
io

n:
•

to
si

m
pl

ify
co

m
m

un
ic

at
io

n
co

m
pl

ex
ity

[C
le

ve
&

B
uh

rm
an

’9
7]

in
qu

an
tu

m
st

at
e

en
gi

ne
er

in
g:

•
te

le
cl

on
in

g
[M

ur
ao

et
al

.
99

]

•
re

m
ot

e
st

at
e

pr
ep

ar
at

io
n

[B
en

ne
tt

et
al

.’0
1]

to
in

cr
ea

se
pr

ec
is

io
n

of
qu

an
tu

m
m

ea
su

re
m

en
ts

:
•

qu
an

tu
m

no
is

e
re

du
ct

io
n

in
sp

ec
tr

os
co

py
[W

in
el

an
d

et
al

.’9
2]

•
to

im
pr

ov
e

fr
eq

ue
nc

y
st

an
da

rd
s

[H
ue

lg
a

et
al

.
’9

7]

•
be

tte
r

cl
oc

k
sy

nc
hr

on
iz

at
io

n
[J

oz
sa

et
al

.’0
0,

C
hu

an
g’

00
]

•
in

te
rf

er
om

et
ric

lit
ho

gr
ap

hy
be

yo
nd

di
ffr

ac
tio

n
lim

it
[B

oto
et

al
.’0

0]

cl
as

si
ca

ll
im

it:
λ
/2

qu
an

tu
m

lim
it:
λ
/(

2N
)

fo
r
N

-p
ho

to
n

ab
so

rp
tio

n
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A

pp
lic

at
io

ns
of

qu
an

tu
m

en
ta

ng
le

m
en

t(
I)

in
qu

an
tu

m
in

fo
rm

at
io

n
th

eo
ry

:
•

de
ns

e
co

di
ng

[B
en

ne
tt

an
d

W
ie

sn
er

’9
2]

•
qu

an
tu

m
te

le
po

rt
at

io
n

[B
en

ne
tt

et
al

.’9
3]

•
en

ta
ng

le
m

en
ts

w
ap

pi
ng

[
Ż

uk
ow

sk
ie

ta
l.’

93
]

•
su

pe
rf

as
t[

S
ho

r’9
4]

an
d

fa
st

[G
ro

ve
r’9

7]
al

go
rit

hm
s

•
qu

an
tu

m
er

ro
r

co
rr

ec
tio

n
[S

ho
r’9

5,
S

te
an

e’
96

]

in
qu

an
tu

m
cr

yp
to

gr
ap

hy
:

•
qu

an
tu

m
ke

y
di

st
rib

ut
io

n
[E

ke
rt

’9
1,

B
en

ne
tt

et
al

.’9
2]

•
pr

iv
ac

y
am

pl
ifi

ca
tio

n
[B

en
ne

tt
et

al
.’9

6,
D

eu
ts

ch
et

al
.’9

6
]

•
se

cr
et

sh
ar

in
g

[̇Z
uk

ow
sk

ie
ta

l.’
98

]

•
qu

an
tu

m
au

th
en

tic
at

io
n

[L
ju

ng
gr

en
et

al
.’0

0]

•
qu

an
tu

m
w

at
er

m
ar

ki
ng

[Im
ot

o
et

al
.’0

5]

60
ex

am
pl

e
of

in
se

pa
ra

bl
e

st
at

e
-

si
ng

le
ts

ta
te

|ψ
〉=

|01
〉−
|10
〉

√
2

pr
oo

ft
ha

ti
tc

an
no

tb
e

w
rit

te
n

as
a

pr
od

uc
ts

ta
te

|01
〉−
|10
〉

√
2

=
(a
|0〉

+
b|1
〉)
⊗

(a
′ |0
〉+

b′
|1〉

)

=
a
a
′ |0

0〉
+
a
b′
|01
〉+

ba
′ |1

0〉
+
bb
′ |1

1〉
w

he
re

|a
|2

+
|b|

2
=
|a
′ |2

+
|b′
|2

=
1

a
,a
′ ,
b,
b′
∈
C

S
o

w
e

ge
tse

to
fe

qu
at

io
ns

a
a
′ =

0,
a
b′

=
1 √
2
,b
a
′ =
−

1 √
2
,b
b′

=
0

w
hi

ch
ad

m
its

no
so

lu
tio

n.

59
ex

am
pl

es
of

se
pa

ra
bl

e
st

at
es

ex
am

pl
e

1

|ψ
〉=

1 √
2
(|1

0〉
+
|11
〉)

pr
oo

f:

|ψ
〉=

1 √
2
(|1
〉 A
|0〉

B
+
|1〉

A
|1〉

B
)

=
1 √
2
|1〉

A
(|0
〉 B

+
|1〉

B
)

=
|1〉

A
|0〉

B
+
|1〉

B
√

2
︸

︷
︷

︸
|+
〉 B

=
|1〉

A
|+
〉 B

ex
am

pl
e

2

|ψ
〉=

1 2
(|0

0〉
+
|01
〉+
|10
〉+
|11
〉)

pr
oo

f:

|ψ
〉=

1 2
[|0
〉 A

(|0
〉 B

+
|1〉

B
)
+
|1〉

A
(|0
〉 B

+
|1〉

B
)]

=
1 2
(|0
〉 A

+
|1〉

A
)(
|0〉

B
+
|1〉

B
)

=
|0〉

A
+
|1〉

A
√

2
·|

0〉
B

+
|1〉

B
√

2
≡
|+
〉 A
|+
〉 B
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generation

ofallB
ellstates

from
one

ofthem
e.g.

from

|Φ
(+

)〉
=
|00〉

+
|11〉

√
2

flip
qubitB

=
apply

N
O

T
gate

to
qubitB

:

X
B |00〉

+
|11〉

√
2

=
|01〉

+
|10〉

√
2

=
|Ψ

(+
)〉

phase
flip

qubitB
:

Z
B |00〉

+
|11〉

√
2

=
|00〉−

|11〉
√

2
=
|Φ

(−
)〉

flip
+

phase
flip

qubitB
:

Y
B |00〉

+
|11〉

√
2

=
i |01〉−

|10〉
√

2
=
i|Ψ

(−
)〉

61
exam

ple
ofinseparable

(B
ell-like)

state

|ψ〉
=

12
(|00〉

+
|01〉

+
|10〉−

|11〉)

proof:

|ψ〉
=

1√2

(|0〉
A |0〉

B
+
|1〉

B
√

2
︸

︷
︷

︸

=|+〉B

+|1〉
A |0〉

B
−
|1〉

B
√

2
︸

︷
︷

︸

=|−
〉B

)

=
|0+〉

+
|1−
〉

√
2

this
state

can
be

obtained
from

a
B

ellstate
by

applying
H

adam
ard

gate
to

2nd
qubit

|ψ〉
=
H
B |00〉

+
|11〉

√
2

=
1√2

(|0〉
A
(H
|0〉

︸
︷
︷
︸

=|+〉

)
B

+
|1〉

A
(H
|1〉

︸
︷
︷
︸

=|−
〉

)
B
)

=
1√2

(|0〉
A |+〉

B
+
|1〉

A |−
〉
B
)

64
H

ow
to

generate
B

ellstates
from|00〉

#
2

B
ellstate|Ψ

(+
)〉

:

U
C

N
O

T H
A
X
B |00〉

=
U

C
N

O
T H

A |01〉

=
U

C
N

O
T |+

0〉
=
|0,1⊕

0〉
+
|1,1⊕

1〉
√

2

=
|01〉

+
|10〉

√
2

=
|Ψ

(+
)〉

B
ellstate|Ψ

(−
)〉

:

U
C

N
O

T H
A
X
A
X
B |00〉

=
U

C
N

O
T H

A |11〉

=
U

C
N

O
T |−

1〉
=
|0,1⊕

0〉−
|1,1⊕

1〉
√

2

=
|01〉−

|10〉
√

2
=
|Ψ

(−
)〉
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H

ow
to

generate
B

ellstates
from|00〉

#
1

B
ellstate|Φ

(+
)〉

:

U
C

N
O

T H
A |00〉

=
U

C
N

O
T |+

0〉

=
U

C
N

O
T |0〉

+
|1〉

√
2
|0〉

=
U

C
N

O
T |00〉

+
|10〉

√
2

=
|0 ,0⊕

0〉
+
|1,0⊕

1〉
√

2

=
|00〉

+
|11〉

√
2

=
|Φ

(+
)〉

B
ellstate|Φ

(−
)〉

:

U
C

N
O

T H
A
X
A |00〉

=
U

C
N

O
T H

A |10〉
=
U

C
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E

ntanglem
entis...

•
a

correlation
thatis

stronger
than

any
classicalcorrelati

on.
[J.B

ell]

•
a

correlation
thatcontradicts

the
theory

ofelem
ents

ofrea
lity.

[D
.M

erm
in]

•
a

trick
thatquantum

m
agicians

use
to

produce
phenom

ena
that

cannotbe
im

itated
by

classicalm
agicians.

[A
.P

eres]

•
a

resource
thatenables

quantum
teleportation.

[C
.B

ennett
]

•
a

globalstructure
of

the
w

avefunction
that

allow
s

for
faste
r

algorithm
s.

[P
.S

hor]

•
a

toolfor
secure

com
m

unication.
[A

.E
kert]

•
the

need
for

firstapplications
ofpositive

m
aps

in
physics.

[H
orodeckifam

ily]

[collected
by

D
agm

ar
B

ruß
,quant-ph/0110078]
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E

ntanglem
ent

from
a

m
ystery

to
a

physicalresource

•
A

n
entangled

w
ave-function

does
not

describe
the

physical
r

eality
in

a
com

plete
w

ay.
[E

instein,P
odolsky,R

osen]

•
F

or
an

entangled
state

is
the

best
possible

know
ledge

of
the

w
hole

does
notinclude

the
bestpossible

know
ledge

ofits
parts.

[E
.S

ch
rödinger]

•
E

ntanglem
ent

is
a

“fundam
entalresource

of
N

ature,
of

com
pa

rable
im

-
portance

to
energy,

inform
ation,

entropy,
or

any
other

fund
am

ental
re-

source.”
[M

.N
ielsen,I.C

huang]
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•

Q
M

predictions
for

electrons
in

singletstate

|ψ
(−

)〉
=
|↑〉

1 |↓〉
2 −
|↓〉

1 |↑〉
2

√
2

≡
|↑↓〉−

|↓↑〉
√

2

then

P
+

+
(α
,β

)
=
P
−
−
(α
,β

)
=

12
sin

2

(
α
−
β

2

)

P
+−

(α
,β

)
=
P
−

+
(α
,β

)
=

12
cos

2

(
α
−
β

2

)

specialcases:
1.
α

=
β
⇒

spins
ofopposite

values

⇒
P

+
+
(α
,α

)
=
P
−
−
(α
,α

)
=

0,
P

+−
(α
,α

)
=
P
−

+
(α
,α

)
=

12

2.
β

=
π2

+
α
⇒

m
easurem

entof2
independentspins

⇒
P

+
+
(α
,β

)
=
P

+−
(α
,β

)
=
P
−

+
(α
,β

)
=
P
−
−
(α
,β

)
=

14
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spins
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B

ellinequalities
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num
ber
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w
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m

easured
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filter
1

atangleα
and

in
filter

2
atangleβ

N
–

totalnum
ber

ofoutcom
es

probability
P

+
+
(α
,β

)
=
N

+
+
(α
,β

)/N
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•
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de
ep
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S
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en

ts
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+
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=
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Î B
−
〉−
〈Î
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−
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possible

loopholes
ofB

ell’s
inequalities

(B
I)

•
in

the
presentexperim

entalB
Itests

•
in

the
proofor

assum
ptions

ofB
I

•
in

the
B

Iinterpretation

I.experim
entalloopholes

there
has

been
no

loophole-free
experim

entaltestofB
I.

1.detection
efficiency

and
fair-sam

ple
assum

ption:
N

one
experim

entaltestdoes
notdetect100%

the
particle

pai
rs

em
itted.

T
hus

it
is

not
clear

that
the

pairs
registered

are
a

fair
sam

pl
e

of
allpairs

em
itted.

2.causality:
T

he
choice

ofm
easurem

entsettings
ofA

lice
and

B
ob

should
be

truly
random

and
placed

atsufficientphysicaldistance.
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•

polarization
singletstate

|Ψ
(−

)〉
=
|H
〉
A |V
〉
B
−
|V
〉
A |H
〉
B

√
2

•
Q

M
predicts

that

E
(φ

A
,φ

B
)

=
P

+
+
(φ

A
,φ

B
)
+
P
−
−
(φ

A
,φ

B
)−

P
+−

(φ
A
,φ

B
)−

P
−

+
(φ

A
,φ

B
)

w
here

P
jk (φ

A
,φ

B
)

in
the

form
er

slides

•
m

axim
alviolation

ofB
ellinequality
m

ax|S|
=

2 √
2

w
hich

can
be

obtained
for

the
follow

ing
angles

ofpolarizers

φ
′A

=
0,
φ
′B

=
π4
,
φ
′′A

=
π2
,
φ
′′B

=
3
π4

asS
=
−

3
cos

2
(
π8

)

+
cos

2

(
3π8

)

+
3

sin
2
(
π8

)

−
sin

2

(
3π8

)

=
−

2 √
2≈
−

2.8

•
N

ote:
the

sam
e

setup
ofA

spectw
as

used
for

testing
violation

ofS
chw

arz
inequality
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loopholes

in
A

spect’s
etal.

experim
ent(1982)

1.
a

fair-sam
ple

assum
ption

A
ll

experim
ents

so
far

detect
only

a
sm

all
subset

of
all

pairs
created

thus
it

is
necessary

to
assum

e
that

the
pairs

registered
are

a
fair

sa
m

ple
of

all
pairs

em
itted.

2.
causality

(i)
no

true
random

ization
A

nalyzers
w

ere
notrandom

ly
rotated

during
the

flightofthe
p

articles.

A
spect

et
al.

sw
itched

the
directions

of
polarization

analy
sers

after
the

pho-
tons

leftthe
source,

butthey
used

periodic
sinusoidalsw

it
ching,

w
hich

is
pre-

dictable.

(ii)
no

true
space-like

separation
T

he
necessary

space-like
separation

of
the

observations
w

a
s

not
achieved

by
sufficientphysicaldistance

betw
een

the
m

easurem
entstati

ons.

•
B

Itestm
ore

idealthan
ever

by
Z

eilingeretal.
(P

R
L

1998)
on

“V
iolation

ofB
ell’s

inequality
under

strictE
instein

locality
conditions”.
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II.loopholes

in
B

Iassum
ptions

1.independence
assum

ption:
T

here
are

physicalprocesses
independentofthe

B
ellexperi

m
entthatcan

be
used

as
an

effective
source

of
random

ness.

III.interpretationalloopholes
A

ccepting
that

B
ell’s

theorem
is

true
then

either
locality

o
r

realism
m

ight
be

false.

1.universe
is

non-localbutreal
e.g.B

ohm
ian

hidden
variable

theory
is

explicitly
non-localand

contextual,butstillfairly
naturallooking.

2.operationalism
ofquantum

m
echanism

(Q
M

)
the

standardC
openhagen

interpretation:
Q

M
is

just
a

set
of

recipes
for

calculating
probabilities

of
m

easurem
ent

results.

Itsays
nothing

aboutan
underlying

physicalreality,w
hich
m

ay
noteven

exist,and
therefore

nothing
aboutits

locality.
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Tw
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D
ef
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1.

A
st
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eρ
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se
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bl
e

iff

ρ
A
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=
∑

i

p i
ρ
i A
⊗
ρ
i B

w
he

re
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i
p i

=
1

an
d
p i
≥

0
fo
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al
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D
ef
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2.

A
st
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eρ

A
B

is
se

pa
ra

bl
e

iff

ρ
A
B

=
∑

i

p i
|ψ

i A
〉〈
ψ
i A
|⊗
|ψ

i B
〉〈
ψ
i B
|

w
he

re
∑

i
p i

=
1

an
d
p i
≥

0
fo

r
al

li
.

T
he

se
de

fin
iti

on
s

ar
e

eq
ui

va
le

nt
,a

s
ρ
i A

(a
nd
ρ
i B

)
ca

n
be

ex
pa

nd
ed

in
te

rm
s

ei
ge

nv
ec

to
rs

ρ
j A

=
∑

q j
|ψ

j A
〉〈
ψ
j A
|

w
he

re
∑

j
q j

=
1

an
d
q j
≥

0
fo

r
al

li
.
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W

er
ne

r
st

at
e

ρ̂
(±

)
W

=
1
−
p

4
1̂
⊗

1̂
+
p|Ψ

(±
) 〉〈

Ψ
(±

) |

is
m

ix
tu

re
of

m
ax

im
al

ly
en

ta
ng

le
d

st
at

e

|Ψ
(±

) 〉
=
|01
〉±
|10
〉

√
2

an
d

m
ax

im
al

ly
m

ix
ed

st
at

e

1̂
⊗

1̂
≡

1̂ 2
⊗

1̂ 2
=

1̂ 4
=
|00
〉〈

00
|+
|01
〉〈0

1|
+
|10
〉〈

10
|+
|11
〉〈

11
|=

   

1
0

0
0

0
1

0
0

0
0

1
0

0
0

0
1

   

th
e

W
er

ne
rs

ta
te

is
en

ta
ng

le
d

E
(ρ̂
W

)
>

0
fo

r
al

l1 3
<
p
≤

1

an
d

vi
ol

at
es

B
el

li
ne

qu
al

ity
B

(ρ̂
W

)
>

0
fo

r
al

l
1 √
2
<
p
≤

1

83
C

an
w

e
de

co
m

po
se

B
el

ls
ta

te
s

in
to

se
pa

ra
bl

e
st

at
es

?
e.

g.
th

e
‘tr

ip
le

t’
st

at
e

|Ψ
(+

) 〉〈
Ψ

(+
) |

=
5
∑ i=

1

p i
|a
i〉〈
a
i|⊗
|b i
〉〈
b i
|

p 1
=
p 2

=
p 3

=
2 3
,
p 4

=
p 5

=
−

1 2

|a
1
〉

=
|b 1
〉=
|0〉

+
|1〉

√
2

|a
2
〉

=
|b 2
〉=
|0〉

+
ei

2π
/3
|1〉

√
2

|a
3
〉

=
|b 3
〉=
|0〉

+
e−

i2
π
/3
|1〉

√
2

|a
4
〉=
|0〉
,
|b 4
〉=
|1〉
,
|a

5
〉=
|1〉
,
|b 5
〉=
|0〉

no
te

th
at
p 4

=
p 5
<

0
th

us
it

is
no

ta
co

nv
ex

co
m

bi
na

tio
n

of
pr

od
uc

ts
ta

te
s

an
d

th
e

st
at

e
is

en
ta

ng
le

d.
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W

erner
and

W
erner-like

states
ρ̂
W

(p)
=

1−
p

4
1̂⊗

1̂
+
p|ψ〉〈ψ|

originalW
ernerstate

|ψ〉→
|Ψ

(−
)〉

=
|01〉−

|10〉
√

2

isotropic
state

(W
erner-like

state)

|ψ〉→
|Φ

(+
)〉

=
|00〉+|11〉
√

2

other
W

erner-like
states

|ψ〉→
|Ψ

(+
)〉

=
|01〉+|10〉
√

2

|ψ〉→
|Φ

(−
)〉

=
|00〉−

|11〉
√

2

tw
o

qudit(d-dim
ensional)

isotropic
state

ρ̂
W

(p)
=

1−
p

d
2

1̂ ⊗
d
+
p|Φ

(+
)

d
〉〈Φ

(+
)

d
|

w
here−

1
d
2−

1 ≤
p≤

1

|Φ
(+

)
d
〉

=
1√d
∑

d−
1

i=
0 |ii〉

85
decom

position
ofW

erner
state

ρ̂
(+

)
W

=

7
∑i=

1

p
i |a

i 〉〈a
i |⊗
|b
i 〉〈b

i |

p
1

=
p

2
=
p

3
=

23
,
p

4
=
p

5
=

1−
3p

4
,
p

6
=
p

7
=

1−
p

4

|a
1 〉

=
|b

1 〉
=
|0〉

+
|1〉

√
2

|a
2 〉

=
|b

2 〉
=
|0〉

+
e
i2π

/3|1〉
√

2

|a
3 〉

=
|b

3 〉
=
|0〉

+
e −

i2π
/3|1〉

√
2

|a
4 〉

=
|0〉,

|b
4 〉

=
|1〉

|a
5 〉

=
|1〉,

|b
5 〉

=
|0〉

|a
6 〉

=
|0〉,

|b
6 〉

=
|0〉

|a
7 〉

=
|1〉,

|b
7 〉

=
|1〉

clearly,the
state

is
separable

only
for
p≤

13
w

hen
allp

i ≥
0.

88

nonlocality
quantum

states
are

callednonlocalif
there

is
no

localunhidden
variable

m
odeloftheir

behavior.

T
hus

am
easurem

entofthe
w

holecan
reveal

m
ore

inform
ation

aboutthe
system

’s
state

than
any

sequence
ofclassically

coordinated
m

easurem
ents

ofthe
parts.

1.
nonlocality

w
ithoutentanglem

ent
[B

ennettetal.
1999]

T
here

are
orthogonalsets

ofproductstates
of

tw
o

qutrits
thatcannotbe

reliably
distinguished

by
a

pair
ofseparated

observers
ignorantofw

hich
ofthe

states
has

been
presented

to
them

,
even

ifthe
observers

are
allow

ed
to

com
m

unicate
by

LO
C

C
.

N
ote:LO

C
C

=
LQ

C
C

localquantum
operations

and
classicalcom

m
unication

87
properties

ofW
erner

states

1.
T

hey
are

so-calledm
axim

ally
entangled

m
ixed

states(M
E

M
S

)

•
entanglem

entE
(ρ
W

)
cannotbe

increased
by

any
unitary

operations,
•

entanglem
entE

(ρ
W

)
is

m
axim

al
for

a
givenlinear

entropy
(and

vice
versa)

[Ishizaka,H
iroshim

a’00,M
unro

etal.’01]

2.
O

riginalW
erner

state
exhibitsU⊗

U
invariance

:

Û
⊗
Û
ρ̂

(−
)

W
=
ρ̂

(−
)

W

3.
A

llentangled
W

erner
states

(even
for
p∈

(1/3,1/ √
2〉)

can
be

used
for

quantum
-inform

ation
processing

includingteleportation
[P

opescu’94,Lee,K
im

’00]
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S

ch
rö

di
ng

er
ca

tp
ar

ad
ox

•
qu

es
tio

ns
–

ho
w

to
in

te
rp

re
ts

up
er

po
si

tio
n

of
st

at
es

an
d

en
ta

ng
le

m
en

t
?

–
ca

n
w

e
ta

lk
ab

ou
t

of
su

pe
rp

os
iti

on
,

en
ta

ng
le

m
en

t
or

sm
ea

ri
ng

of
cl

as
si

ca
l

ob
je

ct
s?

•
ge

da
nk

en
ex

pe
rim

en
to

fS
ch

rö
di

ng
er

ca
t

im
ag

e
a

ch
am

be
r

co
nt

ai
ni

ng
:

–
a

ca
t

–
a

bo
ttl

e
w

ith
po

is
on

ga
s

–
ra

di
oa

ct
iv

e
at

om

–
au

to
m

at
ic

de
vi

ce
to

re
le

as
e

th
e

po
is

on
w

he
n

th
e

at
om

de
ca

ys

•
st

at
e

of
th

e
is

ol
at

ed
at

om
af

te
r

a
tim

e
eq

ua
lt

o
its

ha
lf-

tim
e

is

1 √
2

(

|u
〉+
|d
〉)

w
he

re
|d
〉–

de
ca

ye
d

st
at

e,|u
〉–

un
de

ca
ye

d
st

at
e.

89
2.

en
ta

ng
le

m
en

tw
ith

ou
tn

on
lo

ca
lit

y

no
nl

oc
al

ity
an

d
vi

ol
at

io
n

B
el

l-i
ne

qu
al

ity
ar

e
of

te
n

id
en

tifi
ed

(a
lth

ou
gh

th
er

e
ar

e
so

m
e

se
rio

us
do

ub
ts

ab
ou

ti
t)

2’
.

en
ta

ng
le

m
en

tw
ith

ou
tv

io
la

tin
g

B
el

li
ne

qu
al

ity
[W

er
ne

r
19

89
]

tw
o-

qu
bi

tm
ix

ed
st

at
es

ca
n

be
en

ta
ng

le
d

w
ith

ou
tv

io
la

tin
g

B
el

li
ne

qu
al

ity

e.
g.

W
er

ne
rs

ta
te

s
an

d
is

ot
ro

pi
c

st
at

es
fo

r

p
∈

(1
/3
,1
/√

2〉

ar
e

en
ta

ng
le

d
an

d
sa

tis
fy

B
el

li
ne

qu
al

ity

th
us

th
ey

ca
n

be
de

sc
rib

ed
in

te
rm

s
re

al
is

tic
lo

ca
lt

he
or

ie
s

N
ot

e:
tw

o-
qu

bi
tp

ur
e

st
at

es
vi

ol
at

e
B

el
li

ne
qu

al
ity

iff
th

ey
ar

e
en

ta
ng

le
d.

92
sp

ec
ia

lc
as

es
ofs

in
gl

e-
m

od
e

S
ch

rö
di

ng
er

ca
ts:

–
ev

en
co

he
re

nt
st

at
efo

r
ϕ

=
0:

|ψ
+
〉

=
N

+

(
|α
〉+
|−

α
〉)

=
1

√

co
sh

(α
2
)

∞
∑ n

=
0

α
2n

√

(2
n
)!
|2n
〉≡
|0
〉 L

–
od

d
co

he
re

nt
st

at
ef

or
ϕ

=
π

:

|ψ
−
〉

=
N
−
(
|α
〉−
|−

α
〉)

=
1

√

si
n
h
(α

2
)

∞
∑ n

=
0

α
2n

+
1

√

(2
n

+
1)

!|2
n

+
1〉
≡
|1
〉 L

–
Yu

rk
e-

S
to

le
rs

ta
te

sf
or
ϕ

=
±
π
/2

:

|ψ
Y

S
〉=

1 √
2

(
|α
〉±

i|
−
α
〉)

•
N

ot
e:

th
e

ab
ov

e
st

at
es

ar
eno

tm
ix

tu
re

s
of

co
he

re
nt

st
at

es

ρ̂
m

ix
=

1 2

(
|α
〉〈
α
|+
|−

α
〉〈
−
α
|)
6=
|ψ
〉〈ψ
|

91
•

bu
tt

he
at

om
ise

nt
an

gl
ed

w
ith

th
e

ca
tv

ia
th

e
ap

pa
ra

tu
s

so
th

e
st

at
e

is
1 √
2

(

|u
〉 at

om
|al

iv
e〉

ca
t
+
|d
〉 at

om
|d

ea
d
〉 ca

t)

•
C

op
en

ha
ge

n
in

te
rp

re
ta

tio
n

to
un

de
rs

ta
nd

it,
on

e
ha

s
to

in
cl

ud
e

th
e

ob
se

rv
er

or
m

ea
su

re
m

en
tp

ro
ce

ss
:

th
e

„q
ua

nt
um

ch
am

be
r”

ha
s

to
be

op
en

ed
to

ch
ec

k
th

e
st

at
e

of
th

e
„c

at
”.

