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Abstract

The Wehrl information entropy and its phase density, the so-called Wehrl
phase distribution, are applied to describe Schrodinger cat and cat-like (kitten)
states. The advantages of the Wehrl phase distribution over the Wehrl entropy
in a description of the superposition principle are presented. The entropic
measures are compared with a conventional phase distribution from the Husimi
Q-function. Compact-form formulae for the entropic measures are found
for superpositions of well separated states. Examples of Schrodinger cats
(including even, odd and Yurke—Stoler coherent states), as well as the cat-
like states generated in the Kerr medium, are analysed in detail. It is shown
that, in contrast to the Wehrl entropy, the Wehrl phase distribution properly
distinguishes between different superpositions of unequally weighted states
with respect to their number and phase-space configuration.

PACS numbers: 0365, 0367, 4265

1. Introduction

Schrodinger cats or cat-like states (kittens) are the striking manifestations of the superposition
principle at the boundary between the quantum and classical regimes [1]. Especially
since the 1980s, the Schrodinger cats have attracted much interest in quantum and atom
optics or quantum computing by allowing controlled studies of quantum measurement,
quantum entanglement and decoherence. Further interest has recently been triggered by first
experimental demonstrations of Schrodinger cats on mesoscopic [2] and also macroscopic [3]
scales.

We will analyse simple prototypes of the Schrodinger cat and cat-like states in entropic
and phase descriptions. The Wehrl classical information entropy is defined to be [4]

Sy = —/ 0(a)1In Q(a) d*a 6]
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Table 1. Are the Wehrl information entropy, its density or Husimi PD good measures of the
properties of classical and quantum fields?

‘Wehrl Husimi ~ Wehrl

No  Measures entropy PD PD
1 Discrimination of fields with random phase yes no yes
2 Photon-number uncertainty yes no yes
3 Discrimination of coherent states with different intensity ~ no yes yes
4 Phase locking no yes yes
5 Phase bifurcation no yes yes
6 Schrodinger cats with different weights no yes yes
7 Schrodinger cat-like states with different weights no yes yes
where Q(a) is the Husimi function given by Q(a) = m~'(x|p|a) as the coherent-state

representation of density matrix 4. The Wehrl classical information entropy, also referred to as
the Shannon information of the Husimi Q-function, can be related to the von Neumann quantum
entropy in different approaches [5,6], in particular in relation to a phase-space measurement [7].
It has been demonstrated that the Wehrl entropy is a useful measure of various quantum-field
properties, including quantum noise [6—12], decoherence [9, 13], quantum interference [10],
ionization [12], or squeezing [8, 14, 15]. Moreover, it has been shown that the Wehrl entropy
gives a clear signature of the formation of the Schrodinger cat and cat-like states [11, 16]
and a signature of splitting of the Q-function [13]. Here, we will show explicitly that the
Schrodinger cat and cat-like states are, in general, not uniquely described by the conventional
Wehrl entropy. Thus, for better description of Schrodinger cat and cat-like states, we apply
another entropic measure—the so-called Wehrl phase distribution (Wehrl PD), defined to be
the phase density of the Wehrl entropy [17]:

5 = —f 0(e)In 0(@)[a| dla P

where 6 = Arga. The Wehrl PD is simply related to the Wehrl entropy via integration, i.e.
Sw = f Sy d6. The Wehrl PD is formally similar to a conventional phase distribution from the
Husimi Q-function, defined to be (see, e.g., [18])

Py E/Q(ot)IOtIdIOéI (€)

which is referred to as the Husimi phase distribution (Husimi PD). The main physical advantage
of the Wehrl PD over the conventional PDs (including that of Husimi) lies in its information-
theoretic content. The Wehrl entropy, which is the area covered by the Wehrl PD, is a measure
of information that takes into account the measuring apparatus (homodyne detection) used to
obtain this information. Various other advantages of the Wehrl PD over the conventional PDs
and the Wehrl entropy itself in a description of quantum and classical optical states of light were
demonstrated in [17]. Several examples of applications of the Wehrl PD are listed in table 1.
Example 1 is a consequence of the Wehrl-entropy sensitivity in discriminating different fields
with random phase. By contrast, the conventional PDs are the same for arbitrary random-
phase fields. Example 2 originates from the fact that the Werhl entropy is directly related to
the phase-space measurement [7], thus in particular carrying information about the photon-
number uncertainties. On the other hand, the conventional PDs do not measure photon-number
properties. Examples 3-5, discussed in detail in [17], show advantages of both the Wehrl and
conventional PDs over the Wehrl entropy. In the next sections we will compare descriptions of
the Schrédinger cat and cat-like states in terms of the Wehrl entropy, and the Wehrl and Husimi
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Figure 1. Equientropic Schrodinger cat and cat-like superpositions of N = 2, 3, 4 states. Husimi
Q-functions (a)—(c) and the corresponding polar plots of Wehrl phase distributions (d)—(f) for well
separated (N < Nmax (o0 = +/12) = 7) superposition states described by the same Wehrl entropy.