(m
od

er
n)

de
fin

iti
on

of
S

ch
rö

di
ng

er
ca

t(
st

at
e)

it
is

a
su

pe
rp

os
iti

on
of

tw
o

m
ac

ro
sc

op
ic

al
ly

di
st

in
ct

st
at

e
s

N
ot

e:
th

e
de

fin
iti

on
ca

n
be

ap
pl

ie
d

to
a

si
ng

le
m

od
e,

th
us

no
tn

ec
es

s
ar

ily
ha

s
to

be
re

la
te

d
to

en
ta

ng
le

m
en

t

•
e.

g.
su

pe
rp

os
iti

on
of

tw
o

co
he

re
nt

st
at

es

|ψ
〉=
N

[|α
〉+

ei
ϕ
|−

α
〉]

w
he

re
N

is
a

no
rm

al
iz

at
io

n
co

ns
ta

nt
as

su
m

in
g

α
∈
R

:

N
=

[2
+

2
co

s
ϕ

ex
p
(−

2α
2
)]
−

1/
2
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exem

plary
proofofa

C
V

B
ellstate

definition
oflogicalqubits

(α
=
β

):

|0〉
L

=
N

+

(|β〉
+
|−

β〉
)

|1〉
L

=
N
−
(|β〉−

|−
β〉
)

so

1√2
(|00〉

L +|11〉
L )

=
N

+ N
−

√
2

[(|α〉+|−
α〉)(|β〉+|−

β〉)+
(|α〉−

|−
α〉)(|β〉−

|−
β〉)
]

=
N

+ N
−

√
2

[|α
,β〉

+
|α
,−
β〉

+
|−

α
,β〉

+
|−

α
,−
β〉

+|α
,β〉−

|α
,−
β〉−

|−
α
,β〉

+
|−

α
,−
β〉
]

=
√

2N
+ N
−
(|α

,β〉
+
|−

α
,−
β〉
)

93
tw

o-m
ode

S
chrödinger

cats
continuous

variable
(C

V
)

version
oftw

o-qubitB
ellstates

|Φ
(+

)〉
=

1√2
(|00〉

L
+
|11〉

L )
=
N

(|α
,β〉

+
|−

α
,−
β〉)

|Φ
(−

)〉
=

1√2
(|00〉

L −
|11〉

L )
=
N

(|α
,−
β〉

+
|−

α
,β〉)

|Ψ
(+

)〉
=

1√2
(|01〉

L
+
|10〉

L )
=
N

(|α
,β〉−

|−
α
,−
β〉)

|Ψ
(−

)〉
=

1√2
(|01〉

L
+
|10〉

L )
=
N

(|α
,−
β〉−

|−
α
,β〉)

assum
ptionα

=
β

96

s
ω

p
ω

i
ω

p
ω

p
k
r

s
k
r

i
k
r

spontaneous param
etric dow

n-conversion (S
P

D
C

)

s
ω

i
ω

nonlinear crystal

)2
(

χ
pum

p

signal

idler

m
om

entum
 conservation

energy conservation 95
P

roblem
s

–
H

ow
to

generate
single

photons?

–
H

ow
to

generate
B

ellpolarization
states?

spontaneous
param

etric
dow

n-conversion
(S

P
D

C
)

a
nonlinear

opticalphenom
enon

in
w

hich
a

nonlinear
crystal

splits
incom

ing
photons

into
pairs

ofphotons
oflow

er
energy.

H
am

iltonians
(for

sim
plicity

assum
eg

=
|g|)

1.
ham

iltonian
for

a
degenerate

process

Ĥ
d
eg

=
h̄
g
[â

2
+

(â
2) †]

2.
ham

iltonian
for

a
nondegenerate

process
of

type
I

Ĥ
1

=
h̄
g
â †s â †i

+
h
.c.

N
ote:

signal(s)
and

idler
(i)

have
the

sam
e

polarization
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ty

pe
 I 

pa
ra

m
et

ric
 d

ow
n 

co
nv

er
te

r

ty
pe

 II
 p

ar
am

et
ric

 d
ow

n 
co

nv
er

te
r

or
an

ge
re

d
de

ep
 r

ed

"r
ed

"

"g
re

en
"

"b
lu

e"

97
ty

pe
 I 

pa
ra

m
et

ric
 d

ow
n 

co
nv

er
te

r

pu
m

p
si

gn
al

id
le

r

pu
m

p

ty
pe

 II
 p

ar
am

et
ric

 d
ow

n 
co

nv
er

te
r

pu
m

p

e-
ra

y

o-
ra

y

pu
m

p

10
0

–
ty

pe
II

pr
oc

es
s:

|ψ
(0

)〉
=
|0〉

V
s|0
〉 H

s
|0〉

V
i|0
〉 H

i

|ψ
(t

)〉
=

(1
−

1 2
τ

2
)|0
〉 V

s|0
〉 H

s
|0〉

V
i|0
〉 H

i

−
iτ √

2
(|1
〉 V

s
|0〉

H
s|0
〉 V

i|1
〉 H

i
+
|0〉

V
s
|1〉

H
s|1
〉 V

i|0
〉 H

i)

•
no

ta
tio

n:

|0〉
V
s|0
〉 H

s
≡
|0〉

s,
|1〉

V
s|0
〉 H

s
≡
|V
〉 s,

|0〉
V
s
|1〉

H
s
≡
|H
〉 s,

an
d

an
al

og
ou

sl
y

fo
r

m
od

ei

th
us

w
e

ha
ve |ψ

(t
)〉

=
(1
−

1 2
τ

2
)|0
〉 s|

0〉
i
−
iτ √

2
(|V
〉 s|
H
〉 i

+
|H
〉 s|
V
〉 i)

th
e

se
co

nd
te

rm
is

apo
la

riz
at

io
n

B
el

ls
ta

te

|Ψ
(+

) 〉
=

1 √
2
(|V
〉 s|
H
〉 i

+
|H
〉 s|
V
〉 i)

99
3.

ha
m

ilt
on

ia
n

fo
r

a
no

nd
eg

en
er

at
e

pr
oc

es
s

of
ty

pe
II

Ĥ
2

=
h̄
g
(â
† V
sâ
† H
i
+
â
† H
sâ
† V
i)

+
h
.c
.

w
he

re

V
(H

)
–

lin
ea

r
ve

rt
ic

al
(h

or
iz

on
ta

l)
po

la
riz

at
io

n

â
† V
s

–
cr

ea
tio

n
op

er
at

or
fo

r
si

gn
al

m
od

e
of

ve
rt

ic
al

po
la

riz
at

io
n

et
c.

N
ot

e:
si

gn
al

an
d

id
le

r
m

od
es

ha
ve

pe
rp

en
di

cu
la

r
po

la
riz

at
io

ns

sh
or

t-
tim

e
ev

ol
ut

io
n

|ψ
(t

)〉
=

ex
p

(
1 ih̄
Ĥ
t)

|ψ
(0

)〉
≈
[

1
+
t ih̄
Ĥ

+
1 2

(
t ih̄
Ĥ

)
2
]

|ψ
(0

)〉

–
ty

pe
Ip

ro
ce

ss
:

|ψ
(0

)〉
=
|0〉

s|0
〉 i

|ψ
(t

)〉
=

(1
−

1 2
τ

2
)|0
〉 s|

0〉
i
−
iτ √

2
|1〉

s|1
〉 i

w
he

re
τ

=
g
t
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standard

m
atrix

representations
ofqubitstates

so
far

w
e

have
been

applying
the

orthonorm
albasis

|0〉
=

[
10

]

,
|1〉

=

[
01

]

satisfying
theidentity

resolution

Î
=
|0〉〈0|+

|1〉〈1|
=

[
10

]

[10]+

[
01

]

[01]
=

[
1

0
0

0

]

+

[
0

0
0

1

]

=

[
1

0
0

1

]

then
theN

O
T

gate
is

X̂
=
|0〉〈1|+

|1〉〈0|
=

[
0

1
1

0

]

and
theH

adam
ard

gate
is

Ĥ
=
|0〉〈+|+

|1〉〈−
|
=
|+〉〈0|+

|−
〉〈1|

=
1√2

[
1

1
1
−

1

]

can
w

e
define

other
representations?

101
H

ow
to

generate
other

polarization
B

ellstates?
–

place
half-w

ave
plate

(H
W

P
)

on
the

path
ofone

beam
s:

|Ψ
(+

)〉
=

1√2
(|V
〉
s |H
〉
i +
|H
〉
s |V
〉
i )→

1√2
(|H
〉
s |H
〉
i +
|V
〉
s |V
〉
i )

=
|Φ

(+
)〉

–
use

phase
shifter

or
sim

ply
rotate

crystalto
change

α
:

|Ψ
(+

)〉→
|ψ

(α
)〉

=
1√2

(|V
〉
s |H
〉
i +

e
iα|H
〉
s |V
〉
i )

•
this

is
how

allfour
B

ellstates
can

be
obtained

including:

|Ψ
(−

)〉
=

1√2
(|V
〉
s |H
〉
i −
|H
〉
s |V
〉
i )

|Φ
(−

)〉
=

1√2
(|H
〉
s |H
〉
i −
|V
〉
s |V
〉
i )

the
experim

entalm
ethod

w
as

developed
by

K
w

iat,Z
eilinger

etal.
(1995)

using
crystals

ofB
B

O
type

II.

104
H

adam
ard

gate
note

that

|+〉
=

1√2 (|0〉
+
|1〉)

=

[
10

]

|−
〉

=
1√2 (|0〉−

|1〉)
=

[
01

]

so

Ĥ
=
|0〉〈+|+

|1〉〈−
|

=
1√2

[
11

]

[10]+
1√2

[
1−1

]

[01]

=
1√2

[
1

0
1

0

]

+
1√2

[
0

1
0
−

1

]

=
1√2

[
1

1
1
−

1

]

phase-flip
gate

Ẑ
=
|0〉〈0|−

|1〉〈1|
=

12

[
11

]

[1,1]−
12

[
1−1

]

[1,−
1]

=
12

[
1

1
1

1

]−
12

[
1
−

1
−

1
1

]

=

[
0

1
1

0

]

103
another

m
atrix

representation
ofqubitstates

let’s
use

the
orthonorm

albasis

|0〉
=

1√2

[
11

]

|1〉
=

1√2

[
1−1

]

then

〈0|1〉
=

12 [1,1] [
1−1

]

=
0

identity
resolution

Î
=

12

[
11

]

[11]+
12

[
1−1

]

[1,−
1]

=
12

[
1

1
1

1

]

+
12

[
1
−

1
−

1
1

]

=

[
1

0
0

1

]

N
O

T
gate

X̂
=
|0〉〈1|+

|1〉〈0|
=

12

[
11

]

[1,−
1]+

12

[
1−1

]

[1,1]

=
12

[
1
−

1
1
−

1

]

+
12

[
1

1
−

1
−

1

]

=

[
1

0
0
−

1

]
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6

si
ng

le
ts

ta
te

an
d

ro
ta

tio
ns

of
an

al
yz

er
M

ea
su

re
m

en
ts

of
th

e
po

la
riz

at
io

n
si

ng
le

ts
ta

te
at

di
ffe

re
n

ta
ng

le
s

of
th

e
cr

ys
ta

l

|00
,9

00
〉−
|90

0
,0

0
〉

√
2

=
|θ,
θ

+
90

0
〉−
|θ

+
90

0
,θ
〉

√
2

un
ita

ry
tr

an
sf

or
m

at
io

n

|0〉
=
a
|x
〉+

b|y
〉,
|1〉

=
c|x
〉+

d
|y
〉

pr
oo

f

|01
〉−
|10
〉

√
2

=
(a
|x
〉+

b|y
〉)
⊗

(c
|x
〉+

d
|y
〉)
−

(c
|x
〉+

d
|y
〉)
⊗

(a
|x
〉+

b|y
〉)

√
2

=
a
c|x
x
〉 +

a
d
|x
y
〉+

bc
|y
x
〉+

bd
|y
y
〉−

a
c|x
x
〉−

a
d
|y
x
〉−

bc
|x
y
〉−

bd
|y
y
〉

√
2

=
a
d
(|x
y
〉−
|y
x
〉)
−
bc

(|x
y
〉−
|y
x
〉)

√
2

=
(a
d
−
bc

)|x
y
〉−
|y
x
〉

√
2

=
d
et

[
a
b

c
d

]
|x
y
〉−
|y
x
〉

√
2

=
ei
φ
|x
y
〉−
|y
x
〉

√
2

10
5

ro
ta

te
d

m
at

rix
re

pr
es

en
ta

tio
n

of
qu

bi
ts

ta
te

s
or

th
on

or
m

al
ba

si
s

|0〉
=

[
co

s
θ

si
n
θ

]

,
|1〉

=

[
−

si
n
θ

co
s
θ

]

or
eq

ui
va

le
nt

ly
[
|0〉
′

|1〉
′]

=

[
co

s
θ

si
n
θ

−
si

n
θ

co
s
θ

]
[
|0〉 |1〉

]

in
te

rm
s

of
st

an
da

rd
qu

bi
tr

ep
re

se
nt

at
io

ns|0〉
=

[1
;0

]a
nd
|1〉

=
[0

;1
]

id
en

tit
y

re
so

lu
tio

n

Î
=

[
co

s
θ

si
n
θ

]

[c
os
θ,

si
n
θ]

+

[
−

si
n
θ

co
s
θ

]

[−
si

n
θ,

co
s
θ]

=

[
co

s2
θ

si
n
θ

co
s
θ

si
n
θ

co
s
θ

si
n

2
θ

]

+

[
si

n
2
θ

−
si

n
θ

co
s
θ

−
si

n
θ

co
s
θ

co
s2
θ

]

=

[
1

0
0

1

]

N
O

T
ga

te
:
X̂

=

[
−

si
n
(2
θ)

co
s(

2θ
)

co
s(

2θ
)

si
n
(2
θ)

]

H
ad

am
ar

d
ga

te
:
Ĥ

=
1 √
2

[
−

si
n
(2
θ)

+
co

s(
2θ

),
si

n
(2
θ)

+
co

s(
2θ

)
si

n
(2
θ)

+
co

s(
2θ

),
si

n
(2
θ)
−

co
s(

2θ
)

]

10
8

Q
ua

nt
um

no
-c

lo
ni

ng
th

eo
re

m
:

It
is

im
po

ss
ib

le
to

co
py

(c
lo

ne
,r

ep
ro

du
ce

)
an

un
kn

ow
n

qu
an

t
um

pu
re

st
at

e.

pr
oo

f
le

tu
s

cl
on

e
tw

o
st

at
es

Û
|ψ

1
〉⊗
|s〉

=
|ψ

1
〉⊗
|ψ

1
〉

Û
|ψ

2
〉⊗
|s〉

=
|ψ

2
〉⊗
|ψ

2
〉

so

L
H
S

=
(

〈s
|⊗
〈ψ

1
|Û
†)
(

Û
|ψ

2
〉⊗
|s〉
)

=
〈ψ

1
|ψ

2
〉

R
H
S

=
(

〈ψ
1
|⊗
〈ψ

1
|)
(

|ψ
2
〉⊗
|ψ

2
〉)

=
〈ψ

1
|ψ

2
〉2

eq
ua

tio
nx

=
x

2
ha

s
on

ly
tr

iv
ia

ls
ol

ut
io

ns
:x

=
0

an
d
x

=
1

so

ei
th

er
|ψ

1
〉=
|ψ

2
〉o

r|
ψ

1
〉i

s
or

th
og

on
al

to
|ψ

2
〉

th
us

it
do

es
no

te
xi

st
a

ge
ne

ra
lq

ua
nt

um
cl

on
in

g
de

vi
ce

as
th

e
de

vi
ce

ca
n

cl
on

e
on

ly
or

th
og

on
al

st
at

es
.

10
7

C
N

O
T

as
a

cl
on

in
g

de
vi

ce
?

Û
C

N
O

T

(

a
|0〉

+
b|1
〉)
⊗
|0〉

=
a
|0,

0
⊕

0〉
+
b|1
,0
⊕

1〉
=
a
|00
〉+

b|1
1〉

1
0

b
a

+

0
C

N
O

T

11
00

b
a

+

no
w

m
ea

su
re

on
e

of
th

e
qu

bi
ts

...

It
is

a
cl

on
in

g
de

vi
ce

iff
a
b

=
0.

re
qu

ire
m

en
tf

or
a

cl
on

in
g

de
vi

ce
Û
(

a
|0〉

+
b|1
〉)
⊗
|s〉
→
(

a
|0〉

+
b|1
〉)
⊗
(

a
|0〉

+
b|1
〉)

=
a

2
|00
〉+

a
b(
|01
〉+
|10
〉)

+
b2
|11
〉

no
w

m
ea

su
re

on
e

of
th

e
qu

bi
ts

...
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Q

uantum
cloning

and
stim

ulated
em

ission

0
1

ω

|0>

|1>

F
or

each
perfectclone

there
is

also
one

random
ly

polarized,spontaneously
em

itted,photon.

A
nother

question
S

uppose
thatw

e
have

severalcopies
ofa

photon
in

an
unknow

n
s

tate.

Is
itpossible

todelete
the

inform
ation

contentof
one

or
m

ore
ofthese

photons
by

a
physicalprocess?

109
F

urther
questions

1.
C

an
w

e
clone

unknow
n

m
ixed

quantum
states?

Im
p
o
ssib

le
!

2.
W

hataboutcloning
by

non-unitary
operations?

Im
p
o
ssib

le
!

3.
W

hataboutoptim
alapproxim

ate
cloning

m
achines?

Fo
r

exa
m

p
le,a

clo
n
in

g
m

a
ch

in
e

o
fB

u
že

k
a
n
d

H
ille

ry
(1

9
9
6
)

4.
C

an
w

e
clone

know
n

quantum
states?

Y
e
s.

5.
C

an
w

e
clone

know
n

quantum
states

by
localoperations?

In
ge

n
e
ra

lim
p
o
ssib

le
!

112
W

e
expect

Û
d

el |H
〉|H
〉|A〉

=
|H
〉|S〉|A

H 〉
Û

d
el |V
〉|V
〉|A〉

=
|V
〉|S〉|A

V 〉

Û
d

el |H
〉|V
〉

+
|V
〉|H
〉

√
2

|A〉
=
|B
〉

w
here|B

〉
is

som
e

com
bined

input-ancilla
state.

T
hus,w

e
have

L
H
S

=
Û

d
el |ψ〉|ψ〉|A〉

=
Û

d
el (a|H

〉
+
b|V
〉)⊗

(a|H
〉

+
b|V
〉)|A〉

=
Û

d
el [a

2|H
〉|H
〉

+
a
b(|H
〉|V
〉

+
|V
〉|H
〉)

+
b
2|V
〉|V
〉]|A〉

=
a

2|H
〉|S〉|A

H 〉
+
√

2a
b|B
〉

+
b
2|V
〉|S〉|A

V 〉

R
H
S

=
a|H
〉|S〉|A

ψ 〉
+
b|V
〉|S〉|A

ψ 〉
having

only
solution

for

|A
ψ 〉

=
a|A

H 〉
+
b|A

V 〉
∀
ψ 〈A

ψ |A
ψ 〉

=
1⇒

〈A
H |A

V 〉
=

0

111
Q

uantum
no-deleting

theorem
:

Itis
im

possible
to

delete
an

unknow
n

quantum
state

againsta
copy.

note
Itis

not(tim
e)

reverse
ofquantum

no-cloning
theorem

.

proof
w

e
try

to
find

a
unitary

operation̂U
d

el such
that

Û
d

el |ψ〉|ψ〉|A〉
=
|ψ〉|S〉|A

ψ 〉

w
here

|ψ〉
=
a|0〉

+
b|1〉

-
arbitrary

qubitstate

|A〉
–

initialstate
ofancilla

|A
ψ 〉

–
finalstate

ofancilla
(dependenton|ψ〉)

|S〉
–

som
e

standard
finalstate

ofthe
qubit

Letus
analyze

polarization
states

|ψ〉
=
a|H
〉

+
b|V
〉
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4

no
-g

o
th

eo
re

m
s

1.
qu

an
tu

m
no

-c
lo

ni
ng

[W
oo

tte
rs

,Ż
ur

ek
,D

ie
ks

(1
98

2)
]

It
is

im
po

ss
ib

le
to

co
py

an
un

kn
ow

n
qu

an
tu

m
pu

re
st

at
e.

2.
qu

an
tu

m
no

-d
el

et
in

g
[P

at
i,

B
ra

un
st

ei
n

(2
00

0)
]

It
is

im
po

ss
ib

le
to

de
le

te
an

un
kn

ow
n

qu
an

tu
m

pu
re

st
at

e.

3.
qu

an
tu

m
no

-b
ro

ad
ca

st
in

g
[B

ar
nu

m
,C

av
es

,F
uc

hs
,J

oz
sa

,S
ch

um
ac

he
r

(1
99

6)
]

It
is

im
po

ss
ib

le
to

co
py

an
un

kn
ow

n
qu

an
tu

m
m

ix
ed

st
at

e.

sp
ec

ifi
ca

lly

G
iv

en
a

ge
ne

ra
lm

ix
ed

st
at

e
fo

r
a

qu
an

tu
m

sy
st

em
,t

he
re

ar
e

no
ph

ys
ic

al
m

ea
ns

fo
r

br
oa

dc
as

tin
g

th
at

st
at

e
on

to
tw

o
se

pa
ra

te
qu

an
tu

m
sy

st
em

s,
ev

en
w

he
n

th
e

st
at

es
ne

ed
on

ly
be

re
pr

od
uc

ed
m

ar
gi

na
lly

on
th

e
se

p
ar

at
e

sy
st

em
s.

4.
qu

an
tu

m
no

-d
el

et
in

g
fo

r
m

ix
ed

st
at

es
??

?
[it

m
ig

ht
be

yo
u.

..]

11
3

an
d

|B
〉=
|H
〉|S
〉|A

V
〉+
|V
〉|S
〉|A

H
〉

√
2

so L
H
S

=
a

2
|H
〉|S
〉|A

H
〉+
√

2a
b|H
〉|S
〉|A

V
〉+
|V
〉|S
〉|A

H
〉

√
2

+
b2
|V
〉|S
〉|A

V
〉

=
(

a
2
|H
〉|S
〉|A

H
〉+

a
b|H
〉|S
〉|A

V
〉)

+
(

a
b|V
〉|S
〉|A

H
〉+

b2
|V
〉|S
〉|A

V
〉)

=
a
|H
〉|S
〉(
a
|A

H
〉+

b|A
V
〉)

+
b|V
〉|S
〉(
a
|A

H
〉+

b|A
V
〉)

=
(
a
|H
〉+

b|V
〉)
|S
〉|A

ψ
〉=

R
H
S

T
hu

s
it

is
se

en
th

at

“d
el

et
in

g”
is

ju
st

sw
ap

pi
ng

on
to

2D
su

bs
pa

ce
of

an
ci

lla
as

|A
ψ
〉=

a
|A

H
〉+

b|A
V
〉.
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a 
pa

te
nt

 fo
r 

su
pe

rlu
m

in
al

 c
om

m
un

ic
at

io
n B

IT
 1

B
IT

 1

B
IT

 0

B
IT

 0

E
P

R
P

M

E
P

R
P

M

E
P

R
P

M

E
P

R
P

M
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5

su
pe

rlu
m

in
al

 c
om

m
un

ic
at

io
n?

E
P

R
P

M

E
P

R
P

M

P
M

 =
 p

ho
to

n 
m

ul
tip

lie
r

E
P

R
 =

 s
ou

rc
e 

of
 th

e 
po

la
riz

at
io

n 
si

ng
le

t s
ta

te
 (

e.
g.

 B
B

O
)

(
)

(
)

B
A

B
A

B
A

B
A

H
V

V
H

−
+

−
−

+
=

−
=

Ψ
21

21

A
B

A
lic

e
B

ob



118
superdense

coding
-

a
detailed

analysis
1.

A
lice

takes
qubitA

and
B

ob
takes

qubitB
from

an
E

P
R

pair:

|Φ
(+

)〉
=
|0〉

A |0〉
B

+
|1〉

A |1〉
B

√
2

2.
A

lice
encodes

her
m

essage
by

applying
proper

gate
to

her
qu

bitA
:

|00〉→
Î
A |Φ

(+
)〉

=
|Φ

(+
)〉

|01〉→
X̂

A |Φ
(+

)〉
=
|1 0〉

+
|01〉

√
2

=
|Ψ

(+
)〉

|10〉→
Ẑ
A |Φ

(+
)〉

=
|00〉−

|11〉
√

2
=
|Φ

(−
)〉

|11〉→
Ẑ
A
X̂
A |Φ

(+
)〉

=
Ẑ
A |1 0〉

+
|01〉

√
2

=
−
|1 0〉

+
|01〉

√
2

=
|Ψ

(−
)〉

2.
A

lice
sends

qubitA
to

B
ob.

S
o,he

has
now

tw
o

entangled
qubi

ts
A

and
B

.
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(super)dense

coding
[B

ennettand
W

iesner
1992]

H
ow

to
send

2
bits

ofinform
ation

by
transm

itting
1

qubit?

1.
A

lice
and

B
ob

share
2

qubits
in

an
E

P
R

state
e.g.

|Φ
(+

)〉
=
|0〉

A |0〉
B

+
|1〉

A |1〉
B

√
2

2.
ifA

lice
w

ants
to

send
a

m
essage:

00
-

then
she

does
nothing

⇒
|Φ

(+
)〉

01
-

then
flips

phase
ofher

qubit(P
auliZ

gate)
⇒

Ẑ|Φ
(+

)〉
=
|Φ

(−
)〉

10
-

then
flips

her
qubit(P

auliX
gate)

⇒
X̂
|Φ

(+
)〉

=
|Ψ

(+
)〉

11
-then

flips
&

phase-flips
herqubit(P

auli
iY

gate)
⇒

iŶ
|Φ

(+
)〉

=
|Ψ

(−
)〉

3.
A

lice
sends

her
qubitto

B
ob

4.
B

ob
m

easures
both

qubits
using

B
ellstate

analyzer
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q-circuitfor

B
ell-state

generation
|m
〉

H
•

|β
m
n 〉

|n〉
?>=<
89:;

q-circuitfor
B

ell-state
analysis

•
H

f
e









|m
〉

|β
m
n 〉

?>=<
89:;

f
e









|n〉

w
here

|β
00 〉

=
|Φ

(+
)〉,

|β
01 〉

=
|Ψ

(+
)〉,

|β
10 〉

=
|Φ

(−
)〉,

|β
11 〉

=
|Ψ

(−
)〉

or
com

pactly

|β
m
n 〉

=
|0,n〉

+
(−

1)
m|1,1−

n〉
√

2
for

m
,n

=
0,1
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3.

B
ob

applies
C

N
O

T
to

rem
ove

entanglem
entbetw

een
qubits

A
a

nd
B

:

Û
C

N
O

T |00〉
+
|11〉

√
2

=
|0,0⊕

0〉
+
|1,1⊕

1〉
√

2
=
|00〉

+
|10〉

√
2

=
|0〉

+
|1〉

√
2
|0〉

=
|+
,0〉

Û
C

N
O

T |10〉
+
|01〉

√
2

=
|11〉

+
|01〉

√
2

=
|1〉

+
|0〉

√
2
|1〉

=
|+
,1〉

Û
C

N
O

T |00〉−
|11〉

√
2

=
|00〉−

|10〉
√

2
=
|0〉−

|1〉
√

2
|0〉

=
|−
,0〉

Û
C

N
O

T |01〉−
|10〉

√
2

=
|01〉−

|11〉
√

2
=
|0〉−

|1〉
√

2
|1〉

=
|−
,1〉

4.
B

ob
applies

H
adam

ard
gate

to
qubitA

:

Ĥ
A |+

,0〉
=
|00〉

Ĥ
A |+

,1〉
=
|01〉

Ĥ
A |−

,0〉
=
|10〉

Ĥ
A |−

,1〉
=
|11〉

4.
B

ob
m

easures
qubits

A
and

B
in

the
standard

basis.
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126
w

hich
leads

to

|φ〉
1 |Ψ

(−
)〉

23
=

(|Ψ
(−

)〉〈Ψ
(−

)|+
|Ψ

(+
)〉〈Ψ

(+
)|+
|Φ

(−
)〉〈Φ

(−
)|+
|Φ

(+
)〉〈Φ

(+
)|)

12 |φ〉
1 |Ψ

(−
)〉

23

=
|Ψ

(−
)〉

12 (
12 〈Ψ

(−
)|φ〉

1 |Ψ
(−

)〉
23 )

+
|Ψ

(+
)〉

12 (
12 〈Ψ

(+
)|φ〉

1 |Ψ
(−

)〉
23 )

+
|Φ

(−
)〉

12 (
12 〈Φ

(−
)|φ〉

1 |Ψ
(−

)〉
23 )

+
|Φ

(+
)〉

12 (
12 〈Φ

(+
)|φ〉

1 |Ψ
(−

)〉
23 )

Term
1:

12 〈Ψ
(−

)|φ〉
1 |Ψ

(−
)〉

23
=

1√2
(
12 〈H

V
|−

12 〈V
H
|)(a|H

〉
1
+
b|V
〉
1 )

1√2
(|H

V
〉
23 −
|V
H
〉
23 )

=
12

(

12 〈H
V
|−

12 〈V
H
| )
(

a|H
H
V
〉−

a|H
V
H
〉

+
b|V

H
V
〉−

b|V
V
H
〉
)

=
12

(

−
a

12 〈H
V
|H
V
H
〉−

b
12 〈V

H
|V
H
V
〉
)

=
−

12

(

a|H
〉
3
+
b|V
〉
3

)

=
−

12 |φ〉
3
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Q

uantum
teleportation

-
a

detailed
analysis

Letus
analyze

teleportation
ofa

polarization
state

as
in

Z
eilinger’s

experim
ent

|φ〉
1

=
a|0〉

1
+
b|1〉

1
=
a|H
〉
1
+
b|V
〉
1

via
the

singletstate

|Ψ
(−

)〉
23

=
1√2

(|H
V
〉
23 −
|V
H
〉
23 )

m
ain

idea
Let’s

expand
the

totalinitialstate|φ〉
1 |Ψ

(−
)〉

23
in

the
B

ellbasis

|Ψ
(±

)〉
=

1√2
(|H

V
〉±
|V
H
〉)

|Φ
(±

)〉
=

1√2
(|H

H
〉±
|V
V
〉)

note
that

|Ψ
(+

)〉〈Ψ
(+

)|+
|Ψ

(−
)〉〈Ψ

(−
)|+
|Φ

(+
)〉〈Φ

(+
)|+
|Φ

(−
)〉〈Φ

(−
)|

=
I
4 ≡

id
(4)

128
Term

4:

12 〈Φ
(+

)|φ〉
1 |Ψ

(−
)〉

23
=

12

(

12 〈H
H
|+

12 〈V
V
| )
(

a|H
H
V
〉−

a|H
V
H
〉

+
b|V

H
V
〉−

b|V
V
H
〉
)

=
12

(

a
12 〈H

H
|H
H
V
〉−

b
12 〈V

V
|V
V
H
〉
)

=
12
(a|V
〉
3 −

b|H
〉
3 )

=
12
(−
iŶ

)|φ〉
3

since
(−
iŶ

=
X̂
Ẑ

)

−
iŶ
|φ〉

3
=
−
i

[
0
−
i

i
0

]
[
ab

]

=

[
0
−

1
1

0

]
[
ab

]

=

[−
ba

]

=
−
b|H
〉

+
a|V
〉

thus
w

e
have

|φ〉
1 |Ψ

(−
)〉

23
=

12

(−
|Ψ

(−
)〉

12 |φ〉
3 −
|Ψ

(+
)〉

12 Ẑ|φ〉
3
+
X̂
|Φ

(−
)〉

12 |φ〉
3
+
|Φ

(+
)〉

12 (−
iŶ

)|φ〉
3

)

=
−

12

(|Ψ
(−

)〉
12 |φ〉

3
+
|Ψ

(+
)〉

12 Ẑ|φ〉
3 −

X̂
|Φ

(−
)〉

12 |φ〉
3
+
|Φ

(+
)〉

12 (iŶ
)|φ〉

3

)

N
ow

,A
lice

perform
s

aB
ell-state

m
easurem

ent(B
S

M
)

-
a

projective
m

easurem
entin

the
B

ell-state
basis

(on
parti

cles
1

and
2).
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Term

2:

12 〈Ψ
(+

)|φ〉
1 |Ψ

(−
)〉

23
=

12

(

12 〈H
V
|+

12 〈V
H
| )
(

a|H
H
V
〉−

a|H
V
H
〉

+
b|V

H
V
〉−

b|V
V
H
〉
)

=
12

(

−
a

12 〈H
V
|H
V
H
〉

+
b

12 〈V
H
|V
H
V
〉
)

=
−

12
(a|H

〉
3 −

b|V
〉
3 )

=
−

12
Ẑ|φ〉

3

since

Ẑ|φ〉
3

=

[
1

0
0
−

1

]
[
ab

]

=

[
a−b

]

=
a|H
〉−

b|V
〉

Term
3:

12 〈Φ
(−

)|φ〉
1 |Ψ

(−
)〉

23
=

12

(

12 〈H
H
|−

12 〈V
V
| )
(

a|H
H
V
〉−

a|H
V
H
〉

+
b|V

H
V
〉−

b|V
V
H
〉
)

=
12

(

a
12 〈H

H
|H
H
V
〉

+
b

12 〈V
V
|V
V
H
〉
)

=
12
(a|V
〉
3
+
b|H
〉
3 )

=
12
X̂
|φ〉

3

since

X̂
|φ〉

3
=

[
0

1
1

0

]
[
ab

]

=

[
ba

]

=
b|H
〉

+
a|V
〉



13
0

Z
ei

lin
ge

r's
ex

pe
rim

en
t

B
B

O

D
0

D
1

B
S

D
2

P

1
2 3

4

P
B

S

B
ob

A
lic

e

P
L

D
3

D
4

tr
ig

ge
r

E
O

M

12
9

q-
ci

rc
ui

tf
or

qu
an

tu
m

te
le

po
rt

at
io

n

|φ
〉 1

1

B
S
M

m
•

2
n

•
|Ψ

(−
) 〉 2

3
3

X
n

Z
m

|φ
〉 3

w
he

re
m
,n
∈
{0
,1
}a

nd
B

S
M

st
an

ds
fo

r
th

e
B

el
ls

ta
te

m
ea

su
re

m
en

t

or
m

or
e

ex
pl

ic
itl

y

|φ
〉 1

•
H

f
e
 
 
 
 


m
•

?>=
<

89:
;

f
e
 
 
 
 


n
•

|Ψ
(−

) 〉 2
3

X
n

Z
m

|φ
〉 3

13
2

te
le

po
rt

at
io

n 
of

 o
pt

ic
al

 q
ub

its
us

in
g 

qu
an

tu
m

 s
ci

ss
or

s 

A
lic

e
D

1

D
2

B
ob B

S
2

B
S

1

1

0

(1
 p

ho
to

n)

(n
o 

ph
ot

on
)

  
 

 
1 

0
 

in
 

b
a

+
=

  
 

 
1 

0
 

ou
t

 
b

a
+

=

13
1

te
le

po
rt

at
io

n
ac

ro
ss

th
e

R
iv

er
D

an
ub

e
ex

pe
rim

en
to

fZ
ei

lin
ge

r
at

al
.

(2
00

4)

K
ey

:

qu
bi

t
–

po
la

riz
at

io
n

st
at

es|H
〉a

nd
|V
〉o

fp
ho

to
n

F
–

op
tic

al
fib

re
(le

ng
th

80
0m

)
–

qu
an

tu
m

ch
an

ne
l

R
F

-
un

it
–

cl
as

si
ca

lc
ha

nn
el

P
L

–
pu

ls
ed

la
se

r
(w

av
el

en
gt

h
39

4
nm

,r
at

e
76

M
H

z)

B
B

O
–
β

-b
ar

iu
m

bo
ra

te
us

ed
to

ge
ne

ra
te

en
ta

ng
le

d
ph

ot
on

pa
ir

(w
av

el
en

gt
h

78
8

nm
)b

y
sp

on
ta

ne
ou

s
pa

ra
m

et
ric

do
w

n-
co

nv
er

si
on

(P
D

C
)

E
O

M
–

el
ec

tr
o-

op
tic

m
od

ul
at

or
to

pe
rf

or
m

B
ob

’s
un

ita
ry

op
er

at
i

on

P
C

–
po

la
riz

at
io

n
co

nt
ro

lle
r

to
co

rr
ec

te
xt

ra
ro

ta
tio

n
of

po
la

riz
at

io
n

in
fib

re
s

B
S

–
be

am
sp

lit
te

r

P
B

S
–

po
la

riz
in

g
be

am
sp

lit
te

r



134
experim

entalquantum
scissors

for
teleportation

and
generation

ofqubitstates
K

ey:

P
L

–
pulsed

laser

F
D

–
frequency

doubler

P
D

C
–

param
etric

dow
n

conversion
crystal

VA
–

variable
attenuator

w
ith

narrow
-band

filter

C
C

L
–

coincidence
counter

and
logic

B
S

,B
S

1,B
S

2–
beam

splitters

D
0 ,D

1 ,D
2

–
photon-counting

detectors

D
0

-
acts

as
a

trigger

delay
-

‘trom
bone’system

133

realization of quantum
 scissors

V
A

P
D

C
F

D
P

L

CCL

Delay

D
1

B
S

1

B
S

D
0

B
S

2

D
2

in

out

0

136

B
latt et al. experim

ent (2004)

3 ions of 40C
a

+

)
2/

5
(

)
2/

1
(

0

)
2/

1
(

1

2/
5 2/

5 2/
1

−
=

≡

−
=

≡

−
=

≡

J

J

Jm
D

H

m
D

m
S

2

1
0

,
2

1
0

,
0

,
1

1
+

+
→

i
U

x

m
s

T
m

s
T

m
s

T
10

,
100

,
2

de
la

y
.life

tim
e

B
e

ll.sta
te

te
le

port
=

=
=

states

fidelity:
(66.7%

<
) 75%

(<
87%

)

135

determ
inistic teleportation of 
atom

ic states
experim

ent of B
latt et al. (2004)

Bell state generator

hide U
X

2 π

hide 
hide

-1

hide
-1

Z
X

Z

U
X -1

2 π

2 π

111

detector

detector

detector



13
8

3-
le

ve
l a

to
m

w n

D

(L
)

|r>
n

|g
> n

|e
> n

w n(C
)

n

la
se

r 
m

od
e

ca
vi

ty
 m

od
e

13
7

te
le

po
rt

at
io

n 
vi

a 
ca

vi
ty

 d
ec

ay

B
S

A
lic

ja
D

1

D
2

B
ob

C
a

C
b

A
a

L
b

L
a

A
b

14
0

en
ta

ng
le

m
en

t s
w

ap
pi

ng

E
P

R
 s

ou
rc

es

B
S

M
U

1
2

3

A
 B

 C
 D

A
 B

 C
 D

4

4
3

13
9

W
ha

ti
s

th
e

en
ta

ng
le

m
en

ts
w

ap
pi

ng
?

a
m

et
ho

d
to

es
ta

bl
is

h
pe

rf
ec

te
nt

an
gl

em
en

tb
et

w
ee

n
re

m
ot

e
p

ar
tie

s

R
em

ar
ks

:
•

it
is

qu
an

tu
m

te
le

po
rt

at
io

n
of

un
kn

ow
nen

ta
n
g
le

dq
ua

nt
um

st
at

e

•
q
u
a
n
tu

m
re

p
e
a
te

rsc
an

be
ba

se
d

on
en

ta
ng

le
m

en
ts

w
ap

pi
ng

S
im

pl
e

de
sc

rip
tio

n

1.
A

lic
e

ha
s

pa
rt

ic
leA

,B
ob

tw
o

pa
rt

ic
le

sB
1
,B

2
,a

nd
C

la
ire

pa
rt

ic
leC

.

2.
In

iti
al

ly
pa

rt
ic

le
sA

an
d
B

1
ar

e
en

ta
ng

le
d,

an
d

soB
2

an
d
C

.

3.
B

ob
pe

rf
or

m
s

B
S

M
on

hi
s

pa
rt

ic
le

sB
1

an
d
B

2
an

d
in

fo
rm

s
C

la
ire

ab
ou

t
hi

s
m

ea
su

re
m

en
tr

es
ul

ts
.

4.
C

la
ire

,
as

in
th

e
st

an
da

rd
te

le
po

rt
at

io
n

pr
ot

oc
ol

,
ap

pl
i

es
pr

op
er

un
ita

ry
op

er
at

io
n

to
C

.
S

o,
th

e
st

at
e

ofB
1

is
te

le
po

rt
ed

toC
.

5.
T

hu
s,

al
th

ou
gh

A
lic

e
an

d
C

la
ire

ne
ve

r
in

te
ra

ct
ed

w
ith

ea
c

h
ot

he
r,

th
ei

r
pa

rt
ic

le
sA

an
d
C

ar
e

no
w

en
ta

ng
le

d.



142

Introduction
to

linear-opticalquantum
com

puting

encoding
opticalqubits

linear-opticalelem
ents

scattering
m

atrices

conditionalm
easurem

ents

opticalsingle-qubitgates

opticaltw
o-qubitgates

a
m

otto
efficientquantum

com
putation

w
ith

linear
optics

is
possible!

141
teleportation

-
theory

and
experim

ents

T
1935

quantum
entanglem

ent-
S

chrödinger,and
E

instein,P
odolsk
y,R

osen

T
1982

quantum
no-cloning

-
W

ootters,Żurek
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v 〉
–

photon
w

ith
horizontalpolarization

|1〉
L

=
|V
〉

=
|0
h ,1

v 〉
–

photon
w

ith
verticalpolarization
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ations
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P

inputstate|ψ
in 〉

=
|n

1 ,...,n
N 〉≡

|n〉
outputstate

|ψ
ou

t 〉
=
Û|ψ

in 〉
=
Û

N∏i=
1

(â †i )
n
i

√
n
i ! |0〉

=
Û

(â †1 )
n

1

√
n

1 !

(â †2 )
n

2

√
n

2 ! ···
(â †N

)
n
N

√
n
N

! |0〉

=
Û

(â †1 )
n

1

√
n

1 ! Û
†Û

(â †2 )
n

2

√
n

2 ! Û
†Û
···Û

†Û
(â †N

)
n
N

√
n
N

!
Û
†Û|0〉

=
N∏i=

1

1
√
n
i ! (Û

â †i Û
†)
n
i|0〉

=

N∏i=
1

1
√
n
i !



N
∑j=

1

S
ji â †j



n
i|0〉

=
1

√
n

1 !···n
N

!

N
∑j=

1

M∏l=
1

S
jl x

l â †jl |0〉

w
here

M
=
∑

i n
i –

is
the

totalnum
ber

ofphotons
in

system
.

{x
l }≡

(1,...,1
︸
︷
︷
︸

n
1

,2,...,2
︸
︷
︷
︸

n
2

,...,N
,...,N

︸
︷
︷
︸

n
N

)
for

l
=

1,...,M

∑

j –
m

ultiple
sum

j
1 ,j

2 ,...,j
M
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P
transform

ations
can

be
w
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com
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b̂
=
Û
†â
Û

=
S

â

so
â
†

=
Û

b̂
†Û
†

=
S
T
b̂
†

or
explicitly

â †i
=
∑

j

S
ji b̂ †j

•
H

ow
to

express
outputoperators

in
term

s
ofinputoperators

w
ithoutknow

ing
explicitly

Û
?

Û
â †i Û

†
=
Û


∑

j

S
ji b̂ †j


Û
†

=
∑

j

S
ji Û

b̂ †j Û
†

=
∑

j

S
ji â †j
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so

|10〉→
t|10〉−

r|01〉
in

specialcase
for50:50

B
S

(i.e.,t
=
r

=
1/ √

2)

|10〉→
1√2

(|10〉−
|01〉)≡

|Ψ
(−

)〉
(th

e
sin

glet
state)

•
exam

ple
2:

|01〉→
r|10〉

+
t|01〉

for
50:50

B
S|01〉→

1√2
(|10〉

+
|01〉)≡

|Ψ
(+

)〉
(th

e
′trip

let ′state)

•
exam

ple
3:

|11〉→
√

2rt(|20〉−
|02〉)

+
(t

2−
r

2)|11〉
for

50:50
B

S
|11〉→

1√2
(|20〉−

|02〉)

note:
state|11〉

is
notgenerated

–
itis

so-called
photon

coalescenceorphoton
‘bunching’

(butnotin
M

andel’s
sense)
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=
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−
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t

]
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=
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→
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=
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t 〉
=
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=
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Û
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︸
︷
︷
︸
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=
Û
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︷
︷
︸
Û|00〉
︸
︷
︷
︸
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=
(
∑
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j1 â †j

)|00〉

=
S

11 â †1 |00〉
+
S

21 â †2 |00〉
=
S

11 |10〉
+
S
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=
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2b̂

1̂b
2â
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ents
for

the
projectors

non-negative,H
erm

itian,orthogonaland
sum

m
ing

up
to

identity:
∑

m

P̂
(k

)
m

=
Î
,

P̂
(k

)
m

=
(P̂

(k
)

m
) †,

k 〈m
|m
′〉
k

=
δ
m
m
′,

[P̂
(k

)
m
,P̂

(k ′)
m
′

]
=

0

then
∑

m

prob(m
)

=
1

m
easurem

entoutcom
es

corresponding
to

non-orthogonalsta
tes

do
notcom

m
ute

and
thus

are
notsim

ultaneously
observable

N
ote:num

ber
ofprojectors

=
dim

ension
ofH

ilbertspace

•
C

an
w

e
apply

a
m

ore
generaltype

ofm
easurem

ent?
Y

es!

positive
operator

valued
m

easures
(P

O
V

M
,P

O
M

)
describe

m
easurem

entoutcom
es

associated
w

ith
non-orthog

onalstates

...
a
n
d

w
e

w
illd

iscu
ss

itla
te

r!

157
von

N
eum

ann
projective

m
easurem

ent
letus

assum
e

thatthekth
subsystem

(e.g.
m

ode,qubit)
ofa

bipartite
quantum

system
is

represented
by

com
plete

orthonorm
alsetofstates

|m
〉

then:

projector
=

projection
operator

=
projection

valued
(P

V
)

m
easure

=
orthogonalm

easurem
entoperator

is

P̂
(k

)
m

=
|m
〉
k
k 〈m
|

for
the

kth
subsystem

corresponding
to

the
m

easurem
entoutcom

e
m

probability
ofthe

m
easurem

entoutcom
em

prob
1 (m

)
=
〈ψ|P̂

(1)
m
⊗
Î|ψ〉

prob
2 (m

)
=
〈ψ|Î⊗

P̂
(2)
m
|ψ〉

state
after

projection/m
easurem

ent

|φ
(1)〉

=
P̂

(1)
m
⊗
Î|ψ〉

√

〈ψ|P̂
(1)
m
⊗
Î
)|ψ〉 ,

|φ
(2)〉

=
Î⊗

P̂
(2)
m
|ψ〉

√

〈ψ|Î⊗
P̂

(2)
m
|ψ〉

w
here √

...is
the

renorm
alization.
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2)

probability
ofm

easuring1stqubitin
|1〉:

prob(|1〉
1 )

=
|c

2 | 2
+
|c

3 | 2

if|ψ〉
=
c
0 |00〉

+
c
1 |01〉

+
c
2 |10〉

+
c
3 |11〉

the
postm

easurem
entstate

is

c
2 |0〉

+
c
3 |1〉

√

|c
2 | 2

+
|c

3 | 2 ≡
|φ

1 〉

3)
probability

ofm
easuring2nd

qubitin
|0〉:

prob(|0〉
2 )

=
|c

0 | 2
+
|c

2 | 2

if|ψ〉
=
c
0 |00〉

+
c
1 |01〉

+
c
2 |10〉

+
c
3 |11〉

the
postm

easurem
entstate

is

c
1 |0〉

+
c
3 |1〉

√

|c
1 | 2

+
|c

3 | 2

4)
probability

ofm
easuring2nd

qubitin
|1〉:

-
analogously
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E

xam
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ofvon
N

eum
ann

projective
m

easurem
ent

a
projection

synthesis
via

conditionalm
easurem

ents
generaltw

o-qubitpure
state

|ψ〉
=
c
0 |00〉

+
c
1 |01〉

+
c
2 |10〉

+
c
3 |11〉

norm
alization

1
=
|c

0 | 2
+
|c

1 | 2
+
|c

2 | 2
+
|c

3 | 2

1)probability
ofm

easuring
1stqubitin

|0〉:
prob

1 (0)≡
prob(|0〉

1 )
=
|c

0 | 2
+
|c

1 | 2

andpostm
easurem

entstateis

c
0 |0〉

+
c
1 |1〉

√

|c
0 | 2

+
|c

1 | 2 ≡
|φ

0 〉

w
here √

...is
the

renorm
alization.
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e
en
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a
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m
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su
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m
en

ts

ex
am

pl
e:

Le
t’s

an
al

yz
e

a
th

re
e-

m
od

e
st

at
e

|ψ
〉=

c 1
|00

0〉
+
c 2
|00

1〉
+
c 3
|01

0〉
+
c 4
|01

1〉
+
c 5
|10

0〉
+
c 6
|10

1〉
+
c 7
|11

0〉
+
c 8
|11

1〉

P
ro

bl
em

:H
ow

to
ge

ts
in

gl
e-

m
od

e
st

at
es

|φ
a
〉∼

c 1
|0〉

+
c 2
|1〉

an
d
|φ
b〉
∼
c 5
|0〉

+
c 7
|1〉

?

A
ns

w
er

:P
ro

pe
r

co
nd

iti
on

al
m

ea
su

re
m

en
ts

sh
ou

ld
be

pe
rf

or
m

ed

ψ

1 
ph

ot
on

aφ

ψ
bφ

no
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ho
to

ns

no
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to

ns
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1

an
ot

he
r

de
sc

rip
tio

n
of

pr
oj

ec
tio

n
sy

nt
he

si
s

|ψ
〉=

c 0
|00
〉+

c 1
|01
〉+

c 2
|10
〉+

c 3
|11
〉

=
|0〉
⊗

(c
0
|0〉

+
c 1
|1〉

)
+
|1〉
⊗

(c
2
|0〉

+
c 3
|1〉

)

=
√

|c 0
|2

+
|c 1
|2

︸
︷
︷

︸
|0〉
⊗

c 0
|0〉

+
c 1
|1〉

√

|c 0
|2

+
|c 1
|2

︸
︷
︷

︸

+
√

|c 2
|2

+
|c 3
|2

︸
︷
︷

︸
|1〉
⊗

c 2
|0〉

+
c 3
|1〉

√

|c 2
|2

+
|c 3
|2

︸
︷
︷

︸

=
√

pr
ob

(|0
〉 1)
|0〉
⊗
|φ

0
〉+
√

pr
ob

(|1
〉 1)
|1〉
⊗
|φ

1
〉
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no
nl

in
ea

r
si

gn
ga

te
(N

S
)

|ψ
〉=

c 0
|0〉

+
c 1
|1〉

+
c 2
|2〉
−→
|ψ
′ 〉

=
c 0
|0〉

+
c 1
|1〉
−
c 2
|2〉

ψ
'

ψ

1 0

„1
”

„0
”

B
S1

B
S3

B
S2

1â 2â 3â

1̂b 2b̂ 3̂b

 

 

−
=

 

 −
=

 

 

−
=

3
3

3
3

3
2

2

2
2

2

1
1

1
1

1

00

0
0

1

,

1
0

0

00

,

00

0
0

1

r
t

t
r

S
r

t

t
r

S

r
t

t
r

S

1
2

3
S

S
S

S
=

16
3

•
A

s
w

e
kn

ow
,f

or
a

tw
o-

m
od

e
sy

st
em

(f
ou

r-
po

rt
sy

st
em

)
ho

ld
s:

[

â
† 1

â
† 2

]

→
[

b̂† 1 b̂† 2

]

=
S
T

[

â
† 1

â
† 2

]

w
he

re

S
=

[
S

11
S

12

S
21
S

22

]

⇒
S
T

=

[
S

11
S

21

S
12
S

22

]

e.
g.

|10
〉→

S
11
â
† 1
|00
〉+

S
21
â
† 2
|00
〉=

S
11
|10
〉+

S
21
|01
〉

|01
〉→

S
12
â
† 1
|00
〉+

S
22
â
† 2
|00
〉=

S
12
|10
〉+

S
22
|01
〉

•
A

na
lo

go
us

ly
fo

ra
th

re
e-

m
od

e
sy

st
em

(s
ix

-p
or

ts
ys

te
m

)
ho

ld
s:

  

â
† 1

â
† 2

â
† 3

  
→

  

b̂† 1 b̂† 2 b̂† 3

  
=

S
T

  

â
† 1

â
† 2

â
† 3

  
=

 

S
11
S

21
S

31

S
12
S

22
S

32

S
13
S

23
S

33

 

  

â
† 1

â
† 2

â
† 3

  

e.
g.

|10
0〉
→

S
11
â
† 1
|00

0〉
+
S

21
â
† 2
|00

0〉
+
S

31
â
† 3
|00

0〉
=
S

11
|10

0〉
+
S

21
|01

0〉
+
S

31
|00

1〉
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•
|n

10〉→
c|n

10〉
for

n
=

0

Û|010〉
=

(S
12 â †1

+
S

22 â †2
+
S

32 â †3 )|000〉
=
S

12 |100〉
+
S

22 |010〉
+
S

32 |001〉
so〈010|Û|010〉

=
S

12 〈010|100〉+
S

22 〈010|010〉+
S

32 〈010|001〉
=
S

22
=
t
1 t

3 +
r
1 r

2 r
3

=
c

•
|n

10〉→
c|n

10〉
for

n
=

1

Û|110〉
=

3
∑k
,l=

1

S
k
1 S

l2
√

1!1! â †k â †l |000〉

=
(S

11 S
22 â †1 â †2

+
S

21 S
12 â †2 â †1

+
···)|000〉

=
(S

11 S
22

+
S

21 S
12 )|110〉

+
···

so
〈110|Û|110〉

=
(S

11 S
22

+
S

21 S
12 )〈110|110〉

+
···

=
S

11 S
22

+
S

21 S
12

=
−
r
2 c

+
(t

2 r
3 )(t

2 r
1 )

=
−
r
2 c

+
r
1 r

3 t
22
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•

scattering
m

atrix
M

a
th

e
m

a
tica

:
S

1
:=

{{1
,

0
,

0
},

{0
,

r1
,

t1
},

{0
,

t1
,

-r1
}}

S
2

:=
{{-r2

,
t2

,
0
},

{t2
,

r2
,

0
},

{0
,

0
,

1
}}

S
3

:=
{{1

,
0
,

0
},

{0
,

r3
,

t3
},

{0
,

t3
,

-r3
}}

S
=

S
3
.S

2
.S

1
thus,after

m
ultiplication,one

gets

S
=



S
11
S

12
S

13

S
21
S

22
S

23

S
31
S

32
S

33


=



−
r
2 ,

t
2 r

1 ,
t
1 t

2

t
2 r

3 ,
t
1 t

3
+
r
1 r

2 r
3 ,
−
t
3 r

1
+
t
1 r

2 r
3

t
2 t

3 ,
t
3 r

1 r
2 −

t
1 r

3 ,
t
1 t

3 r
2
+
r
1 r

3


↔

Û

•
probability

am
plitudes

〈n
10|Û|n

10〉
P

roblem
:

find
such

reflection
am

plitudesr1 ,r
2

and
r
3

for
B

S
that

〈010|Û|010〉
=
〈110|Û|110〉

=
−
〈210|Û|210〉≡

c

N
ote:

transm
ission

am
plitudes

for
B

S
are

calculated
from
t
i
=
√

1−
r

2i

168
sim

plified
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plem
entation

ofN
S

gate
(less

num
ber

ofopticalelem
ents

butalso
low

er
probability

ofsuccess!)

(a)

ψ
'

ψ

10

„1”

„0”

B
S1

B
S2

(b)

ψ
'

ψ

1 0

„1”

„0”

B
S1

B
S2
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•
|n

10〉→
−
c|n

10〉
for

n
=

2

Û|210〉
=

3
∑

k
,l,m

=
1

S
k
1 S

l1 S
m

2
√

2!1!
â †k â †l â †m |000〉

=
1√2 (S

211 S
22 â

2†1
â †2 +

S
21 S

11 S
12 â †2 â

2†1
+
S

11 S
21 S

12 â †1 â †2 â †1 +···)|000〉

=
1√2 (S

211 S
22

+
2S

11 S
21 S

12 )
â

2†1
â †2 |000〉

︸
︷
︷

︸
√

2|210〉

+
···

=
(S

211 S
22

+
2S

11 S
21 S

12 )|210〉
+
···

so

〈210|Û|210〉
=
S

211 S
22

+
2S

11 S
21 S

12

=
r

22 c−
2r

2 (t
2 r

3 )(t
2 r

1 )

=
r

22 c−
2r

1 r
2 r

3 t
22

finally,w
e

getsetofequations
c

=
t
1 t

3
+
r
1 r

2 r
3

=
−
r
2 c

+
(t

2 r
3 )(t

2 r
1 )

=
−

(r
22 c−

2r
1 r

2 r
3 t

22 )

for
w

hich
the

solutions
arer1

=
r
3

=
1

√
4−

2 √
2 ,
r
2

=
√

2−
1
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=
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5
P

5
B
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P

4
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3
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3
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2
B

1
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1

be
am
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B
1

=

   

t 1
r 1

0
0

−
r 1

t 1
0

0
0

0
1

0
0

0
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1

   
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B
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   
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1
0

0
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0
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0
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   
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0
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   
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=
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=
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=
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ex
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ex
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B
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a
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^

^

^

^
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projection

synthesis

outputstate

|φ
ou

t 〉
1

=
N

2 〈N
2 |

3 〈N
3 |

4 〈N
4 |Û|n

1 〉
1 |n

2 〉
2 |n

3 〉
3 |ψ

in 〉
4

=
N

d−
1

∑n
=

0

c
(d

)
n
γ
n |n〉

w
here

am
plitudes

c
(d

)
n

(T
,ξ

)
=
〈n
N

2 N
3 N

4 |Û|n
1 n

2 n
3 n〉

depend
on:

transm
ittances

T
≡

[t
21 ,t

22 ,t
23 ,t

24 ,t
25 ]

phase
shiftsξ

≡
[ξ

1 ,ξ
2 ,ξ

3 ,ξ
4 ,ξ

5 ]

inputF
ock

states|n
1 〉,|n

2 〉
and|n

3 〉
3

m
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resultsN
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3 ,N
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H

ow
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rotate
polarization

qubits?
w

ave
plate

=
w

aveplate
=

retarder
a

birefringentcrystal(w
ith

a
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thickness)

changes
polarization

ofa
light

by
shifting

its
phase

betw
een

tw
o

perpendicular
polarizati

on
com

ponents.

half-w
ave

plate
(H

W
P

)

Ŝ
λ
/2 (β

)
=

[
cos(2β

)
sin

(2β
)

sin
(2β

)
−

cos(2β
)

]

quarter-w
ave

plate
(Q

W
P

)

Ŝ
λ
/4 (β

)
=

exp
(i

34 π
)

√
2

[
cos(2β

)−
i

sin
(2β

)
sin

(2β
)
−

cos(2β
)−

i

]
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α
|H
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+

β
|V

〉

{

{

α
|H

〉
+

β
|V

〉
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α
|1

0〉
a
b
+

β
|0

1
〉
a
b

P
B

S
–

polarizing
beam

splitter
(e.g.

calcite
crystal)

transm
its|H

〉
and

reflects|V
〉

(or
vice

versa)

H
W

P
(π
/4)

–
half-w

ave
plate

(polarization
rotator)

changes
photon

polarization|V〉↔
|H
〉.
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Ŝ
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)
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N
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T
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=

P
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X
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=
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Ŝ
λ
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)
=
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1
1

0

]
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X

P
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Z
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te

=
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e

fli
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Ŝ
λ
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0
0
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Z

H
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Ŝ
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â

1
â
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2â
1â
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truncation and teleportation of qubit states

A
lice

D
1

D
2

B
obB

S
2

B
S

1

1

0

(1 photon)

(no photon)

1
0

out
b

a
+

∝

 
 

 
 

 
...
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1 
0

 
in

 
+

+
+

=
c

b
a
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quantum

scissors
for

qutritstates
|φ〉∼

γ
0 |0〉

+
γ

1 |1〉
+
γ

2 |2〉
generaloutputstate
assum

ingn
1

=
n

2
=
N

1
=
N

2
=

1
is

|φ
1111 〉∼

2r
1 t

1 r
2 t

2

(

e
2iθ

2γ
0 |0〉

+
γ

2 |2〉
)

+
e
iξ

2(r
21 −

t
21 )(r

22 −
t
22 )γ

1 |1〉

as
can

be
show

n
analogously

to
|φ

0110 〉.
truncation

and
teleportation

to
qutritstates

corresponds
to|φ

1111 〉
assum

ing

t
22

=
12

(

1±
r
1 t

1
√

1−
3(r

1 t
1 )

2

)

and
θ

2
=

0
or

=
π

(show
this!).

optim
ized

4
solutions

for
t
21

=
16 (3−

√
3)≈

0.21
or
t
21

=
16 (3

+
√

3)/6≈
0.79

and
t
22

=
t
21

if
ξ
4

=
0

or
t
22

=
1−

t
21

if
ξ
4

=
π

.
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W

hatis
the

W
igner

function?

W
(q,p)

=
1

2π
h̄

∫
∞−
∞
d
x〈q

+
x2 |ρ̂|q−

x2 〉
exp

(
ih̄
px

)

w
here|q±

x2 〉
–

eigenstates
ofposition

operator
q̂

•
W

igner
function

can
benegative

•
density

m
atrix

ρ
can

be
calculated

from
W

igner
function.

W
hy

is
the

W
igner

function
so

im
portant?

m
arginaldistributions

ofW
igner

function
correspond

to
cl

assicaldistributions

•
position

distribution

p
r(q)≡

〈q|ρ̂|q〉
=

∫
∞−
∞
W

(q,p)d
p

•
m

om
entum

distribution

p
r(p)≡

〈p|ρ̂|p〉
=

∫
∞−
∞
W

(q,p)d
q

213
phase-space

quasiprobability
distributions

in
quantum

m
echanics

uncertainty
principle

m
akes

the
conceptofphase

space
in

quantum
m

echanics
proble
m

atic:

a
particle

cannotsim
ultaneously

have
a

w
elldefined

positio
n

and
m

om
entum

,
thus

one
cannotdefine

a
probability

that
a

particle
has

a
positionq

and
a

m
om

entump

quasiprobability
distribution

functions
=

quasiprobabilities
=

quasidistributions
functions

w
hich

bear
som

e
resem

blance
to

phase-space
distr

ibution
functions

usefulnotonly
as

calculationaltools

butcan
also

revealthe
connections

betw
een

classicaland
qu

antum
m

echanics.

exam
ples:

•
W

igner
(W

igner-V
ille)W

function

•
H

usim
i(H

usim
i-K

ano)Q
function

•
G

lauber-S
udarshanP

function

•
C

ahill-G
laubers-param

etrizedW
(s)

function
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sim

ple
exam

ples
ofW

igner
function

♣
coherentstate|α

0 〉:

W
(α

)
=

2π
exp

[−
2|α
−
α

0 | 2]
w

here
α

=
q

+
ip

♣
F

ock
state|n〉:

W
(α

)
=

2π
(−

1)
nL

n (4|α| 2)
exp

[−
2|α| 2]

w
here

L
n (x

)
is

Laguerre
polynom

ial

♣
S

chrödinger
catstates|ψ± 〉∼

|α
0 〉±

|−
α

0 〉:

W
±
(α

=
q

+
ip)

=
f

1 ±
f

0
cos(4pα

0 )

π
[1

+
exp

(−
2α

20 )]

w
here

α
0 ∈
R

and

f
1

=
exp

[−
2(q−

α
0 )

2−
2p

2]+
exp

[−
2(q

+
α

)
2−

2p
2],

f
0

=
2

exp
[−

2q
2−

2p
2]
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10

form
ulations

ofquantum
m

echanics:

1.
m

atrix
form

alism
ofH

eisenberg
(1925)

2.
w

ave-function
form

alism
ofS

chrödinger
(1926)

3.
density-m

atrix
form

alism
ofvon

N
eum

ann
(1927)

4.
second-quantization

form
alism

ofD
irac,Jordan

and
K

lei
n

(1927)

5.
variationalform

alism
ofJordan

and
K

lein
(1927)

6.phase-space
form

alism
ofW

igner(1932)

7.
path-integralform

alism
ofF

eynm
an

(1948)

8.
pilot-w

ave
form

alism
ofde

B
roglie

and
B

ohm
(1952)

9.
m

any-w
orlds

interpretation
(M

W
I)

ofE
verett(1957)

10.
action-angle

quantum
form

alism
ofH

am
ilton

and
Jacobi(

1983)
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ne
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nc
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(a

)|ψ
+
〉,

(b
)
|ψ
−
〉

an
d

(c
)m

ix
tu
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he

re
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st
at

eŝ
ρ

m
ix

=
|α

0〉
〈α

0|+
|−

α
0〉
〈−
α
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−
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−
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−
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0
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2
3

−
3

−
2

−
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1

2

3
−

0.
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−
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W
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n

p
r(
x
)
≡
〈x
|ρ̂
|x
〉=

∫
∞ −
∞
W

(x
,p

)d
p,

p
r(
p)
≡
〈p
|ρ̂
|p〉

=

∫
∞ −
∞
W

(x
,p

)d
x21

9
W

ig
ne

r
fu
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n
fo
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(a

)
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〉,

(b
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♣

W
hatis

m
easured

in
hom

odyne
detection?

•
intensity

I
k

(k
=

1,2)
is

proportionalto
the

num
ber

ofphotons
n̂
k :

I
1
∼
n̂

1
=
â ′†1
â ′1

I
2
∼
n̂

2
=
â ′†2
â ′2

•
param

etric
approxim

ation
for

laser
field:

〈n̂
L 〉≫

1
⇒

â
L ≈

α
L

•
beam

splitter
(B

S
)is

50:50
(T

=
R

=
1/2),

thus
itis

called
‘balanced’detection.

•
relations

betw
een

input,̂ak ,and
output,̂a ′k ,annihilation

operators:

â ′1
=

1√2
(â
S −

â
L )≈

1√2
(â
S −

α
L )

â ′2
=

1√2
(â
S

+
â
L )≈

1√2
(â
S

+
α
L )

221
balanced

hom
odyne

detection

B
S

detector

laser
(local oscillator)

 
ˆ 

s
a

 '
ˆ 

1
a  

' ˆ
 

2
a

 
ˆ 

L
α

≅
L

a

detector

signal

I2

I1
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m

arginaldistribution
ofW

igner
function

atangle
θ

p
r(X

,θ)
=

∫
∞−
∞
W

(q
cos

θ−
p

sin
θ,q

sin
θ

+
p

cos
θ)d

p

describes
probability

ofm
easurem

entresultofthe
quadrat

ure

X̂
(θ)

=
q̂

cos
θ−

p̂
sin

θ

R
em

arks:
•

this
is

so-calledR
adon

transform
ation

•
p
r(X

,θ)
is

directly
m

easured
in

hom
odyne

detection

C
an

w
e

reconstructW
igner

function
from

its
m

arginaldistributions?

W
(q,p)

=
1

(2π
)
2

∫
∞−
∞

∫
π

0

∫
∞−
∞

p
r(X

,θ)
exp

[iξ(q
cos

θ
+
p

sin
θ−

X
)]|ξ|d

X
d
θd
ξ

this
is

theinverse
R

adon
transform

ation
[K

.Vogeland
H

.R
isken,1989]
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•

w
e

m
easuredifference

ofintensities,w
hich

is
proportionalto:

n̂
2 −

n̂
1

=
12
(â †S

+
α
∗L )(â

S
+
α
L )−

12
(â †S −

α
∗L )(â

S −
α
L )

=
α
∗L â

S
+
α
L â †S

=
|α

L |(e −
iθâ

S
+
e
iθâ †S )

=
2|α

L |X̂
(θ)

w
here

θ
=

arg(α
L )

and

X̂
(θ)

=
12
(â
S e −

iθ
+
â †S e

iθ)

is
thegeneralized

quadrature
operator

•
specialcases:

X̂
(0)

=
q̂

–
position

operator
X̂

(
π2 )

=
p̂

–
m

om
entum

operator
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m
an

y
co

pi
es

i.e
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nu
m

be
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ea
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en
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e.
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,
in

th
e

fir
st

ex
pe

rim
en

t,
S

m
ith

ey
et

al
.

pe
rf

or
m

ed
40

00
m

ea
su

re
m

en
ts

at
27

an
gl

es
θ,

so
in

to
ta

l1
08

00
0

m
ea

su
re

m
en

ts;i
n

th
e

se
co

nd
ex

pe
rim

en
t

th
ey

pe
rf

or
m

ed
16

0
00

0
m

ea
su

re
m

en
ts.

hi
st

or
y

1.
th

eo
re

tic
al

pr
op

os
al

–
K

.V
og

el
an

d
H

.R
is

ke
n

(1
98

9)

2.
fir

st
ex

pe
rim

en
ta

lr
ec

on
st

ru
ct

io
n

of
no

nc
la

ss
ic

al
st

at
e

[i.
e.

,s
qu

ee
ze

d
va

cu
um

]–
D

.S
m

ith
ey

,M
.R

ay
m

er
et

al
.

(1
99

3)

3.
fir

st
ex

pe
rim

en
ta

lr
ec

on
st

ru
ct

io
n

of
si

ng
le

-p
ho

to
n

st
at

e
an

d
its

su
pe

rp
os

iti
on

w
ith

va
cu

um
(q

ub
it

st
at

e)
–

A
.L

vo
vs

ky
an

d
J.

M
ly

ne
k

(2
00

2)

22
5

m
ar

gi
na

ld
is

tr
ib

ut
io

n
of

W
ig

ne
r

fu
nc

tio
n

at
an

gl
e
θ

p
r(
X
,θ

)
=

∫
∞ −
∞
W

(q
co

s
θ
−
p

si
n
θ,
q

si
n
θ

+
p

co
s
θ)
d
p

N
ot

e:
x
≡
q,

y
≡
p,

p
r(
X
,0

)
=
〈q
|ρ̂
|q〉
,

p
r(
X
,π

2
)

=
〈p
|ρ̂
|p〉

22
8

O
pt

ic
al

-q
ub

it
to

m
og

ra
ph

y
(p

ar
tI

I)
si

ng
le

-q
ub

it
to

m
og

ra
ph

y
by

m
ea

su
rin

g
S

to
ke

s
pa

ra
m

et
er

s
•

no
ta

tio
n: |H
〉–

ho
riz

on
ta

lp
ol

ar
iz

at
io

n

|V
〉–

ve
rt

ic
al

po
la

riz
at

io
n

|D
〉=

1 √
2
(|H
〉−
|V
〉)

–
lin

ea
r-

di
ag

on
al

po
la

riz
at

io
n

at
450

|D
〉=

1 √
2
(|H
〉+
|V
〉)

–
lin

ea
r-

di
ag

on
al

po
la

riz
at

io
n

at
13

5
0

|R
〉=

1 √
2
(|H
〉−

i|V
〉)

–
rig

ht
-c

irc
ul

ar
po

la
riz

at
io

n

|L
〉=

1 √
2
(|H
〉+

i|V
〉)

–
le

ft-
ci

rc
ul

ar
po

la
riz

at
io

n

th
us

w
e

re
ad

ily
ha

ve
th

e
in

ve
rs

e
re

la
tio

ns
:

|H
〉=

|R
〉+
|L
〉

√
2

=
|D
〉+
|D
〉

√
2
,

|V
〉=

i|
R
〉−
|L
〉

√
2

=
|D
〉−
| D
〉

√
2

|R
〉=

1+
i

2
(| D
〉−

i|D
〉)

=
ei
π
/4
|D
〉−
i|D
〉

√
2
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√
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√
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√
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four

m
easurem

ents
ofintensity,e.g.:

(1)
w

ith
a

filter
thattransm

its
50%

ofthe
incidentradiation,

regardless
ofits

polarization:

n
0

=
N2

(〈H
|ρ̂|H
〉

+
〈V
|ρ̂|V
〉)

=
N2

(〈R|ρ̂|R〉
+
〈L|ρ̂|L〉)

(2)
w

ith
a

polarizer
thattransm

its
only

photons
in

state
|H
〉:

n
1

=
N
〈H
|ρ̂|H
〉

(3)
w

ith
a

polarizer
thattransm

its
only

photons
in

state
|D
〉:

n
2

=
N
〈D
|ρ̂|D
〉

(4)
w

ith
a

polarizer
thattransm

its
only

photons
in

state
|R〉:

n
3

=
N
〈R|ρ̂|R〉

S
tokes

param
eters

via
photon

counts

S
0
≡

2n
0

S
1
≡

2
(n

1 −
n

0 )

S
2
≡

2
(n

2 −
n

0 )

S
3
≡

2
(n

3 −
n

0 )
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m

oreover

|H
〉〈H
|
=
|R〉+|L〉
√

2

〈R|+〈L|
√

2
=

12

(|R〉〈R|
+
|R〉〈L|+

|L〉〈R|
+
|L〉〈L| )

|V
〉〈V
|
=
|R〉−

|L〉
√

2

〈R|−
〈L|

√
2

=
12

(|R〉〈R|−
|R〉〈L|−

|L〉〈R|
+
|L〉〈L| )

|D
〉〈D
|
=
|R〉−

i|L〉
√

2

〈R|+
i〈L|
√

2
=

12

(|R〉〈R|
+
i|R〉〈L|−

i|L〉〈R|
+
|L〉〈L| )

|D
〉〈D
|
=
|L〉−

i|r〉
√

2

〈L|+
i〈R|
√

2
=

12

(|L〉〈L|−
i|R〉〈L|+

i|L〉〈R|
+
|R〉〈R| )

P
aulioperators

σ̂
0

=
|R〉〈R|

+
|L〉〈L|

σ̂
1

=
|R〉〈L|+

|L〉〈R|
σ̂

2
=
i(|L〉〈R|−

|R〉〈L|)
σ̂

3
=
|R〉〈R|−

|L〉〈L|

232
single

polarization-qubitm
easurem

entoperators
there

are
infinitely

m
any

sets
ofsuch

projectors

the
com

m
on

ones
are

e.g.

µ̂
′0

=
|H
〉〈H
|+
|V
〉〈V
|

=
|L〉〈L|+

|R〉〈R|
µ̂
′1

=
|H
〉〈H
|

∼
|R〉〈R|+

|R〉〈L|+
|L〉〈R|

+
|L〉〈L|

µ̂
′2

=
|D
〉〈D
|

∼
|L〉〈L|−

i|R〉〈L|+
i|L〉〈R|+

|R〉〈R|
=
|H
〉〈H
|−
|H
〉〈V
|−
|V
〉〈H
|+
|V
〉〈V
|

µ̂
′3

=
|R〉〈R|

∼
|H
〉〈H
|−

i|H
〉〈V
|+

i|V
〉〈H
|+
|V
〉〈V
|

or
µ̂
′′0

=
µ̂
′0 ,

µ̂
′′1

=
µ̂
′1 ,

µ̂
′′2

=
|D
〉〈D
|,

µ̂
′′3

=
µ̂
′3

231
S

ingle-qubitdensity
m

atrix
via
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eters
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=
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3
∑i=

0

S
i

S
0 σ̂

i ,

w
here

S
i
=
N
〈σ̂

i 〉
=
N

T
r{σ̂

i ρ̂}

ρ̂
=

12

[
1

+
〈σ̂

3 〉
〈σ̂

1 〉−
i〈σ̂

2 〉
〈σ̂

1 〉
+
i〈σ̂

2 〉
1−
〈σ̂

3 〉

]

W
hy
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w

e
needS

0 ?
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renorm
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countstatistics
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com

pensate
experim

entalinefficiencies
(e.g.

ofdetecto
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or
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0

=
N
σ̂

0
=
µ̂
′ 0

µ̂
1

=
N
σ̂

1
=
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′ 1
−
µ̂
′ 0

µ̂
2

=
N
σ̂

2
=
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′ 2
−
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µ̂
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=
N
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N
=

1
⇒

µ̂
k

=
σ̂
k

(k
=

0,
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tw
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ea
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m
en

to
pe
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to

rs
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an
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rd
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pr
oj

ec
to

rs
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µ̂
00

=
N
σ̂

0
⊗
σ̂

0
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µ̂
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=
N
σ̂
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⊗
σ̂
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33

=
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⊗
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W
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Ŝ
λ
/2

(β
)

=

[
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s(
2β

)
si

n
(2
β

)
si

n
(2
β

)
−

co
s(

2β
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es
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W
P
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Ŝ
λ
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(0
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=
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Z

Ŝ
λ
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Ĥ

Ŝ
λ
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)
=
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X
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e
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W

P
)

Ŝ
λ
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1 √
2

[
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s(
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)
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i
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n
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β

)
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n
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β

)
−
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s(
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)
−
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Ŝ
′ λ/

2
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)
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Ŝ
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β
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4
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)
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Ŝ
λ
/4

(−
β

)
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M

athem
atica

program
for

the
tom

ography
schem

e
•

def.
ofK

ronecker
tensor

product(K
ron)

and
H

erm
itian

conju
gate

(hc)

<
<

L
in

e
a
rA

lg
e
b
ra

‘M
a
trixM

a
n
ip

u
la

tio
n
‘

f[x_
,

y_
]

:=
x*y;

K
ro

n
[m

a
trix1

_
,

m
a
trix2

_
]:=

B
lo

ckM
a
trix[O

u
te

r[f,
m

a
trix

1
,

m
a
trix2

]]
h
c[x_

]
:=

T
ra

n
sp

o
se

[C
o
n
ju

g
a
te

[x]]

•
def.

ofrotation
by

H
W

P
and

Q
W

P
and

def.
of
[ρ
n
m

]4×
4

H
W

P� t_	
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�

C
o
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S
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S
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C
o
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ography
ofpolarization

state
oftw

o
photons

N
o.

M
ode

1
M

ode
2

H
W

P
1

Q
W

P
1

H
W

P
2

Q
W

P
2

1
|H〉

|H〉
45

o
0

45
o

0
2

|H〉
|V〉

45
o

0
0

0
3

|V〉
|V〉

0
0

0
0

4
|V〉

|H〉
0

0
45

o
0

5
|R〉

|H〉
22.5

o
0

45
o

0
6

|R〉
|V〉

22.5
o

0
0

0
7

|D〉
|V〉

22.5
o

45
o

0
0

8
|D〉

|H〉
22.5

o
45

o
45

o
0

9
|D〉

|R〉
22.5

o
45

o
22.5

o
0

10
|D〉

|D〉
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o
45

o
22.5

o
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o
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o
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o
45

o

14
|V〉

|L〉
0

0
22.5
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|H〉
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45

o
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22.5
o

90
o
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|R〉

|L〉
22.5

o
0

22.5
o

90
o

|D〉
=
|H〉−

|V〉
√

2
,
|L〉≡

|H〉
+
i|V〉

√
2

,
|R〉≡

|H〉−
i|V〉

√
2

.
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)
=
R̂
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)ρ̂

(R̂
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)) †
for

the
n

th
m

easurem
ent

R
h
o
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o
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d
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_
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R
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o
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rotation
m
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4
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s
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2
H

W
P

s
and

2
Q

W
P

s
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ta

tio
n
[h

1
_
,

q
1
_

,
h

2
_
,

q
2
_
]

:=
K

ro
n
[H

W
P
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1

D
e
g
re

e
].Q

W
P

[q
1

D
e
g
re

e
],

H
W

P
[h

2
D

e
g
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e
].Q

W
P

[
q
2

D
e
g
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e
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•
our

sequence
ofrotations

R
[1

]
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ro
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5
,

0
,

4
5
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0
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R
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13
44

1,
n

8
=

16
90

1,

n
9

=
17

93
2,
n

10
=

32
02

8,
n

11
=

15
13

2,
n

12
=

17
23

8,

n
13

=
13

17
1,
n

14
=

17
17

0,
n

15
=

16
72

2,
n

16
=

33
58

6

re
co

ns
tr

uc
te

d
ρ̂

by
lin

ea
r

to
m

og
ra

ph
y

ρ̂
=

   

0.
48

72
0.

00
42

+
i0
.0

11
4

0.
00

98
−
i0
.0

17
8

0.
51

92
−
i0
.0

38
0

0.
00

42
−
i0
.0

11
4

0.
00

45
0.

02
71

+
i0
.0

14
6

0.
06

48
−
i0
.0

07
6

0.
00

98
+
i0
.0

17
8

0.
02

71
−
i0
.0

14
6

0.
00

62
0.

06
95

+
i0
.0

13
4

0.
51

92
+
i0
.0
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0

0.
06

48
+
i0
.0

07
6

0.
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−
i0
.0
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4

0.
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   

pr
ob

le
m

s
w

ith
se

m
i-d

efi
ni

te
ne

ss
an

d
no

rm
al

iz
at

io
n

ei
g
ρ̂

=
{1
.0

21
55
,0
.0

68
12

38
,−

0.
06

52
74
,−

0.
02

43
96
}

T
r
ρ̂

2
=

1.
05

3

th
is

is
no

ta
ph

ys
ic

al
de

ns
ity

m
at

rix
!

26
8

m
ax

im
um

-li
ke

lih
oo

d
m

et
ho

d
3.

op
tim

iz
e
ρ̂

p
hy

s(
t)

:

fin
d

nu
m

er
ic

al
ly

a
m

ax
im

um
ofP

(n
,t

)

fo
r

a
gi

ve
n

m
ea

su
re

d
da

tan
:

m
ax t

16 ∏ ν
=

1

ex
p

[

−
(
N
〈ψ

ν
|ρ̂
p
(t

)|ψ
ν
〉−

n
ν

)
2

2N
〈ψ

ν
|ρ̂
p
(t

)|ψ
ν
〉

]

.

or
,e

qu
iv

al
en

tly
,a

na
ly

ze
lo

ga
rit

hm
ofP

(n
,t

):

m
ax t

16
∑ ν

=
1

−
(
N
〈ψ

ν
|ρ̂
p
(t

)|ψ
ν
〉−

n
ν

)
2

2N
〈ψ

ν
|ρ̂
p
(t

)|ψ
ν
〉

=
N 2

m
in t
L(

t)

w
he

re

L(
t)

=
16
∑ ν

=
1

(
〈ψ

ν
|ρ̂
p
(t

)|ψ
ν
〉−

n
ν N
)

2

〈ψ
ν
|ρ̂
p
(t

)|ψ
ν
〉

is
a

us
ef

ul
‘li

ke
lih

oo
d’

fu
nc

tio
n

.

26
7

m
ax

im
um

-li
ke

lih
oo

d
m

et
ho

d

2.
co

ns
tr

uc
ta

lik
el

ih
oo

d
fu

nc
tio

n
as

su
m

in
g

e.
g.G

au
ss

ia
n

no
is

eo
ft

he
m

ea
su

re
m

en
ts

,

th
e

pr
ob

ab
ili

ty
of

ob
ta

in
in

g
a

se
to

fc
ou

nt
s

n
=

(n
1
,n

2
,.
..
n

16
)

fo
r

gi
ve

n
ρ̂

p
h
y
s(
t)

w
ith

t
=

(t
1
,t

2
,.
..
t 1

6
)

is

P
(n
,t

)
=

1

N
n
or

m
(t

)

16 ∏ ν
=

1

ex
p

[

−
(n

ν
−
n̄
ν
(t

))
2

2σ
2 ν
(t

)

]

w
he

re

n̄
ν
(t

)
=
N
〈ψ

ν
|ρ̂

p
h
y
s
(t

)
|ψ

ν
〉–

nu
m

be
r

of
co

un
ts

ex
pe

ct
ed

fo
r

ν
th

m
ea

su
re

m
en

t

σ
ν
(t

)
≈
√

n̄
ν
(t

)
–

st
an

da
rd

de
vi

at
io

n

N
=
∑

4 ν
=

1
n
ν
≫

1
–

no
rm

al
iz

at
io

n,
so
n̄
ν N

co
rr

es
po

nd
s

to
a

pr
ob

ab
ili

ty

N
n
or

m
(t

)
=

co
n
st

–
no

rm
al

iz
at

io
n

as
su

m
ed

to
be

in
de

pe
nd

en
to

f
t
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H
ow

to
estim

ate
initial‘physical’m

atrix
T̂

(t
in

i )?

B
y

calculatingT̂
from

our
“unphysical”ρ̂:

T̂
(t

in
i )

=



√

M
(0

)

M
(1

)
0
0

0
0

0

M
(1

)
0
1

√

M
(1

)
0
0 M

(2
)

0
0
,1

1

√

M
(1

)
0
0

M
(2

)
0
0
,1

1

0
0

M
(2

)
0
1
,1

2
√
ρ
3
3

√

M
(2

)
0
0
,1

1

M
(2

)
0
0
,1

2
√
ρ
3
3

√

M
(2

)
0
0
,1

1

√

M
(2

)
0
0
,1

1

ρ
3
3

0

ρ
3
0

√
ρ
3
3

ρ
3
1

√
ρ
3
3

ρ
3
2

√
ρ
3
3

√
ρ

33



w
here

M
(0)

=
D

et(ρ̂
),

M
(1)
ij

=
D

et(ρ̂
w

ith
ou

t
row

i
&

col
j ),

M
(2)
ij,k

l
=

D
et(ρ̂

w
ith

ou
t

row
s

i,k
&

cols
j,l )

i,j,k
,l

=
0,...,3
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‘likelihood’function

L� t1
_

,
t2

_
,

t3
_

,
t4

_
,

t5
_

,
t6

_
,

t7
_

,
t8

_
,

t9
_

,
t1

0
_

,
t1

1
_

,

t1
2

_
,

t1
3

_
,

t1
4

_
,

t1
5

_
,

t1
6

_�
: �

M
o

d
u

le� �
T

,
R

h
o

P
h

ys,
su

m
,

N
m

e
a

n� ,
T

: � �� ����������
t1

0
0

0

t5��
t6
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0

0

t1
1��

t1
2

t7��
t8

t3
0

t1
5��

t1
6

t1
3��

t1
4

t9��
t1

0
t4 ��           

;

R
h

o
P

h
ys

: �
h

c� T� .T!
T

r� h
c� T� .T� ;

su
m �

0
;

D
o��
N

m
e

a
n �

R
e� N

o
rm "

h
c� p

si� m�� .#
p
h
ys

.p
si� m�� ;

su
m �

su
m�$ N

m
e

a
n %

N
e

xp�� m��&
^

2!
2!

N
m

e
a

n� ,�
m

,
1

,
1

6�� ;
R

e
tu

rn� R
e� su

m��
' ;

num
ericaloptim

alization
F

in
d
M

in
im

u
m

[
L
[t1

,t2
,t3

,t4
,t5

,t6
,t7

,t8
,t9

,t1
0
,t1

1
,t1

2
,t1

3
,t1

4
,t1

5
,t1

6
],

{t1
,tin

i1
},{t2

,tin
i2

},{t3
,tin

i3
},{t4

,tin
i4

},{t5
,tin

i5
},{t6

,tin
i6

},
{t7

,tin
i7

},{t8
,tin

i8
},{t9

,tin
i9

},{t1
0
,tin

i1
0
},{t1

1
,

tin
i1

1
},

{t1
2
,tin

i1
2
},{t1

3
,tin

i1
3
},{t1

4
,tin

i1
4
},{t1

5
,tin

i1
5
}

,{t1
6
,tin

i1
6
}]

thus,w
e

need
initialvaluestin

i .
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our

m
atrix

reconstructed
by

M
axLik

m
ethod

ρ̂
p
h
y
s (t

op
t )

=



0.5028
0.0230

+
0.0117i

0.0279−
0.0130i

0.4686−
0.0346i

0.0230−
0.0117i

0.0051
0.0050

+
0.0001i

0.0333−
0.0082i

0.0279
+

0.0130i
0.0050−

0.0001i
0.0066

0.0416
+

0.0102i
0.4686

+
0.0346i

0.0333
+

0.0082i
0.0416−

0.0102i
0.4854



is
a

physicaldensity
m

atrix
as

itis

•
positive

(sem
idefinite)

eig
ρ̂

p
h
y
s
=
{0.9687,0.0313,0,0}
•

H
erm

itian

ρ̂
p
h
y
s
=
ρ̂ †p

h
y
s

•
norm

alized

T
r{ρ̂

p
h
y
s }

=
1

T
r{ρ̂

2p
h
y
s }

=
0.9394≤

1
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for

our
experim

entaldata

T̂
(t

in
i )

=



0.5948i
0

0
0

0.8706
+

0.7282i
0.4060

0
0

−
0.0215

+
0.9933i

−
0.2827−

0.2982i
0.0615i

0
0.7328

+
0.0536i

0.0915
+

0.0107i
0.0981−

0.0189i
0.7085



ρ̂
p
h
y
s (t

in
i )

=



0.7870
0.0325−

0.0014i
0.0328−

0.0051i
0.1289−

0.0094i
0.0325

+
0.0014i

0.0850
−

0.0024−
0.0050i

0.0161−
0.0019i

0.0328
+

0.0051i
−

0.0024
+

0.0050i
0.0034

0.0173
+

0.0033i
0.1289

+
0.0094i

0.0161
+

0.0019i
0.0173−

0.0033i
0.1247



L
(t

in
i )

=
3.0695

by
applying

the
optim

alization
procedure

w
e

can
dim

inish
th

is
value

to

L
(t

op
t )

=
0.0104

for
the

follow
ing

m
atrix

...



27
4

re
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uc
tio

n
of

a
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tr
it

de
ns
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m

at
rix

ρ̂
=

1 3

  

1
+
√

3 2
(〈σ̂

8
〉+
√

3〈
σ̂

3
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3 2
(〈σ̂

1
〉−

i〈σ̂
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3 2
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i〈σ̂
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i〈σ̂
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1
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√
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√
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(〈σ̂
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i〈σ̂
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i〈σ̂
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3 2
(〈σ̂

6
〉+

i〈σ̂
7
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1
−
√

3〈
σ̂

8
〉

  

vi
a

m
ea

su
re

m
en

to
ft

he
ge

ne
ra

liz
ed

P
au

li
op

er
at

or
s

w
hi

ch
ca

n
be

ch
os

en
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ge
ne

ra
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rs
of

th
e

Li
e
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ge

br
a

S
U
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)

σ̂
1

=
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0
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0
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0
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0
0

0

 
,

σ̂
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=

 

0
−
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0
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0
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0
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0

 
,σ̂

3
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1
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0
0
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1
0

0
0

0

 
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4
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0
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1
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0
0

1
0

0
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σ̂
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=
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0
0
−
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0
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0
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0
0
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,
σ̂

6
=
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0
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0
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0
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0
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 
,σ̂

7
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 

0
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0
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0
−
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0
i

0

 
,σ̂

8
=

1 √
3

 

1
0

0
0

1
0

0
0
−

2

 
.

A
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lo
go

us
ly
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qu
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en
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m

at
rix
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n
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co
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te
d

vi
a

m
ea

su
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m
en

to
fg

en
er
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or

s
of

th
e

Li
e
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ge

br
a

S
U
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)
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co
m

pa
ris
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of

re
co

ns
tr
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te

d
m

at
ric

es
ρ̂

by
lin

ea
r

to
m

og
ra

ph
y

(le
ft)

an
d̂ρ p

h
y
s
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M
ax
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k
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m
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y

(r
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ht
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Q
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um
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s
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tI

I)
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le
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te
s

To
ffo
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d
C

C
U

ga
te

s

si
m
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at
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n

of
ga

te
s

by
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27
5

Q
u
e
st

io
n

Q
ua

nt
um

to
m

og
ra

ph
y

an
d
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-c
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ng
th

eo
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F
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m
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et
e
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co
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n
of̂ρ

w
e

ne
ed

to
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pe
at

m
ea

su
re

m
en
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m
an

y
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es

of
ρ̂
.

B
ut

un
kn
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nρ̂

ca
nn

ot
be
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pi

ed
.

T
hu

s,
do

w
e

vi
ol

at
e

th
e

no
-c

lo
ni

ng
th

eo
re

m
?

A
n
sw

e
r

N
o!

T
he

te
rm

“c
op

ie
s”

re
fe

rs
to

id
en

tic
al

ly
pr

ep
ar

ed
qu

an
tu

m
ob

je
ct

s.

C
op

ie
s

of
ρ̂

ar
e

ge
ne

ra
te

d
fr

om
th

e
sa

m
e

(k
no

w
n)

in
iti

al
st

at
e(

s)
by

ap
pl

yi
ng

th
e

sa
m

e
tr

an
sf

or
m
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io

ns
in

th
e

sa
m

e
ex

pe
rim

en
ta

ls
et
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exam

ples
ofirreversible

classicalgates
logic

gates
in

a
classicalcom

puter,other
than

N
O

T
gate,are

irreversible,e.g.:

A
N

D
O

R
X

O
R

=
C

N
O

T
a
b

|
c

a
b

|
c

a
b

|
c

--------
--------

--------
0
0

|
0

0
0

|
0

0
0

|
0

0
1

|
0

0
1

|
1

0
1

|
1

1
0

|
0

1
0

|
1

1
0

|
1

1
1

|
1

1
1

|
1

1
1

|
0

how
to

m
ake

these
gates

reversible?
keep

input(s)
together

w
ith

the
standard

output,e.g.:

R
-A

N
D

R
-O

R
R

-X
O

R
a
b

|
a
b
c

a
b

|
a
b
c

a
b

|
a
b
c

a
c

b
c

----------
----------

------------------
0
0

|
0
0
0

0
0

|
0
0
0

0
0

|
0
0
0

0
0

0
0

0
1

|
0
1
0

0
1

|
0
1
1

0
1

|
0
1
1

0
1

1
1

1
0

|
1
0
0

1
0

|
1
0
1

1
0

|
1
0
1

1
1

0
1

1
1

|
1
1
1

1
1

|
1
1
1

1
1

|
1
1
0

1
0

1
0
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reversible

com
puting

-a
com

putationalprocess
thatis

(oralm
ostis)tim

e-invert
ible

(tim
e-reversible).

Landauer’s
principle

-
a

com
putationalprocess

to
bephysically

reversible,
itm

ustalso
belogically

reversible.
logically-reversible

process
-

a
discrete,determ

inistic
com

putationalprocess
for

w
hic

h
the

transition
func-

tion
thatm

aps
inputstates

to
outputstates

is
a

one-to-one
f

unction.

exam
ples

ofreversible
quantum

gates
allunitary

quantum
gates

are
reversible,e.g.:

Ĥ
(c

0 |0〉
+
c
1 |1〉)

=
c
0 |+〉

+
c
1 |−
〉
→

Ĥ
(c

0 |+〉
+
c
1 |−
〉)

=
c
0 |0〉

+
c
1 |1〉

|ψ
in 〉

=
c
0 |00〉

+
c
1 |01〉

+
c
2 |10〉

+
c
3 |11〉

Û
C

N
O

T |ψ
in 〉

=
c
0 |00〉

+
c
1 |01〉

+
c
2 |11〉

+
c
3 |10〉≡

|ψ
ou

t 〉
Û

C
N

O
T |ψ

ou
t 〉

=
c
0 |00〉

+
c
1 |01〉

+
c
2 |1,1⊕

1〉
+
c
3 |1,0⊕

1〉
=
|ψ

in 〉
butm

easurem
entis

irreversible

280

replacem
ent for C

C
U

 gate

A
ny

C
C

U
gate can be built from

 
C

N
O

T
,C

V
,and C

V
†

gates, w
here V

2
=

 U

V
V

†
V

=

U

theorem
 of B

arenco,B
ennettet al. (1995)
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Ĥ

=
1 √
2

[
1

1
1
−

1

]
[

0
1

1
0

]
1 √
2

[
1

1
1
−

1

]

=

[
1

0
0
−

1

]

=
σ̂
z

th
us

a
ph

as
e

er
ro

r
(p

ha
se

fli
p)

in
a

ro
ta

te
d

ba
si

s

ap
pe

ar
s

as
an

am
pl

itu
de

er
ro

r
(b

it
fli

p)
an

d
vi

ce
ve

rs
a.



310

phase-flip
error

correction
|ψ
′1 〉→

|ψ
0 〉

S
yndrom

e
M

easurem
ent

R
ecovery

H
•

R
|ψ
′1 〉

H
•

•
|ψ

0 〉

H
•

|0〉
?>=<
89:;

?>=<
89:;

GF
ED

@A
BC

M
′

•
|0〉

?>=<
89:;

?>=<
89:;

GF
ED

@A
BC

M
′′

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

������������������

������������������
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_
_

_

•

|ψ
0 〉

=
X̂
|3M

′′−
2M
′| (

45 〈M
′,M

′′|Û
35
C

N
O

T
Û

25
C

N
O

T
Û

24
C

N
O

T
Û

14
C

N
O

T
Ĥ
⊗

3|ψ
1 〉|00〉

) 309
encoded

initialstate
|ψ
′0 〉

=
a|+

+
+〉

+
b|−
−
−
〉

phase-flip
error|ψ

′0 〉→
|ψ
′1 〉

|ψ
′1 〉

=
a|+

+−
〉

+
b|−
−

+〉
or
a|+
−

+〉
+
b|−

+−
〉

or
a|−

+
+〉

+
b|+
−
−
〉

or
a|+

+
+〉

+
b|−
−
−
〉

apply
H

adam
ard

gates
to|ψ

′1 〉→
|ψ

1 〉
|ψ

1 〉
=
Ĥ
⊗

3|ψ
′1 〉

=
Ĥ

1 Ĥ
2 Ĥ

3 (a|+
+−
〉

+
b|−
−

+〉)
=
a|001〉

+
b|110〉

and
analogously

a|+
−

+〉
+
b|−

+−
〉→

a|010〉
+
b|101〉

a|−
+

+〉
+
b|+
−
−
〉→

a|100〉
+
b|011〉

a|+
+

+〉
+
b|−
−
−
〉→

a|000〉
+
b|111〉

so
now

our
standard

bit-flip
E

C
C

can
be

applied

312
encoding

code
for

S
hor’s

nine-qubitE
C

C

a|0〉
+
b|1〉

•
•

H
•
•

|0〉
?>=<
89:;

|0〉
?>=<
89:;

|0〉
?>=<
89:;

H
•
•

|0〉
?>=<
89:;

|0〉
?>=<
89:;

|0〉
?>=<
89:;

H
•
•

|0〉
?>=<
89:;

|0〉
?>=<
89:;

firstrealerror
correction

code
againstboth

bit-flip
and

pha
se-flipsingle

error

311
encoding

qubitagainstbit-flip
error

a|0〉
+
b|1〉

•
•

|0〉
?>=<
89:;

a|000〉
+
b|111〉

|0〉
?>=<
89:;

encoding
qubitagainstphase-flip

error

a|0〉
+
b|1〉

•
•

H

|0〉
?>=<
89:;

H
a|+

+
+〉

+
b|−
−
−
〉

|0〉
?>=<
89:;

H

H
ow

to
encode

qubitagainstboth
errors?
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4

en
co

di
ng

co
de

fo
r

S
te

an
e’

s
se

ve
n-

qu
bi

tE
C

C

a
|0〉

+
b|1
〉

|0〉|0〉|0〉|0〉|0〉|0〉

sgg

H H H

s ggg

s ggg

s ggg
a
|0〉

L
+
b|1
〉 L

31
3

en
co

di
ng

co
de

fo
r

S
ho

r’s
ni

ne
-q

ub
it

E
C

C
|0〉
→
|00

0〉
→
|+

+
+
〉=

1

23
/2

(|0
〉+
|1〉

)(
|0〉

+
|1〉

)(
|0〉

+
|1〉

)

→
1

23
/2

(|0
00
〉+
|11

1〉
)(
|00

0〉
+
|11

1〉
)(
|00

0〉
+
|11

1〉
)
≡
|0
〉 L

|1〉
→
|11

1〉
→
|−
−
−
〉=

1

23
/2

(|0
〉−
|1〉

)(
|0〉
−
|1〉

)(
|0〉
−
|1〉

)

→
1

23
/2

(|0
00
〉−
|11

1〉
)(
|00

0〉
−
|11

1〉
)(
|00

0〉
−
|11

1〉
)
≡
|1
〉 L

a
|0〉

+
b|1
〉−
→

a
|0〉

L
+
b|1
〉 L

N
ot

e
th

at
:

•
th

e
co

rr
ec

tio
ns

of
bi

ta
nd

ph
as

e
fli

p
er

ro
rs

ar
e

in
de

pe
nd

en
t

•
th

us
S

ho
r’s

co
de

ca
n

co
rr

ec
tc

om
bi

ne
d

bi
ta

nd
ph

as
e

fli
ps

on
a

si
ng

le
qu

bi
t

•
th

er
e

ar
e

ot
he

r
m

or
e

co
nc

is
e

E
C

C
s

31
6

st
ep

4:

|ψ
4
〉

=
Û

24 C
N
O
T
Û

25 C
N
O
T
Û

27 C
N
O
T
|ψ

3
〉

=
1 2
(|0
,0
,+
,0
,0
,0
,0
〉+
|0,

1,
+
,0
⊕

1,
0
⊕

1,
0,

0
⊕

1〉
+
|1,

0,
+
,1
,0
,1
,1
〉+
|1,

1,
+
,1
⊕

1,
0
⊕

1,
1,

1
⊕

1〉
)

=
1 2
(|0
,0
,+
,0
,0
,0
,0
〉+
|0,

1,
+
,1
,1
,0
,1
〉

+
|1,

0,
+
,1
,0
,1
,1
〉+
|1,

1,
+
,0
,1
,1
,0
〉)

fin
al

st
ep

5:
|ψ

5
〉=

Û
34 C
N
O
T
Û

35 C
N
O
T
Û

36 C
N
O
T
|ψ

4
〉

=
1 √
8
(|0
,0
,0
,0
,0
,0
,0
〉+
|0,

0,
1,

0
⊕

1,
0
⊕

1,
0
⊕

1,
0〉

+
|0,

1,
0,

1,
1,

0,
1〉

+
|0,

1,
1,

1
⊕

1,
1
⊕

1,
0
⊕

1,
1〉

+
|1,

0,
0 ,

1,
0,

1,
1〉

+
|1,

0,
1,

1
⊕

1,
0
⊕

1,
1
⊕

1,
1〉

+
|1,

1,
0 ,

0,
1,

1,
0〉

+
|1,

1,
1,

0
⊕

1,
1
⊕

1,
1
⊕

1,
0〉

)

31
5

en
co

di
ng

co
de

fo
r

S
te

an
e’

s
se

ve
n-

qu
bi

tE
C

C
le

t
|ψ
〉=
|0〉

|ψ
0
〉

=
|0〉
⊗

6
|ψ
〉

st
ep

1:
|ψ

1
〉=

Ĥ
1
Ĥ

2
Ĥ

3
|0〉
⊗

6
|ψ

0
〉=
|+
,+
,+
,0
,0
,0
,0
〉

st
ep

2:
|ψ

2
〉=

Û
76 C
N
O
T
Û

75 C
N
O
T
|ψ

1
〉=
|ψ

1
〉

st
ep

3: |ψ
3
〉

=
Û

14 C
N
O
T
Û

16 C
N
O
T
Û

17 C
N
O
T
|ψ

2
〉

=
1 √
2
(|0
,+
,+
,0
,0
,0
,0
〉+
|1,

+
,+
,0
⊕

1,
0,

0
⊕

1,
0
⊕

1〉
)

=
1 √
2
(|0
,+
,+
,0
,0
,0
,0
〉+
|1,

+
,+
,1
,0
,1
,1
〉)
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bit-flip

syndrom
e

detection
in

S
teane’s

7-qubitE
C

C

|0〉
NM 




sg

sg

sg

sg

|0〉
NM 




sg

sg

sg

sg

|0〉
NM 




sg

sg

sg

sg

phase-flip
syndrom

e
detection

-
the

sam
e

circuitbutw
ith

extra
H

adam
ard

gates,as
for

S
hor’

s
code

fault-tolerantsyndrom
e

detection
to

m
ake

the
circuitfaulttolerant,each

ancilla
qubitm

ustb
e

replaced
by

four
qubits

in
a

suitable
state.

317
so

finally

|0〉
L ≡
|ψ

5 〉
=

1√8
(|0000000〉

+
|0011110〉

+
|0101101〉

+
|0110011〉

+|1001011〉
+
|1010101〉

+
|1100110〉

+
|1111000〉)

=
1√8

∑

even
ν∈

H
am

m
in

g |ν〉

A
nalogously

|ψ〉
=
|1〉→

|ψ
5 〉≡

|1〉L
w

here

|1〉
L

=
1√8

(|1111111〉
+
|1110000〉

+
|1001100〉

+
|1000011〉

+|0101010〉
+
|0100101〉

+
|0011001〉

+
|0010110〉)

=
1√8

∑

o
d

d
ν∈

H
am

m
in

g |ν〉

T
hus,in

general

a|0〉
+
b|1〉→

a|0〉L
+
b|1〉L

320
m

ostgeneralsingle-qubiterror
the

m
ostgeneralsingle-qubitunitary

error
transform

atio
n

(apartfrom
irrelevantglobalphase

factor)
can

be
expanded

to
orderǫ

as

Û
error

=
ǫ
i Î

+
Ô

(ǫ)
=
ǫ
i Î

+
ǫ
x σ̂

x
+
ǫ
y σ̂

y
+
ǫ
z σ̂

z

discrete
setofquantum

errors
fundam

entalresultofquantum
error

correction
theory:

correcting
justa

discrete
setoferrors

(bitflip,phase
flip

and
com

bined
bit-phase

flip)
a

quantum
error-correcting

codes
can

correcta
continuous

s
etoferrors.

S
hor’s

and
S

teane’s
E

C
C

s
•

they
protectnotonly

againstbitand
phase

flip
errors

butagainstarbitrary
errors

affecting
only

a
single

qubit

•
by

m
easuring

the
error

syndrom
e,

the
state

collapses
into

one
ofthe

four
states

σ̂
x |ψ〉,σ̂

y |ψ〉,σ̂
z |ψ〉,|ψ〉

w
hich

are
correctable

w
ith

the
codes.

319
fault-tolerantdevice
-

a
device

thatw
orks

effectively
even

w
hen

its
elem

entary
com

ponents
are

im
perfect.

fault-intolerantand
fault-tolerantcircuits

w
r
o
n
g
!

a
n
c
illa

d
a
t
a

sg

sg

sg

sg

c
o
r
r
e
c
t!

a
n
c
illa

d
a
t
a

sg

sg

sg

sg
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2

3.
fa

ul
t-

to
le

ra
nt

To
ffo

li
ga

te
To

ffo
li

ga
te

=
co

nt
ro

lle
d-

co
nt

ro
lle

d-
N

O
T

(C
C

N
O

T
)

x
g

|x
⊕

1
〉

|x
〉
|y
〉

s g
|x
⊕
y
〉

|x
〉

|x
〉
|y
〉
|x
〉

s s g

|x
〉
|y
〉

|z
⊕
x
y
〉

N
O

T
C

N
O

T
To

ffo
li

ga
te

na
iv

e
so

lu
tio

n
bu

tn
ot

fa
ul

t-
to

le
ra

nt

•
•

•
•

•
•

?>=
<

89:
;

?>=
<

89:
;

?>=
<

89:
;

32
1

fa
ul

t-
to

le
ra

nt
m

em
or

y
so

fa
r

w
e

ha
ve

an
al

yz
ed

co
di

ng
fo

r
fa

ul
t-

to
le

ra
nt

st
or

in
g

of
qu

an
tu

m
in

fo
rm

at
io

n,
bu

tw
e

al
sone

ed
:

fa
ul

t-
to

le
ra

nt
ga

te
s

1.
fa

ul
t-

to
le

ra
nt

si
ng

le
qu

bi
t-

ga
te

s
ca

n
be

ap
pl

ie
d

bi
tw

is
e

w
ith

m
aj

or
ity

vo
te

R
θ

R
θ

↔
R
θ

R
θ

2.
fa

ul
t-

to
le

ra
nt

C
N

O
T

(X
O

R
)

=
tr

an
sv

er
sa

lC
N

O
T

ca
n

al
so

be
ap

pl
ie

d
bi

tw
is

e
w

ith
m

aj
or

ity
vo

te

d
a
t
a

d
a
t
a

s g

s g

s g

↔
u i

32
4

E
rr

or
co

rr
ec

tio
n

co
de

s
(p

ar
tI

I)

pe
rf

ec
tE

C
C

w
ith

th
e

sm
al

le
st

nu
m

be
r

of
an

ci
lla

s

re
qu

ire
m

en
ts

fo
r

sc
al

ab
le

Q
IP

er
ro

r-
th

re
sh

ol
d

th
eo

re
m

N
ot

e:
fo

r
co

nv
en

ie
nc

e
w

e
ne

gl
ec

tn
or

m
al

iz
at

io
ns

32
3

S
ho

r’s
co

ns
tr

uc
tio

n
of

fa
ul

t-
to

le
ra

nt
To

ffo
li

ga
te

|0
〉
|0
〉
|0
〉

|ψ
c
a
t
〉

|ψ
c
a
t
〉

|ψ
c
a
t
〉
|x
〉
|y
〉
|z
〉

H H H

H
Zr

r r e

NM

 
 
H

Zr

r r e

NM

 
 
H

Zr

r r e

NM

 
 
e

�
�

�
���

6

r e

r e

re

H
NM


 
 

NM


 
 

NM


 
 


r Z Z 6

r e

e 6

e r e 6

|x
〉
|y
〉
|z
⊕

x
y
〉

•
ea

ch
lin

e
re

pr
es

en
ts

a
bl

oc
k

of
7

qu
bi

ts
!

•
|ψ

c
a
t
〉=

1 √
2
(|0
〉⊗

7
+
|1〉
⊗

7
),
|0
〉=
|0〉
⊗

7
,
|1
〉=
|1〉
⊗

7
,
|x
〉=
|x
〉⊗

7
,
et

c.
•

ga
te

s
ar

e
im

pl
em

en
te

d
tr

an
sv

er
sa

lly
•

if
a

gi
ve

n
m

ea
su

re
m

en
t

ou
tc

om
e

is
1,

th
e

ar
ro

w
po

in
ts

to
th

e
se

to
fg

at
es

to
be

ap
pl

ie
d;

no
ac

tio
n

is
ta

ke
n

if
th

e
ou

tc
om

e
is

0.



326
Los

A
lam

os
E

C
C

[Laflam
m

e,M
iquel,P

az,Z
urek

(1996)]

1.
5-bitencoder

|a〉
H

•

|b〉
H

•
?>=<
89:;

•

|Q〉
•

•
•

GFED
@ABC

GFED
@ABC

π

|c〉
H

•
?>=<
89:;

•
•

|d〉
π

π
GFED
@ABC

GFED
@ABC

GFED
@ABC

•

gates
1

2
3

4
5

6
7

8 325
H

ilbertspace
for

E
C

C
subspaces

corresponding
to

differenterrors
should

be
orth

ogonal

thus
the

totalH
ilbertspace

for
E

C
C

should
be

large
enough

to
contain

allthe
orthogonalsubspaces.

num
berofsubspaces

is2(3n
+

1)

O
rthogonality

requires
a

subspace
for

each
of

the
three

erro
rs

every
qubit

can
suffer

and
another

one
for

the
unperturbed

logicalstate.

W
e

m
ustdouble

this
to

have
enough

space
to

accom
m

odate
both

l
ogicalstates

and
their

erroneous
descendants.

m
inim

um
num

berofencoded
qubits

isn
=

5
forE

C
C

2(3n
+

1)≤
2
n
⇒

26≤/
16

for
n

=
4

&
32≤

32
for

n
=

5

num
berofencoded

qubits
for

E
C

C
n

=
9

–
S

hor
E

C
C

n
=

7
–

S
teane

E
C

C

n
=

5
–

Los
A

lam
os

E
C

C
⇒

itrequires
the

m
inim

um
num

ber
ofancillas

328
encoded

qubits
explicitly

|0〉
L

=
|B

1 〉|00〉−
|B

3 〉|11〉
+
|B

5 〉|01〉
+
|B

7 〉|10〉
=

(|000〉
+
|111〉)|00〉−

(|100〉
+
|011〉)|11〉

+
(|010〉

+
|101〉)|01〉

+
(|110〉

+
|001〉)|10〉

=
|00000〉

+
|11100〉−

|10011〉−
|01111〉

+|01001〉
+
|10101〉

+
|11010〉

+
|00110〉

(lexicograp
h
ic

ord
er)

=
|00000〉

+
|00110〉

+
|01001〉−

|01111〉
−
|10011〉

+
|10101〉

+
|11010〉

+
|11100〉

|1〉
L

=
−
|B

2 〉|11〉−
|B

4 〉|00〉−
|B

6 〉|10〉
+
|B

8 〉|01〉
=
−

(|000〉−
|111〉)|00〉−

(|100〉−
|011〉)|11〉

−
(|010〉−

|101〉)|01〉
+

(|110〉−
|001〉)|10〉

=
−
|00011〉

+
|11111〉−

|10000〉
+
|01100〉

−
|01010〉

+
|10110〉

+
|11001〉−

|00101〉
(lexicograp

h
ic

ord
er)

=
−
|00011〉−

|00101〉−
|01010〉

+
|01100〉

−
|10000〉

+
|10110〉

+
|11001〉

+
|11111〉

327
encoded

qubits
|0〉

L
=
|B

1 〉|00〉−
|B

3 〉|11〉
+
|B

5 〉|01〉
+
|B

7 〉|10〉
|1〉

L
=
−
|B

2 〉|11〉−
|B

4 〉|00〉−
|B

6 〉|10〉
+
|B

8 〉|01〉

in
term

s
ofthe

(unnorm
alized)

3-qubitB
ellstates:

|B
12 〉

=
|000〉±

|111〉

|B
34 〉

=
|100〉±

|011〉
|B

56 〉
=
|010〉±

|101〉
|B

78 〉
=
|110〉±

|001〉

O
ther

allow
ed

encodings
can

be
found

from
those

by
perm

utations ofbits
and

coordinated
signs.

T
hus,allthe

allow
ed

encodings
have

the
sam

e
sign

pattern
:

w
ith

tw
o

m
inus

signs
in

one
ofthe

logicalstates
and

four
in

the
other.
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0

er
ro

rs
an

d
th

ei
r

sy
nd

ro
m

es

e
rr

o
r

sy
n

d
ro

m
e

re
su

lti
n

g
st

a
te

|a
′ b
′ c
′ d
′ 〉

|Q
′ 〉

n
o

n
e

0
0

0
0

a
|0〉

+
b|1
〉

X
3
Z

3
1

1
0

1
−
a
|1〉

+
b|0
〉

X
5
Z

5
1

1
1

1
−
a
|0〉

+
b|1
〉

X
2

0
0

0
1

Z
3

1
0

1
0

a
|0〉
−
b|1
〉

Z
5

1
1

0
0

X
2
Z

2
0

1
0

1
X
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′ 〉
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•
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′ 〉
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;
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〉
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C
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R

• • R
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=

[
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]

C
C
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−
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=
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0
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p
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=
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=
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0
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=
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]

C
C
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R

=
Î
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22 −
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=
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1
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=
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12 +|0101〉〈0100|R
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0
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=
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=
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p
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=
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;
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H
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H
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=
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p
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=
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p
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=
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•
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•
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=
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=
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3
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P
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;
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b
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2.

encoding
qubit|1〉L

inputstate
to

encoder:|ψ
in 〉

=
|1〉

specialcase
fora

=
0,b

=
1

p
si_

in
’

a
n
s

=
[0

0
0
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0

0
0
0

0
0
0

0
0
];

outputstate|ψ
ou

t 〉
=
|1〉L

p
si_

o
u
t’

a
n
s

=
[0

0
0
z0

z0
0
0
0
z0

1
0
0
0
z0

0
0
0

0
1
0
0

1
0
0

0
0
0

1
]

or
explicitly

sh
o
w

_
sta

te
(p

si_
o
u
t,’|1

>
_
L

=
’)

a
n
s

=
|1

>
_
L

=
-|0

0
0
1
1
>

-|0
0
1
0
1
>

-|0
1
0

1
0
>

+
|0

1
1
0

0
>

...
-|1

0
0
0
0
>

+
|1

0
1
1
0
>

+
|1

1
0

0
1
>

+
|1

1
1
1

1
>

thus
w

e
have

got|0〉L
and|1〉L

in
agreem

entw
ith

our
definition
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inputstate

to
encoder

|ψ
in 〉

=
a|00000〉

+
b|00100〉

p
si_

in
=

a
*ke

t([0
0

0
0

0
])+

b
*ke

t([0
0

1
0

0
])

or
explicitly

p
si_

in
’

a
n
s

=
[a

0
0
0
b
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0

0
0
0

0
0
0

0
0
];

outputstate
|ψ

ou
t 〉

=
Û

en
co

d
er |ψ

in 〉
p
si_

o
u
t=

U
_
e
n
co

d
e
r*p

si_
in

1.
encoding

qubit|0〉L
specialcase:a

=
1,b

=
0

p
si_

o
u
t’

a
n
s

=
[1

0
0
0
0
0
1
0
0
1
0
0
0
0
0
z0

0
0
z0

1
0
0

0
0
1

0
1
0

0
0
]

sh
o
w
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sta

te
(p

si_
o
u
t,’|0

>
_
L

=
’)

a
n
s

=
|0

>
_
L

=
+

|0
0
0
0
0
>

+
|0

0
1
1
0
>

+
|0

1
0
0
1

>
-|0

1
1

1
1
>

...
-|1

0
0
1
1
>

+
|1

0
1
0
1
>

+
|1

1
0
1
0

>
+

|1
1
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0
0
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E
rr

or
s

an
d

th
ei

r
sy

nd
ro

m
es

ex
am

pl
e

1:
bi

tfl
ip

of
th

e
1s

tq
ub

it
er

ro
r

Û
er

ro
r
=
σ̂
x
⊗
Î
⊗
Î
⊗
Î
⊗
Î

si
g
m

a
_
x=

[0
,1

;1
,0

];
U

_
e
rr

o
r=

te
n
so

r_
p
ro

d
u
ct

(s
ig

m
a

_
x,

I,
I,

I,
I)

;

in
pu

ts
ta

te
to

en
co

de
r

|ψ
in
〉=
|a
bQ
cd
〉=
|00
Q

00
〉

sy
nd

ro
m

e

|a
′ b
′ c
′ d
′ 〉

=
|01

10
〉
⇒

|ψ
sy

n
d
ro

m
e〉

=
|a
′ b
′ Q
′ c
′ d
′ 〉

=
|01
Q
′ 1

0〉
tr

an
si

tio
n

am
pl

itu
de

A
Q
→
Q
′
=
〈ψ

sy
n
d
ro

m
e|Û

d
ec

o
d
er
Û

er
ro

rÛ
en

co
d
er
|ψ

in
〉

p
si

_
in

=
ke

t(
[0

0
Q

0
0
])

;
p
si

_
sy

n
d
ro

m
e

=
ke

t(
[0

1
Q

_
p
ri
m

e
1

0
])

;
a
m

p
lit

u
d
e
=

p
si

_
sy

n
d
ro

m
e
’*

U
_
d

e
co

d
e
r*

U
_
e

rr
o

r*
U

_
e
n

co
d

e
r

*p
si

_
in
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el
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rf
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C
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en
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de
r

de
co
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r

1 error
U

'
Q

'
Q

Q
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'
'

'
'

'
a

b
c

d
U

U
≡

sy
nd

ro
m

es '
b

'
c

'
d

34
8

ex
am

pl
e

2:
ph

as
e

fli
p

of
th

e
3r

d
qu

bi
t

er
ro

r

Û
er

ro
r
=
Î
⊗
Î
⊗
σ̂
z
⊗
Î
⊗
Î

si
g
m

a
_
z=

[1
,0

;0
,-

1
]

U
_
e
rr

o
r=

te
n
so

r_
p
ro

d
u
ct

(I
,I

,s
ig

m
a

_
z,

I,
I)

;

sy
nd

ro
m

e

p
si

_
sy

n
d
ro

m
e
=

ke
t(

[1
0

Q
_
p
ri
m

e
1

0
])

;

tr
an

si
tio

n
am

pl
itu

de
s
|Q
〉→
|Q
′ 〉

A
0→

0
=

1,
A

0→
1

=
0

⇒
|0〉
→
|0〉

A
1→

0
=

0,
A

1→
1

=
−

1
⇒

|1〉
→
−
|1〉

so

|Q
〉=

a
|0〉

+
b|1
〉→
|Q
′ 〉

=
a
|0〉
−
b|1
〉

H
ow

to
co

rr
ec

ti
t?

|Q
′ 〉
→

σ̂
z
→
|Q
〉
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de
s
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Q
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′
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0→

0
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A

0→
1

=
−

1
⇒

|0〉
→
−
|1〉

A
1→

0
=
−

1,
A

1→
1

=
0
⇒

|1〉
→
−
|0〉

so

|Q
〉=

a
|0〉

+
b|1
〉→
|Q
′ 〉

=
−
b|0
〉−

a
|1〉

H
ow

to
co

rr
ec

ti
t?

|Q
′ 〉
→

R̂
(π

)σ̂
x
→
|Q
〉
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4.E

rrors:
T

he
error

probability
per

gate
m

ust
be

below
a

threshold
and

satisfy
independenceandlocality

properties.

•
F

or
the

m
ostpessim

istic
independent,

localerror
m

odels,
the

error
threshold

is
above∼

10 −
6.

F
or

som
especialerrorm

odels,the
threshold

is
substantially

higher.

F
or

exam
ple:

•
F

or
theindependentdepolarizing

errorm
odel,itis

believed
to

be
better

than∼
10 −

4.

•
F

ortheindependent‘erasure’errorm
odel,w

here
errorevents

are
alw

ays
detected,the

threshold
is

above
.01.

•
T

he
threshold

is
also

above
.01

w
hen

the
goal

is
only

to
transm

it
quantum

inform
ation

through
noisy

quantum
channels.
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R

equirem
ents

for
scalable

Q
IP

[K
nill,Laflam

m
e,Z

urek
etal.,2002]

1.S
calable

physicalsystem
s:

the
ability

to
supportany

num
ber

ofindependentqubits.

2.S
tate

preparation:
the

ability
to

prepare
any

qubit(or
atleastlarge

fraction
o

fthem
)

in
the

standard
initialstate|0〉.

3.M
easurem

ent:
the

ability
to

m
easure

any
qubit(or

atleastlarge
fraction

o
fthem

)
in

the
logicalbasis.

N
ote:

som
etim

es
thestandard

projective
m

easurem
entcan

be
replaced

byw
eak

m
easurem

entsthatreturn
a

noisy
num

ber
w

hose
expectation

is
the

probability
thata

qubitis
in

the
state
|1〉.

352

Introduction
to

quantum
algorithm

s
(partI)

quantum
algorithm

s
and

classicalcryptography

public
key

cryptography
(P

K
C

)
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5.Q

uantum
control:

the
ability

to
im

plem
entauniversalsetofunitary

quantum
gates

act-
ing

on
a

sm
allnum

ber
(usually

atm
ost
tw

o
ata

tim
e)

ofqubits.

•
F

or
m

ost
accuracy

thresholds,
it

is
necessary

to
be

able
to

ap
ply

the
quantum

control
in

parallel
to

any
num

ber
of

disjoint
pairs

o
f

qubits.
T

his
parallelism

requirem
ent

can
be

w
eakened

if
a

nearly
noiseless

quantum
m

em
ory

is
available.

•
T

heuniversality
assum

ption
can

be
substantially

w
eakened

by
re-

placing
som

e
orallunitary

quantum
gates

w
ith

operations
to

prepare
spe-

cialstates
or

by
having

additionalm
easurem

entcapabiliti
es.

accuracy-threshold
theorem

A
ssum

ing
the

above
requirem

ents
for

scalable
Q

IP
:

Ifthe
error

per
gate

is
less

than
athreshold

,
then

itis
possible

to
efficiently

quantum
com

pute
arbitrari

ly
accurately.

T
his

is
one

ofthe
m

ostim
portantresults

in
quantum

E
C

C
and

fault-tolerantcom
putation.
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m
od 9 =

 ?

=
>

 no solution

all invertible elem
ents m

odulo 9 
Z

*9 ={1,2,4,5,7,8}
n is invertible 

�
G

C
D

(n,9)=1

=
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m
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m
od 9 =

 1

375

8y=
1 m

od 9 =
>

 9x +
 8y =

1 m
od 9

q
    a

   b
   y

2
y

1

--------------------
-

9
   8

0
    1

1
    8

   1
   1

   
-1

8
    1

   0
   

-1
.

so 9*1 + 8*(-1)=
1 &

 y=
-1=

8 m
od 9

thus 8
is the inverse of itselfm

od 9
8=

8
-1

m
od 9

8*8 = 1 m
od 9

problem
: 8

-1
m

od 9 =
 ?

inverse of an integer m
odulo 9



37
8

E
xa

m
pl

e
of

R
S

A
ap

pl
ic

at
io

n
I.

R
S

A
ke

y
ge

ne
ra

tio
n

B
ob

ch
oo

se
s

p=
11

,q
=

17
,e

=
13

(a
rt

ifi
ci

al
ly

sm
al

ln
um

be
rs

so
co

m
pl

et
el

y
in

se
cu

re
)

1.
B

ob
ca

lc
ul

at
es

n
=
pq

=
11
·1

7
=
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=
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=
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=
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0
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0
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=
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∈
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∈
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=
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=
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Ę
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=
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1.
T

he
above

P
K

C
exam

ples
w

ere
given

for
artificially

sm
all

num
bers

and
thus

such
cryptosystem

s
are

notsecure
atall.

2.
To

insure
security

ofa
P

K
C

system
,the

lengths
ofpublic

ke
ys

should
be

ofhundreds
ofdecim

aldigits.

3.
To

determ
ine

the
required

key
length

you
should

consider:

•
intended

security

•
lifetim

e
ofthe

key

•
currentstate-of-the-artoffactoring.

4.
T

he
w

ise
cryptographer

isultra-conservative
w

hen
choosing

public-
key

key
lengths

ashistory
teaches

us
a

lot:

•
“I

shallbe
surprised

if
anyone

regularly
factors

num
bers

of
size

10
80

w
ithoutspecialform

during
the

presentcentury”
(R

.G
uy,19

76).

•
“F

actoring
a

125-digitnum
ber

w
ould

take
40

quadrillion
yea
rs”,

tj.
4·10

19
lat(R

.R
ivest,1977).

•
...

butalready
in

1994
a

129-digitnum
ber

w
as

factorized.
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2
(m

od
187)

so
the

cipher
isc

=
2

•
M

a
th

e
m

a
tica

:P
ow

erM
od[117,13,187]→֒
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c
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=
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=
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)
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key
len

gths
from

512
up

to
1024

bits
(so

from
154

do
308

decim
aldigits)

in
their
D
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=
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/
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D

eutsch
algorithm

1.
prepare

inputstate

|ψ
1 〉

=
|0〉|1〉

2.
apply

H
adam

ard
gates(create

equalsuperposition)

|ψ
2 〉

=
Ĥ
⊗

2|ψ
1 〉

=
|+〉|−

〉
=
|0〉

+
|1〉

√
2

|0〉−
|1〉

√
2

=
12
(|00〉−

|01〉
+
|10〉−

|11〉)

3.
apply

Û
f

gate|x〉|y〉→
Û
f
→
|x〉|y⊕

f
(x

)〉

|ψ
3 〉

=
Û
f |ψ

2 〉
∼
Û
f |00〉−

Û
f |01〉

+
Û
f |10〉−

Û
f |11〉

=
|0,0⊕

f
(0)〉−

|0,1⊕
f
(0)〉

+
|1,0⊕

f
(1)〉−

|1,1⊕
f
(1)〉
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case

III:
f
(0)

=
0,f

(1)
=

1

|ψ
3 〉
∼
|0,0⊕

f
(0)〉−

|0,1⊕
f
(0)〉

+
|1,0⊕

f
(1)〉−

|1,1⊕
f
(1)〉

=
|0,0⊕

0〉−
|0,1⊕

0〉
+
|1,0⊕

1〉−
|1,1⊕

1〉
=
|0,0〉−

|0,1〉
+
|1,1〉−

|1,0〉
=
|0〉(|0〉−

|1〉)
+
|1〉(|1〉−

|0〉)
∼
|0〉|−

〉−
|1〉|−

〉
∼
|−
〉|−
〉

case
IV:f

(0)
=

1,f
(1)

=
0

|ψ
3 〉
∼
|0,0⊕

f
(0)〉−

|0,1⊕
f
(0)〉

+
|1,0⊕

f
(1)〉−

|1,1⊕
f
(1)〉

=
|0,0⊕

1〉−
|0,1⊕

1〉
+
|1,0⊕

0〉−
|1,1⊕

0〉
=
|0,1〉−

|0,0〉
+
|1,0〉−

|1,1〉
=
−
|0〉(|0〉−

|1〉)−
|1〉(|1〉−

|0〉)
∼
−
|−
〉|−
〉

so
f
(0)6=

f
(1)⇒

|ψ
3 〉

=
±
|−
〉|−
〉
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e
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0

|ψ
3 〉
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+
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0〉−
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=
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|0,1〉
+
|1,0〉−

|1,1〉
=
|0〉(|0〉−

|1〉)
+
|1〉(|0〉−
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∼
|+〉|−

〉
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=
f
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=
1

|ψ
3 〉
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|0,0⊕

1〉−
|0,1⊕

1〉
+
|1,0⊕

1〉−
|1,1⊕

1〉
=
|0,1〉−

|0,0〉
+
|1,1〉−

|1,0〉
=
−
|0〉(|0〉−

|1〉)−
|1〉(|0〉−

|1〉)
∼
−
|+〉|−

〉
so

f
(0)

=
f
(1)⇒

|ψ
3 〉

=
±
|+〉|−

〉
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⊗
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⇒
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⊗
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⊕
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⇒
|ψ

4〉
=
±
Ĥ
⊗
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√
2

∼
|00

0〉
+
|01

0〉
+
|10

0〉
+
|11

0〉
−

(|0
01
〉+
|01

1〉
+
|10

1〉
+
|11

1〉
)
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0
n

⊗

H
1

1
ψ

2
ψ

3
ψ

4
ψ

D
eu

ts
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-J
oz
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 a
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ith
m

x

f
U

(
)

y
f

x
⊕

x y

n
H

⊗
n

H
⊗
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case

1:(trivial)f
(00)

=
f
(01)

=
f
(10)

=
f
(11)

=
0

|ψ
4 〉

=
(Î⊗

Ĥ
)|ψ

1 〉
=
|00−
〉

case
2:(trivial)f

(00)
=
f
(01)

=
f
(10)

=
f
(11)

=
1

|ψ
3 〉

=
Û
f |ψ

2 〉
=
Û
f

(|00〉
+
|10〉

+
|01〉

+
|11〉

)
(|0〉−

|1〉
)

=
(|00〉

+
|10〉

+
|01〉

+
|11〉

)
(|1〉−

|0〉
)

=
−
|ψ

2 〉
so

|ψ
4 〉

=
−

(Î⊗
Ĥ

)|ψ
1 〉

=
−
|00−
〉
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3.
apply

Û
f

gate

|ψ
3 〉
∼
|00,0⊕

f
(00)〉

+
|01,0⊕

f
(01)〉

+|10,0⊕
f
(10)〉

+
|11,0⊕

f
(11)〉

−
(|00,1⊕

f
(00)〉

+
|01,1⊕

f
(01)〉

+|10,1⊕
f
(10)〉

+
|11,1⊕

f
(11)〉

)

4.
apply

H
adam

ard
gates

|ψ
4 〉

=
Ĥ
⊗

2⊗
Î|ψ

3 〉

*.
let’s

analyze
allcases

for
differentfunctionsf

num
ber

ofcases

N
cases

=
C

40
+
C

44
+
C

42
=

1
+

1
+

6
=

8

w
here

|{00,01,10,11}|
=

4

C
mn

–
binom

ialcoefficient

400
allcases

in
D

J
algorithm

for
3

qubits

case
f(00)

f(01)
f(10)

f(11)
|x

1 ,x
2 ,y〉

|x
,y〉

answ
er

1.
0

0
0

0
|00−

〉
|0−
〉

constant
2.

1
1

1
1

|00−
〉
|0−
〉

3.
0

0
1

1
|10−

〉
|2−
〉

4.
0

1
0

1
|01−

〉
|1−
〉

5.
0

1
1

0
|11−

〉
|3−
〉

balanced
6.

1
0

0
1

|11−
〉
|3−
〉

7.
1

0
1

0
|01−

〉
|1−
〉

8.
1

1
0

0
|10−

〉
|2−
〉

x
≡

(x
1 ,x

2 ) ∼=
2x

1
+
x

2

5.
m

easurex

if
x

=
0
⇒

f
(x

)
is

constant

if
x
>

0
⇒

f
(x

)
is

balanced
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case

3:

f
(00)

=
0,f

(01)
=

0,f
(10)

=
1,f

(11)
=

1

|ψ
3 〉
∼
|00,0⊕

0〉
+
|01,0⊕

0〉
+
|10,0⊕

1〉
+
|11,0⊕

1〉
−

(|00,1⊕
0〉

+
|01,1⊕

0〉
+
|10,1⊕

1〉
+
|11,1⊕

1〉)

=
|000〉

+
|010〉

+
|101〉

+
|111〉

−
(|001〉

+
|011〉

+
|100〉

+
|110〉)

=
(|00〉−

|10〉
+
|01〉−

|11〉)(|0〉−
|1〉)

=
(|0〉−

|1〉)(|0〉
+
|1〉)(|0〉−

|1〉)
∼
|−
,+
,−
〉

so|ψ
4 〉

=
(Ĥ
⊗

2⊗
Î
)|ψ

3 〉∼
(Ĥ
⊗

2⊗
Î
)|−

,+
,−
〉

=
|1,0,−

〉
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qu
an

tu
m

H
ad

am
ar

d
tr

an
sf

or
m

1.
H

ow
to

ge
ne

ra
te

eq
ua

l(
eq

ua
lly

-w
ei

gh
te

d)
su

pe
rp

os
iti

on

Ĥ
⊗

2
|00
〉

=
|0〉

+
|1〉

√
2

|0〉
+
|1〉

√
2

=
1 2
(|0

0〉
+
|01
〉+
|10
〉+
|11
〉)

≡
1 2

∑

x
∈{

0,
1}

2

|x
〉

≡
1 2

3
∑ x

=
0

|x
〉

in
ge

ne
ra

l

Ĥ
⊗
n
|0〉
⊗
n

=
Ĥ
⊗
n
|0
〉=

1 √
N

∑

x

|x
〉

w
he

re
N

=
2n

an
d
x

=
2n
x

1
+

2n
−

1
x

2
+
..
.x

n

∑

x

=
∑

x
∈{

0,
1}
n

=
1
∑ x
1
=

0

1
∑ x
2
=

0

..
.

1
∑ x
n
=

0

=
N
−

1
∑ x

=
0

40
1

M
at

la
b

pr
og

ra
m

H
=

[1
1
;1

-1
];
N

o
rm

=
1
/8

;
f=

[
0

0
0

0
1

1
1

1
0

0
1

1
0

1
0

1
0

1
1

0
1

0
0

1
1

0
1

0
1

1
0

0
]; fo

r
n
=

1
:8

,

f0
0
=

f(
n
,1

);
f0

1
=

f(
n
,2

);
f1

0
=

f(
n
,3

);
f1

1
=

f(
n
,4

);

p
si

3
=

ke
t(

[0
,0

,f
0
0
])

+
ke

t(
[0

,1
,f
0
1
])

+
ke

t(
[1

,0
,f
1
0
])

+
k

e
t(

[1
,1

,f
1
1
])

+
..
.

-(
ke

t(
[0

,0
,1

-f
0
0
])

+
ke

t(
[0

,1
,1

-f
0
1
])

+
ke

t(
[1

,0
,1

-f
1
0
]

)+
ke

t(
[1

,1
,1

-f
1
1
])

);

p
si

4
=

N
o
rm

*t
e
n
so

r_
p
ro

d
u
ct

(H
,H

,H
)*

p
si

3
;

%
fo

r
cl

a
ri
ty

w
e

a
d
d

e
xt

ra
H

g
a
te

ve
ct

o
r2

ke
t(

p
si

4
)

e
n
d
;
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•
th

us
in

ge
ne

ra
lfo

r
n

qu
bi

ts

Ĥ
⊗
n
|x

1
x

2
..
.x
n
〉=

1 √
N

1
∑

z 1
,z

2
,.
..
,z
n
=

0(−
1)
x

1
·z 1

+
x

2
·z 2

+
..
.+
x
n
·z n
|z 1
z 2
..
.z
n
〉

w
he

re
N

=
2n

is
th

e
H

ilb
er

t-
sp

ac
e

di
m

en
si

on

or
co

m
pa

ct
ly

Ĥ
⊗
n
|x
〉=

1 √
N

∑

z

(−
1)
〈x
|z
〉 |z
〉

w
he

re

x
=

(x
1
,x

2
,.
..
,x

n
),
|x
〉=
|x

1
,x

2
,.
..
,x

n
〉

z
=

(z
1
,z

2
,.
..
,z

n
),

|z
〉=
|z 1
,z

2
,.
..
,z

n
〉

an
d

〈x
|z
〉≡

x
·z

=
x

1
z 1

+
x

2
z 2

+
..
.+

x
n
z n

is
th

e
sc

al
ar

pr
od

uc
t.
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2.
H

ow
to

co
m

pa
ct

ly
w

rit
e

th
e

qu
an

tu
m

H
ad

am
ar

d
tr

an
sf

or
m

•
fo

r
a

si
ng

le
qu

bi
t

Ĥ
|0〉

=
|0〉

+
|1〉

√
2

=
1 √
2

1
∑ z=

0

(−
1)

0·z
|z
〉

Ĥ
|1〉

=
|0〉
−
|1〉

√
2

=
1 √
2

1
∑ z=

0

(−
1)

1·z
|z
〉

co
m

bi
ni

ng
to

ge
th

er

Ĥ
|x

1
〉=

1 √
2

1
∑ z 1

=
0(−

1)
x

1
·z 1
|z 1
〉

•
fo

r
tw

o
qu

bi
ts

Ĥ
⊗

2
|x

1
x

2
〉

=

 
1 √
2

1
∑ z 1

=
0(−

1)
x

1
·z 1
|z 1
〉 

 
1 √
2

1
∑ z 2

=
0(−

1)
x

2
·z 2
|z 2
〉 

=
1 √
22

1
∑ z 1

=
0

1
∑ z 2

=
0(−

1)
x

1
·z 1

+
x

2
·z 2
|z 1
z 2
〉
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D

J
algorithm

for
n

qubits

4.
applyH

adam
ard

gate

|ψ
4 〉

=
(Ĥ
⊗
n⊗

Î
)|ψ

3 〉

Ĥ
⊗
n|x〉

=
1
√
N

∑

x

(−
1) f

(x
)
(

Ĥ
⊗
n|x〉

)|−
〉

=
1N

∑

x

∑

z

(−
1) 〈x|z〉+

f
(x

)|z〉|−
〉

5.m
easure|z〉

:

z
=

0⇒
f
(x

)
is

con
stant

z
>

0⇒
f
(x

)
is

b
alan

ced

405
D

J
algorithm

for
n

qubits

1.initialize
(n

+
1)-qubitstate

|ψ
1 〉

=
|0〉 ⊗

n|1〉

2.
generate

equalsuperposition
by

applying
H

adam
ard

gates

|ψ
2 〉

=
Ĥ
⊗

(n
+

1)|ψ
1 〉

=
(Ĥ
⊗
n|0〉 ⊗

n
)|−
〉

=
1
√
N

∑

x

|x〉|−
〉

3.calculate
f

by
applying

Û
f

gate

|ψ
3 〉

=
Û
f |ψ

2 〉
=

1
√
N

∑

x

(−
1) f

(x
)|x〉|−

〉
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Q

uantum
F

ourier
Transform

|x〉→
Q
F
T
→

1
√
N

N
−

1
∑z=

0

exp

(
2π
i

N
x
y

)

|y〉

or
com

pactly

|x〉→
Q
F
T
→

1
√
N

N
−

1
∑z=

0

β
x
y|y〉

w
here

β
=

exp

(
2π
i

N

)

Q
F

T
ofarbitrary

pure
state

of
n

qubits

|ψ〉
=

N
−

1
∑x
=

0

c
x |x〉→

Q
F
T
→

1
√
N

N
−

1
∑x
=

0

N
−

1
∑y
=

0

c
x β

x
y|y〉

407
quantum

F
ourier

transform
(Q

F
T

)

•
Q

F
T

on
group

(Z
2 ) n

=
quantum

H
adam

ard
transform

Q
F
T
′|x〉

=
Ĥ
⊗
n|x〉

=
1
√
N

∑

y

(−
1) 〈x|y〉|y〉,

(N
=

2
n)

group
Z

2
=

the
set{0,1}

w
ith

addition
m

odulo
2

(⊕
)

group
(Z

2 )
n

=
the

set{0,1}
n

w
ith

addition
m

odulo
2

(⊕
)

bitby
bit

•
Q

F
T

on
group

Z
N

Q
F
T|x〉

=
1
√
N

∑

y

exp

(
2π
i

N
x
y

)

|y〉

or
justw

ithoutthe
bold

face:

Q
F
T|x〉

=
1
√
N

N
−

1
∑y

=
0

exp

(
2π
i

N
x
y

)

|y〉

group
Z
N

=
the

set{0,1,...,N
−

1}
n

w
ith

addition
m

odulo
N

(⊕
)
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ex
am

pl
e:

Q
F

T
of

a
B

el
ls

ta
te

|ψ
〉=
|00
〉+
|11
〉

√
2

=
1 √
2
[1

00
1]
T

N
=

22
=

4
⇒

s
=

3,
β

=
ex

p
(

iπ 2

)

=
i

Q
F
T

=
1 √
4

   

1
1

1
1

1
β

β
2
β

3

1
β

2
β

4
β

6

1
β

3
β

6
β

9

   
=

1 2

   

1
1

1
1

1
i
−

1
−
i

1
−

1
1
−

1
1
−
i
−

1
i

   

Q
F
T
|ψ
〉

=
Q
F
T

1 √
2

   

1 0 0 1

   
=

1

2√
2

   

2
1
−
i

0
1

+
i

   

=
1 √
2
|00
〉+

e−
iπ
/4

2
|01
〉+

ei
π
/4 2
|11
〉
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Q
ua

nt
um

F
ou

rie
r

Tr
an

sf
or

m
in

m
at

rix
re

pr
es

en
ta

tio
n

|ψ
〉=

N
−

1
∑ x
=

0

c x
|x
〉

Q
F
T
|ψ
〉=

1
√
s
+

1

       

1
1

1
..
.

1
1
β

β
2
..
.
β
s

1
β

2
β

4
..
.
β

2s

. . .
. . .

. . .
. .

.
. . .

1
β
s
β

2s
..
.
β
ss

       

       

c 0 c 1 c 2 . . . c s

       

w
he

re

β
=

ex
p
(

2π
i

N

)

s
=
N
−

1
=

2n
−

1
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3

|x
2〉

H
R

2
R

3
|y 0
〉
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•
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〉
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•
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R
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R
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•
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R

2
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〉
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•
H

|y 3
〉
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C
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T
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H

Q
F

T
fo
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2

|x
1〉

H
R

2
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〉

|x
0〉

•
H

|y 1
〉

w
he

re

H
=

1 √
2[

1
1

1
−

1

]

,
R
k

=
1 √
2

 
1

0

0
ex

p
(

2π 2k
i)

 

in
cl

ud
in

g
S

W
A

P

|x
1〉

H
R

2
×
|y 1
〉

|x
0〉

•
H

×
|y 0
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s
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G
rover’s

algorithm
for

searching
database

S
hor’s

algorithm
for

integer
factorization

413
S

eem
ingly

another
im

plem
entation

ofQ
F

T
for

n=
3

|x
2 〉

H
S

T
|y

0 〉

|x
1 〉

•
H

S
|y

1 〉

|x
0 〉

•
•

H
|y

2 〉

given
in

term
s

ofthe
phase

gate
(S

gate)
and
π
/8

(sic!)
gate

(T
gate)

Ŝ
=

[

1
0

0
i

]

,
T̂

=

[

1
0

0
exp

(iπ
/4)

]

butitis
exactly

our
schem

e
as

R̂
2
=
Ŝ
,

R̂
3
=
T̂

416
oracle

queries
1.

oracle
query

in
D

J
algorithm

Û
f

=
|x〉|y〉

f7→
|x〉|x

⊕
y〉

a
note

in
fact,the

contentofthetargetregister|y〉
is

unchanged
in

the
D

J
algorithm

and
f
(x

)
is

encoded
in

the
sign

ofthecontrolregister|x〉.

2.
oracle

query
in

G
rover’s

algorithm

Û
f |x〉

=
(−

1)
f
(x

)|x〉

or

Û
f

=
1−

2|x
0 〉〈x

0 |

itis
justequivalentto

the
query

in
D

J
algorithm

415
problem

for
G

rover’s
algorithm

(the
needle

in
a

haystack
problem

)
assum

ptions
•

given
anoracle

w
hich

calculatesf
(x

):

f
(x

)
=

1
if
x

=
x

0

f
(x

)
=

0
if
x
6=
x

0

•
f
(x

)
can

be
calculated

using
ordinary

(reversible)
com

puter
cod

e.

problem
find

the
elem

entx
0

in
the

leastnum
ber

oforacle
queries.

average
num

ber
ofevaluations

off
classically

–N
/2

quantum
ly

–
???

exam
ples

•
searching

a
phone

book
for

a
nam

e
and

phone
num

ber

•
searching

a
database

for
a

key
to

crack
a

cryptosystem
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ub
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I.
In

iti
al

iz
at

io
n

pr
ep

ar
en
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bi
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st
at

e

|ψ
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〉=
|0〉
⊗
n

II.
G

en
er

at
io

n
of

eq
ua

lly
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ei
gh

te
d

su
pe

rp
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iti
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ap
pl

y
H
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am

ar
d

ga
têH
⊗
n

to
al

lq
ub
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ge
t

|ψ
I
I
〉=

1 √
N

N
−

1
∑ x
=

0

|x
〉.
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tw
o
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pe

s
of

qu
an

tu
m

or
ac

le
s

or
ac

le
=

a
bl

ac
k-

bo
x

un
ita

ry
op

er
at

io
n

1.
qu

an
tu

m
or

ac
le
Û
f

of
a

B
oo

le
an

fu
nc

tio
n

f
:{

0,
1}
→
{0
,1
}

|x
〉|y
〉→

U
f
→
|x
〉|y
⊕
f
(x

)〉

2.
qu

an
tu

m
ph

as
e-

or
ac

le
Û
′ f

|x
〉→

U
′ f
→

(−
1)
f
(x

) |x
〉

N
ot

e:

|y
〉=
|−
〉
⇒

Û
f
→

Û
′ f
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0

tw
o-
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tG
ro

ve
r’s

se
ar

ch
of
|x

0〉
=
|2〉

in
iti

al
iz

at
io

n
H

ad
am

ar
d

ga
te

|0
>

|1
>

|2
>

|3
>

−
1

−
0.

50

0.
51

<x|ψ>

|0
>

|1
>

|2
>

|3
>

−
1

−
0.

50

0.
51

<x|ψ>

1.
or

ac
le

ph
as

e
fli

p
of|x

0
〉

2.
H

ad
am

ar
d

ga
te

|0
>

|1
>

|2
>

|3
>

−
1

−
0.

50

0.
51

<x|ψ>

|0
>

|1
>

|2
>

|3
>

−
1

−
0.

50

0.
51

<x|ψ>

41
9

III
.

G
ro

ve
r

ite
ra

tio
n

re
pe

at
th

e
fo

llo
w

in
g

su
br

ou
tin

eIn
t(
π
√
N
/4

)
tim

es
:

1.
C

al
lt

he
or

ac
le

to
fli

p
th

e
ph

as
e

of
ei

ge
ns

ta
te|x

0〉
:

f x
0

:
|x
〉7→

(1
−

2δ
x

0,
x
)|x
〉,

w
he

re
δ y
,x

is
K

ro
ne

ck
er

de
lta

.

2.
A

pp
ly

H
ad

am
ar

d
ga

te
Ĥ
⊗
n
.

3.
F

lip
th

e
ph

as
e

of
al

le
ig

en
st

at
es|x
〉e

xc
ep

t|0
〉:

f 0
:
|x
〉7→
−

(1
−

2δ
0,
x
)|x
〉.

4.
A

pp
ly

H
ad

am
ar

d
ga

te
Ĥ
⊗
n
.

N
ot

e:

op
er

at
io

ns
2,

3,
4

ar
e

ca
lle

d
th

ein
ve

rs
io

n
ab

ou
tt

he
av

er
ag

e
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quantum

circuitfor
tw

o-qubitG
rover’s

search

qubit A

qubit B
H H

X
o

f

H H

0
f

H H

step II     III.1      III.2      III.3       III.4

421
tw

o-qubitG
rover’s

search
of|x

0 〉
=
|2〉

3.
phase

flip
ofall|x〉

except|0〉
4.

H
adam

ard
gate

|0>
|1>

|2>
|3>

−
1

−
0.5 0

0.5 1

<x|ψ>

|0>
|1>

|2>
|3>

−
1

−
0.5 0

0.5 1

<x|ψ>

-
end

of1stG
rover

iteration

recom
m

ended
num

ber
ofrepetitions

(or
queries)

N
q
u
eries

=
Int(π √

N
/4)

w
here

N
=

2
n

=
4

so

N
q
u
eries

=
1
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three-qubitG

rover’s
search

of|x
0 〉

=
|2〉

I.3
phase

flip
ofall|x〉

except|0〉
I.4

H
adam

ard
gate

-
end

of1stcycle

|0>
|1>

|2>
|3>

|4>
|5>

|6>
|7>

−
1

−
0.5 0

0.5 1

<x|ψ>

|0>
|1>

|2>
|3>

|4>
|5>

|6>
|7>

−
1

−
0.5 0

0.5 1

<x|ψ>

II.1
oracle

phase
flip

of|x
0 〉

II.2
H

adam
ard

gate

|0>
|1>

|2>
|3>

|4>
|5>

|6>
|7>

−
1

−
0.5 0

0.5 1
<x|ψ>

|0>
|1>

|2>
|3>

|4>
|5>

|6>
|7>

−
1

−
0.5 0

0.5 1

<x|ψ>
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three-qubitG

rover’s
search

of|x
0 〉

=
|2〉

initialization
H

adam
ard

gate

|0>
|1>

|2>
|3>

|4>
|5>

|6>
|7>

−
1

−
0.5 0

0.5 1

<x|ψ>

|0>
|1>

|2>
|3>

|4>
|5>

|6>
|7>

−
1

−
0.5 0

0.5 1

<x|ψ>

I.1
oracle

phase
flip

of|x
0 〉

I.2
H

adam
ard

gate

|0>
|1>

|2>
|3>

|4>
|5>

|6>
|7>

−
1

−
0.5 0

0.5 1

<x|ψ>

|0>
|1>

|2>
|3>

|4>
|5>

|6>
|7>

−
1

−
0.5 0

0.5 1

<x|ψ>
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nu
m
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ic

al
da
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r
th

re
e-

qu
bi

tG
ro

ve
r’s

se
ar

ch
of
|x

0〉
=
|5〉

st
at

e

|ψ
(k

) 〉
=
c(k

)
0
|00

0〉
+
c(k

)
1
|00

1〉
+
c(k

)
2
|01

0〉
+
c(k

)
3
|01

1〉
+
c(k

)
4
|10

0〉
+
c(k

)
5
|10

1〉
+
c(k

)
6
|11

0〉
+
c(k

)
7
|11

1〉
af

te
r

th
ek

th
G

ro
ve

r
w

e
ge

t:

|ψ
(k

) 〉
=

[
c_

0
c_

1
c_

2
c_

3
c_

4
c_

5
c_

6
c_

7
]

_
_
_
_
_
_
_
_
_
_
_
_
_
_
_
_
_
_
_
_
_

_
_
_

_
_
_
_

_
_
_

_
_
_

_
_
_

_
_
_

_
_
_
_

_
_
_

_
_
_

_
_
_

_
_
_

_
_

|ψ
(1

) 〉
=

[
.1

8
.1

8
.1

8
.1

8
.1

8
.8

8
.1

8
.1

8
]

|ψ
(2

) 〉
=

[
-.

0
9

-.
0
9

-.
0
9

-.
0
9

-.
0
9

.9
7

-.
0
9

-.
0
9

]

|ψ
(3

) 〉
=

[
-.

3
1

-.
3
1

-.
3
1

-.
3
1

-.
3
1

.5
7

-.
3
1

-.
3
1

]

|ψ
(4

) 〉
=

[
-.

3
8

-.
3
8

-.
3
8

-.
3
8

-.
3
8

-.
1
1

-.
3
8

-.
3
8

]

|ψ
(5

) 〉
=

[
-.

2
5

-.
2
5

-.
2
5

-.
2
5

-.
2
5

-.
7
4

-.
2
5

-.
2
5

]

|ψ
(6

) 〉
=

[
-.

0
1

-.
0
1

-.
0
1

-.
0
1

-.
0
1

-1
.0

0
-.

0
1

-.
0
1

]

af
te

r
th

e
6t

h
ite

ra
tio

n
w

e
ge

t

c(6
)

5
=
〈1

10
|ψ

(6
) 〉

=
.9

99
89
··
·≈

1
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se
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|x

0〉
=
|2〉

II.
3
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fli

p
al

l|x
〉e

xc
ep

t|0
〉

II.
4

ga
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Ĥ

en
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2n
d

cy
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e
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d
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3r
d

cy
cl

e

|0
>

|1
>

|2
>

|3
>

|4
>

|5
>

|6
>

|7
>

−
1

−
0.

50

0.
51

<x|ψ>

|0
>

|1
>

|2
>

|3
>

|4
>

|5
>

|6
>

|7
>

−
1

−
0.

50

0.
51

<x|ψ>

|0
>

|1
>

|2
>

|3
>

|4
>
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>
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>

|7
>

−
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50
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e
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>
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>
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>
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>
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>
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>
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>
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>

−
1
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|0
>

|1
>
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>

|3
>

|4
>
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>
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>
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>

−
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0.
51

<x|ψ>
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>
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A
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D
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am
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N
=
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=

7.
2
×
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.

W
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00
0
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•
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m
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es

M
a
th

e
m

a
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a
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qr
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ˆ5
6]

/1
0.

ˆ6
/6

0֒→
4.
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H
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m
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y
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s
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e
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d
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ar
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N
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O
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)
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h
al
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O
(√
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)
G
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T
he

m
os
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op
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cr
yp
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sy

st
em

s
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d
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ei
r

cr
yp

to
an

al
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1.
D

E
S

(D
at

a
E

nc
ry

pt
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n
S
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↔

G
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-
sy

m
m
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-
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pl
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d
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r
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-
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-
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U
S
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m

y

2.
R

S
A

(R
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S
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m
ir-

A
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em
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)↔
S
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r’s
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-
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m
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-
ap
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d
fo

r
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n
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d
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gi
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S
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tu
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A
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m
)
↔

S
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-
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-
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d
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)
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quantum

entanglem
entand

quantum
speed-up

Q
:

Q
uantum

entanglem
entis

a
key

resource
for

Q
IP.B

ut

do
w

e
need

itforquantum
speed-up

in
e.g.

G
rover’s

algorithm
?

A
:

"E
ntanglem

entis
neither

necessary
for

G
rover’s

algorithm

itself,nor
for

its
efficiency."

[B
hattacharya

etal.,2002]

Q
:

R
eally?

A
:

Inversion
aboutthe

average
am

plitude
is

a
classicalproces

s.

Q
:

C
an

G
rover’s

algorithm
be

im
plem

ented
classically?

A
:

G
rover’s

algorithm
has

already
been

experim
entally

im
plem

ented
using

classicalF
ourier

optics.

429
Q

uantum
speedup

G
rover’s

search
is

quadratically
faster

than
classicalsearch

N
ote:

Itspeeds
up

any
kind

ofdatabase
search.

H
ow

ever
the

m
axim

um
advantage

is
gained

in
unsorted

databas
es.

C
an

w
e

find
faster

quantum
-search

algorithm
s?

S
hor’s

algorithm
is

exponentially
faster

than
classicalon

es,

so
itpossible

to
find

also
a

search
algorithm

thatfast?

O
ptim

ality
theorem

:

T
he

search
problem

cannotbe
solved

in
less

than
O
(√

N
)

iterations.

⇒
G

rover’s
algorithm

is
optim

al!

B
utcan

w
e

find
an

algorithm
thatw

ould
run,say,tw

ice
faster?

P
ossibly

yes,butitis
notthe

issue
ofthe

optim
ality

theore
m

.

432
H

ow
to

im
plem

entG
rover’s

algorithm
classically?

via
classicalopticalinterference

A
classicalim

plem
entation

ofG
rover’s

search
[A

m
sterdam

’s
experim

entofB
hattacharya

etal.
(2002)]

•
quantum

probability
am

plitudes

→֒
a

transverse
laserbeam

profile

=
a

com
plex

electric
field

am
plitudeE

(x
)

•
quantum

states,w
hich

labelitem
s

ofthe
database

→֒
continuouscoordinate

x

•
soughtitem

x
0

→֒
narrow

area
around

the
“item

position”x
0

431
quantum

entanglem
entand

database
size

Q
:

Is
entanglem

entusefulfor
G

rover’s
algorithm

atall?

A
:

Y
es.

Lack
ofentanglem

entlim
its

the
database

size,

w
hich

scales
linearly

w
ith

the
beam

diam
eter
D

(or
D

2
for

a
2D

version)

⇒
num

ber
ofqubits

scales
only

as∝
log

2
D

assum
eD

equalto
the

size
ofthe

universe,
∼

10
26m

⇒
itis

equivalentto∝
86

qubits.

T
his

lim
itation

exists
for

any
database

containing
classic

alinform
ation.

Q
:

A
nyw

ay,itseem
s

thatentanglem
entis

notnecessary
for

quadratic
speed-up.

B
utdo

w
e

need
itfor

exponentialspeed-up?

A
:

M
ostprobably,yes.
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in
g

al
l|x
〉e

xc
ep

t|0
〉

→֒
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e
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e
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pl
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E
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→

E
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)
ex

p
[i
Φ

0(
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′ )]

Φ
0(
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′ )

=
φ

if
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′ i

s
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a
na
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ow
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ea
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ou

nd0

Φ
0(
x
′ )

=
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se
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•
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m
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e
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f 1

=
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=
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Û
f
(x
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e
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mx
0
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ph
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pp
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l|x
〉e

xc
ep

t|x
0〉

→֒
ph
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e
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d
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w
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im

pr
in
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se

pr
ofi

le
Φ
x

0
(x

)
on

th
e

be
am

E
(x

)
→

E
(x

)
ex

p
[i
Φ
x

0
(x

)]

Φ
x

0
(x

)
=
φ

if
x

is
in

a
na

rr
ow

ar
ea
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ou

ndx
0

Φ
x

0
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)
=

0
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w
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S

im
on’s

algorithm
-

step
by

step
•

initialstate

|ψ
0 〉

=
|0〉 ⊗

n|0〉 ⊗
n
≡
|0〉|0〉

•
apply

n
H

adam
ard

gates
to

the
first
n

qubits:

|ψ
1 〉

=
1
√

2
n

∑

x∈{0,1}
n |x〉|0〉.

w
here|x〉≡

|x
1 ,x

2 ,···
,x
n 〉

•
apply

quantum
oracle:

|ψ
2 〉

=
1
√

2
n

∑

x∈{0,1}
n |x〉|f

(x
)〉.

•
m

easure
the

lastnqubits
and

obtain
a

certainf(x ′)∈
{0,1}

n,
w

hich
yields

the
(n-qubit)

state:
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S

im
on’s

problem
(1994)

itis
an

oracle
problem

closely
related

to
S

hor’s
algorithm

G
IV

E
N

:

f
:{0,1}

n
→
{0,1}

n
–

a
2-to-1

function
such

that

∀
x
6=

y
:
f
(x

)
=
f
(y

)⇔
y

=
x
⊕

r,

r
–

a
fixed

n
-bitstring

called
thefunction’s

period

TA
S

K
:

find
period

r.

H
ow

m
any

oracle
queries

are
required

to
find

period
r?

exponentialnum
berclassically

polynom
ialnum

berquantum
ly
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m

ultiplicative
order

ofan
integer

k
=
ord

(x
,n

)≡
ord

(x
)

m
ultiplicative

order
ofx

is
the

sm
allestintegerkfor

w
hich

1
=
x
k

m
od

n

M
a
th

e
m

a
tica

:M
ultiplicativeO

rder[x,n]

exam
ple

ord
(8,21)

=
?

8
1

m
od

21
=

8

8
2

m
od

21
=

64
m

od
21

=
64−

3·21
=

1

⇒
ord

(8,21)
=

2
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|ψ
3 〉

=
1
√

2
n
(|x ′〉

+
|x ′⊕

r〉).

•
apply

n
H

adam
ard

gates
to

thenqubits:

|ψ
4 〉

=
1

√
2
n
+

1

∑

y∈{0,1}
n

[(−
1) x ′·y

+
(−

1) (x ′⊕
r)·y
]|y〉

=
1

√
2
n−

1

∑

r·y
=

0 (−
1) x ′·y|y〉.

•
m

easure|ψ
4 〉

to
gety

such
thatr·

y
=

0.

•
repeatthe

above
steps

a
polynom

ialnum
ber

oftim
es

to
get,w

ith
high

probability,

n
linearly-independentvaluesy

=
{y

1 ,y
2 ,...,y

n }
such

that

y
·
r

=
r,w

hich
determ

inesr.
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d
fr

ac
tio

ns
(C

F
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0
+

1
a

1
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1

a
2
+

1
K
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a
N
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{a
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a

1,
a

2,
K
,a
N
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H
ow

to
ca

lc
ul
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e

C
F
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r
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m

be
rr
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sp
lit
r

in
to
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te

ge
r

pa
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d
fr
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=
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N
ot
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he
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w
ill
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ra
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na
l.

E
xa
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C
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=
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+
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=
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+
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}
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=
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od
ul
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=
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A
co
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F
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nt
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0,
a
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..
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d
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Fx
=
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0,
a
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a
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N
}.

U
se
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r

S
ho

r’s
al
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∣ ∣ ∣
p q
−
x
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⇒
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a
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of
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5.

Initialize
both

registers:

|ψ
1 〉

=
|0〉 ⊗

n
1|1〉 ⊗

n
2

6.
A

pply
H

adam
ard

gates
to

register
#

1:

i.e.
create

an
equally-w

eighted
superposition

|ψ
2 〉

=
Ĥ
⊗
n

1|ψ
1 〉

=
1
√
N

1

N
1 −

1
∑x
=

0

|x
,15〉

w
here

N
1

=
2
n

1.

7.
A

pply
m

odular
exponentialgate

to
register

#
2:

|ψ
3 〉

=
Û

m
od
.exp |ψ

2 〉
a
R

1
m

od
15

R
1

|0〉
|1〉

|2〉
...

|N
1 −

1〉
R

2
|a

0
m

od
N
〉
|a

1
m

od
N
〉
|a

2
m

od
N
〉

...|a
N

1 −
1

m
od

N
〉

445
S

hor’s
algorithm

to
factorize

an
integer

N

1.
If
N

is
even

then
return

factorf=
2.

2.
Testclassically

w
hetherN6=

a
b.

3.
C

hoose
random

ly
an

integer
a

(1
<
a
<
N

)
and

apply

the
E

uclidean
algorithm

to
check

w
hether

a
and

N
are

coprim
e,i.e.

G
C

D(a
,N

)
=

1

Ifnotthen
choose

anothera.

4.
P

repare
tw

o
registers:

register
#2

hasn
2

=
⌈log

2
N
⌉

qubits

(this
is

the
num

ber
ofqubits

to
storeN);

register
#1

hasn
1

=
2n

2
qubits

(in
optim

ized
versions

ofthe
algorithm

,
n

1
can

be
sm

aller).
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H
o

w
 to

 facto
rizeN

=
1

5?

1
. ch

o
o

sex
su

ch
 th

at
1

<x<
N

-1
,  G

C
D

(x,N
)=

1
e.g

.x=
1

1
2

. fin
d

 m
u

ltip
licative o

rd
err=

o
rd

(x):
1

1
1

1
1

2
1

1
3

1
1

4
1

1
5

1
1

6

1
1

   1
       1

1
    1

      1
1

    1
     (m

o
d

N
)  so

 
r=

2
3

. fin
d

y: y
2=

1
m

o
d

N
sin

cex
r=

1
m

o
d

N
  th

en y=
x

r/2=
1

1
 

4
. calcu

lateG
C

D
(y+

1
,N

)=
G

C
D(1

2
,1

5
)=3

G
C

D
(y-1

,N
)

=
G

C
D(1

0
,1

5
)=5

so
1

5
=

3
*5
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8.

M
easure

register
#2

to
getsom

e
state
|x ′〉:

|ψ
4 〉

=
N

2 〈x ′|ψ
3 〉

w
hereN

is
an

(unim
portant)

renorm
alization

constant.

9.
A

pply
Q

F
T †

on
the

register
#

1:

|ψ
5 〉

=
Q
F
T
†|ψ

4 〉
and

m
easure

it.

10.
A

pply
the

classicalm
ethod

ofcontinued
fractions

to
find

periodr.

11.
Ifr

is
even

and r2 6=
−

1(
m

od
N

)

then
calculatef

=
G

C
D

(a
r/2±

1,N
)

If
f
6=

1
or
f
6=
N

then
returnf

.

O
therw

ise
repeatthe

algorithm
.
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6.
ap

pl
y

H
ad

am
ar

d
ga

te
s

to
re

gi
st

er
#

1:

i.e
.

cr
ea

te
eq

ua
lly

-w
ei

gh
te

d
su

pe
rp

os
iti

on

|ψ
2〉

=
Ĥ
⊗
n

1
|ψ

1〉
=

1
√
N

1

N
1−

1
∑ x
=

0

|y
,1

5〉

w
he

re
N

1
=

2n
1

=
25

6

7.
ap

pl
y

m
od

ul
ar

ex
po

ne
nt

ia
lg

at
e

to
re

gi
st

er
#

2:

|ψ
3〉

=
Û

m
od
.e

xp
|ψ

2〉
a
R

1
m

od
15

R
1

|0〉
|1〉

|2〉
..

.
|25

5〉
R

2
|70

m
od

N
〉
|71

m
od

N
〉
|72

m
od

N
〉

..
.
|72

55
m

od
N
〉

=
|1〉

=
|7〉

=
|49
〉≡
|4〉

..
.

=
|13
〉44

9
E

xa
m

pl
e

1:
F

ac
to

riz
e
N

=
15

1.
N

is
od

d
⇒

O
K

2.
N
6=
a
b
⇒

O
K

3.
le

t’s
,e

.g
.,

ch
oo

sea
=

7
(u

nl
uc

ky
ch

oi
ce

)
an

d
ap

pl
y

E
uc

lid
ea

n
al

go
rit

hm
to

ch
ec

k
w

he
th

era
an

d
N

ar
e

co
pr

im
e:

G
C

D
(7

,1
5)

=
1
⇒

O
K

4.
fin

d
th

e
re

qu
ire

d
di

m
en

si
on

of
re

gi
st

er
s

(n
um

be
r

qu
bi

ts
):

re
gi

st
er

#
2:
n

2
=
⌈lo

g 2
N
⌉=
⌈3
.9

06
⌉=

4

re
gi

st
er

#
1:
n

1
=

2n
2

=
8

M
a
th

e
m

a
tic

a
:C

ei
lin

g[
Lo

g[
2,

15
]]
→֒

4

5.
in

iti
al

iz
e

bo
th

re
gi

st
er

s:

|ψ
1〉

=
|0〉
⊗
n

1
|1〉
⊗
n

2
=
|00

00
00

00
〉|1

11
1〉
≡
|0
〉|1

5〉
M

a
th

e
m

a
tic

a
:2
∧∧

11
11
→֒

15

45
2

10
.

ap
pl

y
th

e
cl

as
si

ca
lc

on
tin

ue
d

fr
ac

tio
n

m
et

ho
d

(w
hi

ch
re

du
ce

s
to

a
tr

iv
ia

lc
as

e
no

w
)

to
fin

d
th

e
pe

rio
d

r
64 25

6
=

1 4
⇒

r
=

4

11
.r

is
ev

en
an

dr 2
6=
−

1
m

od
N

⇒
G

C
D

(1
3r
/2

+
1,

15
)

=
G

C
D

(1
32

+
1,

15
)

=
G

C
D

(1
69

+
1,

15
)

=
G

C
D

(1
7
×

2
×

5,
3
×

5)
=

5

G
C

D
(1

3r
/2
−

1,
15

)
=

G
C

D
(1

68
,1

5)
=

3

th
es

e
ar

e
th

e
so

ug
ht

fa
ct

or
s

:-
)

12
.

fin
al

te
st

3
×

5
=

15
⇒

O
K

45
1

so
M

a
th

e
m

a
tic

a
:P

ow
er

M
od

[a
ˆx

,1
5]

R
1
|0〉
|1〉
|2〉
|3〉
|4〉
|5〉
|6〉
|7〉
|8〉
|9〉
|10
〉
|11
〉

..
.

R
2
|1〉
|7〉
|4〉
|13
〉
|1〉
|7〉
|4〉
|13
〉
|1〉
|7〉
|4〉
|13
〉

..
.

8.
m

ea
su

re
re

gi
st

er
#2

:

fo
r

ex
am

pl
e,

w
e

ge
tt

he
st

at
e|13
〉:

R
1

|3〉
|7〉

|11
〉

..
.

R
2

|13
〉

|13
〉

|13
〉

..
.

|ψ
4〉

=
N

2〈
13
|ψ

3〉
=
N

(|3
〉 1

+
|7〉

1
+
|11
〉 1

+
..
.)

w
he

re
N

is
a

re
no

rm
al

iz
at

io
n

co
ns

ta
nt

9.
ap

pl
y

Q
F

T†
on

th
e

re
gi

st
er

#
1:

|ψ
5〉

=
Q
F
T
† |ψ

4〉
=

1 2
(|0
〉 1
−
|64
〉 1

+
|12

8〉
1
−
|19

2〉
1)
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E
xam

ple
2:

F
actorize

again
N

=
15

butfor
a

=
11

1–2.d
itto

3.
w

e
choosea

=
11

(lucky
choice)

G
C

D
(11,15)

=
1
⇒

O
K

4–6.d
itto

7.
apply

m
odular

exponentialgate
to

register
#

2:

|ψ
3 〉

=
Û

m
od
.exp |ψ

2 〉
a
R

1
m

od
15

R
1

|0〉
|1〉

|2〉
...

|255〉
R

2
|11

0
m

od
N
〉
|11

1
m

od
N
〉
|11

2
m

od
N
〉
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255

m
od

N
〉

=
|1〉

=
|11〉

=
|121〉≡

|1〉
...

=
|11〉

so
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lucky,unlucky

and
bad

choices
ofa

m
odulo

N
=

15
condition:

G
C

D
(a,N

)=
1

a
a
^2

a
^3

a
^4

...
a
^1

4
(m

o
d

N
)

2
4

8
1

2
4

8
1

2
4

8
1

2
4

u
n
lu

cky
3

9
1
2

6
3

9
1
2

6
3

9
1
2

6
3

9
w

ro
n
g

4
1

4
1

4
1

4
1

4
1

4
1

4
1

lu
cky

5
1
0

5
1
0

5
1
0

5
1
0

5
1
0

5
1
0

5
1
0

w
ro

n
g

6
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6
6

6
6

6
6

6
6

6
6

6
6

w
ro

n
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7
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1
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1
7

4
1
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1
7

4
1
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1
7

4
u
n
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4
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1
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4
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1
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4
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1
8

4
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9
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9
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9
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9
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9
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9
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9
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1
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1
0
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0

1
0
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0
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0

1
0

1
0

1
0
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0

1
0

1
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0
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0

1
1

1
1
1

1
1
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1
1
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1
1
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1
1
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1
1
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1
1
2

9
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6
1
2

9
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6
1
2

9
3

6
1
2

9
1
3

4
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1
1
3

4
7

1
1
3

4
7

1
1
3

4
1
4

1
1
4

1
1
4

1
1
4

1
1
4

1
1
4

1
1
4

1

a=
2,7,8,13

⇒
long
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⇒
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⇒
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⇒
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+
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=
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=
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⇒
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optical im
plem
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O

V
M

P
B

S

B
S

H
W

P
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O
T

)

D
?

D
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D
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M
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B
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H
W

P
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4 π
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V
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operators
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notprojective

m
easurem

ents

A
u

=
1−
|u〉〈u|

1
+
〈u|v〉

,
A
v

=
1−
|v〉〈v|

1
+
〈u|v〉

A
?

=
1−

A
u −

A
v

⇒
in

con
clu

sive
m

easu
rem

ent

probabilities
ofm

easurem
ents

P
i
=
〈ψ|A

i |ψ〉

⇒
P
u

=
|α| 2(1−

cos
θ),

P
v

=
|β| 2(1−

cos
θ),

P
?

=
|α

+
β| 2

cos
θ

specialinputstates

|ψ〉
=
|u〉

⇒
P
v

=
0
⇒
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v
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click

|ψ〉
=
|v〉

⇒
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⇒
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M
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•
T
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finalstate

ofan
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described
by

a
unita

ry
transfor-

m
ation
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initialstate.

•
S
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evolution
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ρ
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ρ
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ρ
E
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ρ
S
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S (0)⊗

ρ
E
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†(t)
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density
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ρ
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=
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r
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S
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k
i } 〈{k

i }|ρ
S
E
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i }〉
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th
re

e
ty

pe
s

of
er

ro
rs

1.
bi

tfl
ip

er
ro

r
|0〉
→
|1〉
,
|1〉
→
|0〉

|ψ
〉→

σ̂
x
|ψ
〉

2.
ph

as
e

fli
p

er
ro

r

|0〉
→
|0〉
,
|1〉
→
−
|1〉

|ψ
〉→

σ̂
z
|ψ
〉

3.
bo

th
er

ro
rs

|0〉
→

i|1
〉,
|1〉
→
−
i|0
〉

|ψ
〉→

σ̂
y
|ψ
〉

w
he

re
th

eσ
k

ar
e

th
eP

au
li

op
er

at
or

s

σ̂
x
≡
[

0
1

1
0

]

,
σ̂
y
≡
[

0
−
i

i
0

]

,
σ̂
z
≡
[

1
0

0
−

1

]
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ρ
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→
∑

µ

√

F
µ
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s√

F
µ
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F
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=
A
† µA

µ
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A
µ
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conditionalm

easurem
ents

using
im

perfectphotocounters

a
1

a
2

a
3

a
4

b
1

b
2

b
3

b
4

^

^

^

^
^

^

^

^

ˆ
1

ρ
N

2
photons

N
3

photons

N
4

photons

Φ

ˆ
1

ρ
N

2
photons

N
3

photons

N
4

photons

1̂
b

2̂
b

3̂
b

4̂
b

ρ̂
1
=
N

T
r
(b

2 ,b
3 ,b

4 )

(

Π̂
(b

2 )
N

2
Π̂

(b
3 )

N
3
Π̂

(b
4 )

N
4 |Φ
〉〈Φ
| )

Π̂
(b
k )

N
k

P
O

V
M

for
the

kth
im

perfectphotocounter
detectingNk

photons
|Φ〉

four-m
ode

state
before

the
m

easurem
ents

ρ̂
1

single-m
ode

state
after

the
m

easurem
ents

N
renorm

alization
constant

477
dam

ping
channels

for
a

single
qubit

1.
am

plitude-dam
ping

channel

|0〉
S |0〉

E
→
|0〉

S |0〉
E

|1〉
S |0〉

E
→
√

1−
p|1〉

S |0〉
E

+
√
p|0〉

S |1〉
E

2.
phase-dam

ping
channel

|0〉
S |0〉

E
→
√

1−
p|0〉

S |0〉
E

+
√
p|0〉

S |1〉
E

|1〉
S |0〉

E
→
√

1−
p|1〉

S |0〉
E

+
√
p|1〉

S |2〉
E

•
itis

a
„caricature”

m
odelofdecoherence

in
realsystem

s

•
no

bitflip
in

system
!

3.
depolarizing

channel

|ψ〉
S |0〉

E
→
√

1−
p|ψ〉

S |0〉
E

+

√
p3

[σ
x |ψ〉

S |1〉
E

+
σ
y |ψ〉

S |2〉
E

+
σ
z |ψ〉

S |3〉
E

]
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•
single-photon counter

( no clicks)

( 1 click
)

0
0

ˆ
(1

)
vl

m

m

e
m

m
ν

η
∞

−

=

Π
=

−
∑

(1
)

1

1
0

0

ˆ
(1

)
(1

)!

n
vl

n
m

n
mn

m
n

e
C

m
m

n
ν

ν
η

η
−

∞
−

−

=
=

Π
=

−
−

∑∑
2

0
1

ˆ
ˆ

ˆ
1

vl
vl

vl
Π

=
−

Π
−

Π
( 2 clicks)

•
high dark count rate  ~

1
4

s
10

−

P
O

V
M

 for photocount detectors
(II) 479

P
O

V
M

 for photocount detectors
(I)

•
P

erfectly-R
esolving

P
hoton C

ounter
(

)

0
0

ˆ
(1

)
(

)!

N
n

N
n

m
n

m
N

n
m

n

e
C

m
m

N
n

ν
ν

η
η

−
∞

−
−

=
=

Π
=

−
−

∑∑

•
C

onventional P
hoton C

ounter  (C
P

C
)

0
0

ˆ
(1

)
c

m

m

e
m

m
ν

η
∞

−

=

Π
=

−
∑

( N
o clicks )

1
0

ˆ
ˆ

1
c

c
Π

=
−

Π
( C

lick )

1
s

1
0

0
0

1
0

0
−

−
•

D
ark count rate  ~

inefficiency

dark count rate

ην
−−
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•
H

ow
to

di
sc

rim
in

at
e

be
tw

ee
n

th
e

op
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al
B

el
ls

ta
te

s?

|Ψ
±
〉=
|0

1〉
±
|1

0〉
√

2

|Φ
±
〉=
|0

0〉
±
|1

1〉
√

2

•
D
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r
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yz
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?
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P
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to
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un
te

rs
(p

ho
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n
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un
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et
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to
rs

)

•
S

iA
P

D
=

S
ia

va
la

nc
he

ph
ot

od
io

de
(w

or
ki

ng
in

G
ei

ge
r

m
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e)

η
∼
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−
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%

F
n
oi

se
≥

2
⇒

re
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e
⇒

us
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es
s
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r

Q
C

•
P

M
T

=
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tip

lie
r
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η
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%
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r

de
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n
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η
∼
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r
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n
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s

•
S

S
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M
=

so
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η
∼
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−
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%

F
n
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=

1
⇒
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e
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ee

•
V
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C

=
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e
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ot
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w
ith
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e
fr
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al
an

ch
e
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ot
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ul
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at
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n

η
∼
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%
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r
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te

ct
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n
of
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ng

le
ph

ot
on

η
∼
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%

fo
r

de
te

ct
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n
of

tw
o

ph
ot

on
s

τ
∼

2n
s
⇒
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ol
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n

tim
e
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n
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o
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P
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P
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P
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P
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Ψ

←
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←
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Φ

←
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4.

state
after

quarter-w
ave

plates
and

detection
•

quarter-w
ave

plates
change

polarizations
as

follow
s

|H
i 〉→

1√2
(|H

i 〉
+
|V
i 〉),

|V
i 〉→

1√2
(|H

i 〉−
|V
i 〉)

•
notation

:
D

1 ≡
D
H

1 ,
D

2 ≡
D
V

1 ,
D

3 ≡
D
V

2 ,
D

4 ≡
D
H

2

•
case

1:
|Φ

+tw
o 〉→

|Φ
+tw

o 〉
=

1√2

(|H
1 〉|H

2 〉
+
|V

1 〉|V
2 〉
)

then
photons

are
detected

in
D

1
and

D
4

or
D

2
and

D
3

•
case

2:
|Φ
−tw

o 〉→
|Ψ

+tw
o 〉

=
1√2

(|H
1 〉|V

2 〉
+
|V

1 〉|H
2 〉
)

then
photons

are
detected

in
D

1
and

D
3

or
D

2
and

D
4

•
cases

3,4:

|Ψ
+on

e 〉→
12

(|H
1 〉|H

1 〉±
|H

2 〉|H
2 〉−
|V

1 〉|V
1 〉∓
|V

2 〉|V
2 〉
)

then
both

photons
are

detected
in

either
D

1,or
D

2,or
D

3,or
D

4

485
W

hatB
ellstates

can
uniquely

be
distinguished

in
the

(P
an-Z

eilinger)
analyzer?

notation:
particles

A
,B

;m
odes

1,2

1.
generalinputstate

|ψ
in 〉

=
α|H

A 〉|H
B 〉

+
β|H

A 〉|V
B 〉

+
γ|V

A 〉|H
B 〉

+
δ|V

A 〉|V
B 〉

2.
state

after
P

B
SA
B

ifhorizontal(vertical)
polarization

com
ponentis

transm
itted

(reflected)
then

|ψ〉
=
α|H

A
2 〉|H

B
1 〉

+
β|H

A
2 〉|V

B
2 〉

+
γ|V

A
1 〉|H

B
1 〉

+
δ|V

A
1 〉|V

B
2 〉

3.
indistinguishability

ofphotons
im

plies
thatw

e
can

om
itsubscriptsA,B

:

|ψ〉
=
α|H

1 〉|H
2 〉

+
β|H

2 〉|V
2 〉

+
γ|V

1 〉|H
1 〉

+
δ|V

1 〉|V
2 〉

=
1√2

(α
+
δ)|Φ

+tw
o 〉

+
1√2

(α
−
δ)|Φ

−tw
o 〉

+
1√2

(β
+
γ
)|Ψ

+on
e 〉

+
1√2

(β
−
γ
)|Ψ
−on

e 〉

w
here

|Φ
±tw

o 〉
=

1√2

(|H
1 〉|H

2 〉±
|V

1 〉|V
2 〉
)

,
|Ψ
±on

e 〉
=

1√2

(|H
1 〉|V

1 〉±
|V

2 〉|H
2 〉
)

488
polarization

G
H

Z
states

|Φ
±〉

=
1√2

(|H
〉|H
〉|H
〉

+
|V
〉|V
〉|V
〉
)

|Ψ
±1 〉

=
1√2

(|V
〉|H
〉|H
〉

+
|H
〉|V
〉|V
〉
)

|Ψ
±2 〉

=
1√2

(|H
〉|V
〉|H
〉

+
|V
〉|H
〉|V
〉
)

|Ψ
±3 〉

=
1√2

(|H
〉|H
〉|V
〉

+
|V
〉|V
〉|H
〉
)

•
the

P
an-Z

eilinger
analyzer

discrim
inates

betw
een

only
tw

o
(|Φ
±〉)

am
ong

2
N

G
H

Z
states
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G
H

Z
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B
S

3 D
5

D
6

P
B

S
A

B

P
B

S
1

B

A

H
W

P

D
1

D
2
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B

S
B

C

P
B

S
2

C

H
W

P

H
W

P

D
3

D
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…
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=
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→
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K
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Q

N
D

.HUU
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Q
N

D
 –

F
ock filter

P
S

B
S

B
S

onoff

K
err

signal

α0

K
ey:

K
err

nonlinear
m

edium
described

by
3rd

order
susceptibilit

y
χ

(3)

|α〉
–

strong
coherentfield

P
S

–
phase

shifter

Q
N

D
m

easurem
ent

does
not

destroy
coherence

of
the

signal
state,butonly

adds
extra

phase,w
hich

can
easily

be
correct

ed.
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3.

Q
uantum

relative
entropy

=
K

ullback-Leibler
‘distance’

S
(σ||ρ

)
=

T
r
(σ

lg
σ
−
σ

lg
ρ
)

itis
nota

true
m

etric
since

S
(σ||ρ

)6=
S

(ρ||σ
)

4.
M

axLik
param

eters
-

used
by

us
in

the
tom

ographic
reconstruction

ofphysicalde
nsity

m
atrices

5.
R

elative
entropy

ofentanglem
ent

m
inim

um
ofthe

quantum
relative

entropy

over
setD

ofallseparable
statesρ:

E
(σ)

=
m

in
ρ∈D

S
(σ||ρ)

=
S
(σ||ρ̄)

ρ̄
is

the
separable

state
closestto

σ
.

495
M

easures
ofquality

ofthe
state

generation
1.

F
idelity

=
U

hlm
ann’s

transition
probability

for
m

ixed
states

F
(ρ̂

ex
p ,ρ̂

th )
=

{

T
r

[
√
√

ρ̂
th ρ̂

ex
p

√

ρ̂
th

]
}

2

ρ̂
ex

p
–

density
m

atrix
for

the
experim

entally
generated

state

ρ̂
th

–
theoretically

predicted
density

m
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[Ż
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=
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∑
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+
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P
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⊗
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=
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σ
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σ
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m
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p
|01
〉+
√

1
−
p
|10
〉:

ρ
Y

=
|Ψ

(p
)〉〈

Ψ
(p

)|
fo

r
p

=
1/

2
±
√

1
+

2√
2/

4,

ρ
Z

fo
r
p

=
1/

2
±
√

3/
4,

ρ
V

fo
r
p

=
1/

2
±
√
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S

tates
specifically

violating
the

ordering
condition

ρ̄(p,q)
=
p|ψ− 〉〈ψ− |+

(1−
p)|ψ

q 〉〈ψ
q |

w
ith
|ψ
q 〉

=
√

1−
q|00〉

+
√
q|01〉

thenN
(ρ̄

(p,q))
=
√

1−
2p(1−

p)(1−
q)−

(1−
p)

C
(ρ̄

(p,q))
=
p

•
T

hree
classes

ofstates:
1.

states
w

ith
the

sam
e

negativityN
0 :

ρ ′=
ρ̄
(p,q ′)

for
q ′=

N
0 [N

0 +
2(1−

p)]−
p
2

2p(1−
p)

2.
states

w
ith

the
sam

e
concurrenceC

0 :
ρ ′′=

ρ̄
(C

0 ,q)

3.
states

giving
exactly

opposite
predictions:

ρ ′′′=
ρ̄
(p,q ′′′)

for
q ′′′=

1
+

[N
(ρ

)+
C

(ρ
)+

1−
2p] 2−

1
2p(1−

p)
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0.6
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(c)

negativity

concurrence

(a)
states

w
ith

constantnegativity

(b)
states

w
ith

constantconcurrence

(c)
states

for
w

hichC
(ρ

1 )−
C

(ρ
2 )

=
−

[N
(ρ

1 )−
N

(ρ
2 )]
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N

um
erics

for
tw

o-qubitR
E

E
:

[Vedraland
P

lenio,P
R

A’1998]

C
aratheodory’s

theorem
:

A
ny

state
inD

can
be

decom
posed

into
a

sum
of

atm
ost(dim

(H
A
)×

dim
(H

B
))

2
products

ofpure
states.

T
hus,any

disentangled
2

qubitstate
can

be
given

by

ρ
=

16
∑i=

1

p
i |ψ

A
i 〉〈ψ

A
i |⊗
|ψ
B
i 〉〈ψ

B
i |

⇒
there

are
atm

ost15
+

16×
4

=
79

realparam
eters

H
ow

to
m

inim
ize

S
(σ||ρ)

over
79

param
eters?

S
(σ||ρ

)
is

a
convex

function

D
is

a
convex

set(convex
hull)

ofits
pure

states

a
convex

function
over

a
convex

setcan
only

have
a

globalm
ini

m
um
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R
E

E
vs

concurrence
and

negativity
R

E
E

for
B

elldiagonal(including
W

erner)states

E
W

(C
)

=
E
W

(N
)

=
12
[(1

+
C

)
log(1

+
C

)
+

(1−
C

)
log(1−

C
)

]

R
E

E
for

pure
states

E
P

(C
)

=
E
P

(N
)

=
H
(

12 [1
+
√

1−
C

2] )

R
E

E
for

H
orodeckistates

σ
H

=
C|ψ− 〉〈ψ− |

+
(1−

C
)|00〉〈00|

E
H

(C
)

=
(C
−

2)
log(1−

C
/2)

+
(1−

C
)
log(1−

C
)

E
H

(C
=
√

2N
(1

+
N

)−
1)
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Table
1:

A
llcases

ofdifferentstate
orderings

by
E

,C
&

N
.

C
lass

C
oncurrences

N
egativities

R
E

E
s

1
C

(σ
′)
<
C

(σ
′′)

N
(σ
′)
<
N

(σ
′′)

E
(σ
′)
<
E

(σ
′′)

2
C

(σ
′)
<
C

(σ
′′)

N
(σ
′)
>
N

(σ
′′)

E
(σ
′)
<
E

(σ
′′)

3
C

(σ
′)
>
C

(σ
′′)

N
(σ
′)
<
N

(σ
′′)

E
(σ
′)
<
E

(σ
′′)

4
C

(σ
′)
<
C

(σ
′′)

N
(σ
′)
<
N

(σ
′′)

E
(σ
′)
>
E

(σ
′′)

5
C

(σ
′)

=
C

(σ
′′)

N
(σ
′)

=
N

(σ
′′)

E
(σ
′)

=
E

(σ
′′)

6
C

(σ
′)
<
C

(σ
′′)

N
(σ
′)

=
N

(σ
′′)

E
(σ
′)
<
E

(σ
′′)

7
C

(σ
′)

=
C

(σ
′′)

N
(σ
′)
<
N

(σ
′′)

E
(σ
′)
<
E

(σ
′′)

8
C

(σ
′)
<
C

(σ
′′)

N
(σ
′)
<
N

(σ
′′)

E
(σ
′)

=
E

(σ
′′)

9
C

(σ
′)

=
C

(σ
′′)

N
(σ
′)

=
N

(σ
′′)

E
(σ
′)
<
E

(σ
′′)

10
C

(σ
′)
<
C

(σ
′′)

N
(σ
′)

=
N

(σ
′′)

E
(σ
′)

=
E

(σ
′′)

11
C

(σ
′)

=
C

(σ
′′)

N
(σ
′)
<
N

(σ
′′)

E
(σ
′)

=
E

(σ
′′)

12
C

(σ
′)
>
C

(σ
′′)

N
(σ
′)

=
N

(σ
′′)

E
(σ
′)
<
E

(σ
′′)

13
C

(σ
′)

=
C

(σ
′′)

N
(σ
′)
>
N

(σ
′′)

E
(σ
′)
<
E

(σ
′′)

14
C

(σ
′)
<
C

(σ
′′)

N
(σ
′)
>
N

(σ
′′)

E
(σ
′)

=
E

(σ
′′)
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1.
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3.
4.

5.

6.
7.

8.

9.
10.

11.

12.
13.

14.
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W
hatare

the
quantum

dots?

Q
uantum

dots
(q-dots

or
artificialatom

s)
are

sm
allm

etalor
sem

iconductor
boxes

thathold
a

w
ell-defined

num
ber

ofelectrons

usefulproperty
num

ber
ofelectrons

in
a

q-dotcan
be

adjusted
by

changing
the

dotelectrostatic
environm

ent

param
eters

num
berofelectrons:

from
0

to
hundreds

size
ofq-dots:

from
30

nm
to

1
m

icron
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Q
uantum

inform
ation

processing
w

ith
quantum

dots

1.
based

on
electron

spins
ofquantum

dots

using
opticalm

ethods

2.
based

on
nuclear

spins
ofquantum

dots

using
N

M
R

m
ethods
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H

am
iltonian

for
N

three-levelq-dots
interacting

w
ith

N
+

1
fields

Ĥ
=
Ĥ
Q
D

+
Ĥ
F

+
Ĥ

int ,

Ĥ
Q
D

=
∑

n

(E
(0)
n
σ̂

00
n

+
E

(1)
n
σ̂

11
n

+
E

(v
)

n
σ̂
v
v
n

),

Ĥ
F

=
h̄
ω

cav â †cav â
cav

+
∑

n

h̄
ω

(L
)

n
(â

(L
)

n
) †â

(L
)

n
,

Ĥ
int

=
∑

n

h̄
g
v
0
n

[â
(L

)
n
σ̂

0vn
+

(â
(L

)
n

) †σ̂
v
0
n

]

+
∑

n

h̄
g
v
1
n

(â
cav σ̂

1vn
+
â †cav σ̂

v
1
n

),

w
here

thenth
dotoperator

iŝσ
x
y
n

=
|x〉n

n 〈y|
N

ote:
Q

-dots
are

coupled
only

indirectly
via

the
cavity

and
laser

fields
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valence band

|1>

|0>

|v>

conduction band

ω
cav

ω
n

∆ω
n

∆ω
n

∆
n

(0)

(L
)

(1)

n

n

n

Levelstructure
ofquantum

dots
in

V
configuration
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iltonian

after
adiabatic

elim
ination

Ĥ
eff

=
h̄2

∑

n6=
m
κ
n
m

(t)[σ̂
+n
σ̂ −m

e
i(∆

n −
∆
m

)t+
σ̂ −n
σ̂

+m
e −

i(∆
n −

∆
m

)t]

w
here

κ
n
m

(t)
=

g
n (t)g

m
(t)

∆
n

g
n (t)

=
g
v
0
n
g
v
1
n
|E

(L
)

n
(t)|

(

1

∆
ω

(1)
n

+
1

∆
ω

(0)
n

)

∆
ω

(n
)

k
=
ω

(n
)

k
−
ω

(n
)

V
B
−
ω
ca
v

(k
=
e,g)

∆
n

=
ω

(n
)

e
−
ω

(n
)

g
+
ω

(n
)

L
−
ω
ca
v
=

∆
ω

(n
)

e
−

∆
ω

(n
)

g

A
diabatic

elim
ination

requires
1.

coupling
strength,cavity

decay
rate,and

therm
alfluctua

tions

≪
h̄
∆
n ,h̄

∆
ω

(x
)

n
,E

(1)
n
−
E

(0)
n

2.
valence-band

levels|v〉n
are

far
offresonance.
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effective
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n
>
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n
>
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W

)
H
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iltonian
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Ĥ
in

t
=

4κ
∑

n
6=m

σ̂
x n
σ̂
x m

54
0

Q
ua

nt
um

C
om

pu
tin

g
B

as
ed

on
N

uc
le

ar
M

ag
ne

tic
R

es
on

an
ce

(N
M

R
)

1.
nu

cl
ea

r
qu

bi
ts

an
d

qu
di

ts

2.
co

nt
ro

lo
fn

uc
le

ar
sp

in
s

3.
ps

eu
do

-p
ur

e
st

at
es

4.
qu

an
tu

m
ga

te
s

5.
qu

an
tu

m
al

go
rit

hm
s

6.
to

m
og

ra
ph

y
of

nu
cl

ea
r

sp
in

s

53
9

Q
-d

ot
bi

pa
rt

ite
en

ta
ng

le
m

en
ti

n
S

V
W

m
od

el

M
N

-M



542

three qubits encoded in 
13C

-labeled alanine m
olecule

J-coupling
H

am
iltonian

for
carbon-13

nuclei

Ĥ
in
t
=
ν

1 σ̂
(1)
z

+
ν

2 σ̂
(2)
z

+
ν

3 σ̂
(3)
z

+
12 (J

12 σ̂
(1)
z
σ̂

(2)
z

+
J

23 σ̂
(2)
z
σ̂

(3)
z

+
J

13 σ̂
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z
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z

)
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caffeine m
olecule

-
qubits encoded in nonequivalent C

-nuclei 
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uantum
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ω
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2nd order
shifts

(usually neglected)

2 3,
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Î⊗

Û
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Ĥ
⊗
Î
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Û
′′S
W

A
P ·

d
iag([1,i,i,1])

=
d
iag([1,i,i,1])·Û
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ρ̂
R̂
† k

1.
C

hu
an

g’
s

se
to

fr
ot

at
io

ns
fo

rM
x
y

to
m

og
ra

ph
y

of
2

qu
bi

ts

R̂
1

=
Î
⊗
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⊗
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Ŷ
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=
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X̂
⊗
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Ŷ
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Ŷ
⊗
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=
Ŷ
⊗
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9
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⊗
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Ŷ
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Ŷ
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R̂
11

=
X̂

03
(π 2

),
R̂

12
=
Ŷ
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03 (θ)

=
Ŷ

13 (π
)X̂

01 (θ)Ŷ
13 (−

π
)

=
Ŷ

02 (π
)X̂

23 (−
θ)Ŷ

02 (−
π
)

=
Ŷ

01 (π
)X̂

13 (−
θ)Ŷ

01 (−
π
)

=
Ŷ

23 (π
)X̂

02 (θ)Ŷ
23 (−

π
)

=
Ŷ

01 (π
)Ŷ

23 (π
)X̂

12 (−
θ)Ŷ

23 (−
π
)Ŷ

01 (−
π
)

=
···

tom
ography

w
ithouttw

o-photon
rotations

X̂
13 (θ)

=
Ŷ

23 (π
)X̂

12 (θ)Ŷ
23 (−

π
)

=
Ŷ

12 (π
)X̂

23 (−
θ)Ŷ

12 (−
π
),

Ŷ
13 (θ)

=
Ŷ

23 (π
)Ŷ

12 (θ)Ŷ
23 (−

π
)

=
Ŷ

12 (π
)Ŷ

23 (−
θ)Ŷ

12 (−
π
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X̂
02 (θ)

=
Ŷ

12 (π
)X̂

01 (θ)Ŷ
12 (−

π
)

=
Ŷ

01 (π
)X̂

12 (−
θ)Ŷ
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π
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Ŷ
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=
Ŷ

12 (π
)Ŷ

01 (θ)Ŷ
12 (−

π
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=
Ŷ

01 (π
)Ŷ

12 (−
θ)Ŷ

01 (−
π
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e.g.

ρ̂
afterR̂

1
=
X̂

01 (
π2 )

ρ̂ ′
=



12 (ρ
00 −

ρ
01 −

ρ
10

+
ρ

11 )
...

...
...

...
12 (ρ

00
+
ρ

01
+
ρ

10
+
ρ

11 )
...

...
...

...
ρ

22
...

...
...

...
ρ

33



ρ̂
afterR̂

5
=
X̂

23 (
π2 )

ρ̂ ′′
=



ρ
00

...
...

...
...

ρ
11

...
...

...
...

12 (ρ
22 −

ρ
23 −

ρ
32

+
ρ

33 )
...

...
...

...
12 (ρ

22
+
ρ

23
+
ρ

32
+
ρ

33 )


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apply
both
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before
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generation

ofG
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2.
quantum

error
correction

[C
oryeta

l.’98]

3.
quantum

teleportation
[N

ielseneta
l.’98]

4.
D

eutsch-Jozsa
algorithm

[Lindeneta
l.’98]

5.
refined

D
eutsch-Jozsa

algorithm
for

entangled
qubits
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i

m
e
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parallelism
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6.
G

rover
algorithm
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error
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[Vandersypene
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7.
quantum

sim
ulation
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sengeta
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S

chulm
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cooling

schem
e)

[C
hang
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10.
quantum

F
ourier

transform
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ofM
oore’s

Law
?

•
how

to
provide

energy
to

a
chip?

•
how

to
cooldow

n
a

chip?

A
s

pow
er-driven

heatcan
cause

m
ajor

m
alfunctions.

“C
hip

w
ith

3nm
-length

gates
w

ould
overheatitself.”

[G
argi
ni]

•
w

hen
the

gate
length<

5
nm

quantum
effects

becom
e

im
portant

gate
lengths

37
nm

in
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∼
5

nm
in

2015-2018

quantum
tunneling

source
&

drain
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thatthe
electrons

w
illtunnel

even
ifvoltage

is
notapplied

to
the

gate

⇒
H

eisenberg
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⇒
transistor
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unreliable
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ikipedia]
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•
superfast(S

hor) and fast(G
rover) algorithm

s

•
understanding new

 aspects of m
easurem

ent theory

•
im

provem
ent of precision spectroscopy

•
understanding dissipation

in m
esoscopic

system

•
partial control of decoherence

•
quantum

state
engineering

•
quantum

sim
ulations

advantages
of Q

C
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ncertainty 
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