PDs. Our analytical and numerical results are briefly summarized in table 1 by examples 6
and 7.

2. Equientropic cat and cat-like states

First, we will show that the conventional Wehrl entropy does not uniquely distinguish between
different superpositions of unequally weighted states. Let us analyse in detail the following

superposition of N coherent states:
i 2 )
exp | ik— |
p N )0

where Cy is the normalization constant and x ., are the roots of

Fe1 () = 2(1 = Nx) V0N ®)

N—-1
@)y = cN{ 1— (N — Dxylao) + Xy Y

k=1

In particular equation (5) has the following roots: x, = %, x3=0.11...,x4 =0.063.... For
N = 2, the state |®), is the even coherent state, given by (10). We observe that the quantum
superpositions |p)y of well separated coherent states have the same Wehrl entropy, equal to

lim  Sy(loo)y) =1+1In2n 6)

(lewg]/N)—00

for any finite N > 1. The Q-functions for three different states with N = 2, 3 and 4
well separated components are depicted in figures 1(a)—(c). In the high-amplitude limit, the
interference terms in the Q-function vanish and the normalization Cy becomes unity. The Wehrl
entropy for these states is equal to Sy, = 1+1In 2w — €y with the corrections (a) €, < 0.000 002,
(b) €3 < 0.000065 and (c) €4 < 0.0012 for the intensity log|? = 12. As proceeds from (6),
these corrections can be made arbitrarily small by increasing |ag| in comparison to N. In fact,
for any quantum superposition of macroscopically distinguishable states, other superposition
states can be found with the same Wehrl entropy but distinct number of components. Thus,
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one can conclude that the conventional Wehrl entropy is not sensitive enough in discriminating
cats from unequally weighted cat-like states. The main purpose of this paper is to apply a new
entropic measure and to show its advantages over the conventional Wehrl entropy in describing
macroscopically distinguishable superpositions of states.

3. New entropic description of cat and cat-like states
A standard example of the Schrodinger cat is a superposition of two coherent states |«g) and
|—ap) in the form (see, e.g., [19])

o, ) =N, {leo) +exp(iy)| — ao)} @)
with normalization

N, = {2[1 +cosy exp(—2|ag|P) ]} 8)

For special choices of the superposition phase y, the state |«g, y) reduces to the well known
Schrédinger cats, including the Yurke—Stoler coherent state for y = /2 [20]:

—1/2

lao)ys = oo, w/2) = % (lao) + 1] — o)) ©)
and the even (y = 0) and odd (y = m) coherent states [21]:
0. 0) = A (ja) + | — o)) = ———— 3" Do) (10)
Veosh|ag? 4=5 /2!
1 N

lowg, ) = Nz (Jowo) — | — o)) = [2n+1)  (11)

V/sinh |ag|? ; VCn+ D!

respectively. The Husimi function for the Schrodinger cat |o, y) can be given in form of the
sum

O(a) =/\/’y2[Q1(Ot)+2Q1z(a)+Q2(01)] (12)
of the coherent components (k = 1, 2)
1
0u(@) = —exp{ — o+ (~De|} (13)
and the interference term
1
On(a) = P exp(—la|” — |ag|?) cos[y +2le] |aro| sin(6p — 6)] (14)

where 60y is the phase of «y. There is no compact-form exact expression of the phase
distributions for the Schrodinger cat defined by (7). The states analysed in our former work [17]
are among a few examples where the phase distributions can be expressed analytically in a
compact form. Nevertheless, for well separated (|erg| > 1) coherent states |op) and | — o),
we find that the Wehrl PD can be approximated by

So ~ 1{S5° (o) + S§°(—ag) + In 2[ Ps*(atg) + Pg*(—axo) |} (15)
in terms of the Werhl and Husimi phase distributions for coherent states [17]:
1 2 2
S5 (@0) = 5~ X X e X f 4 VX1 +erf(X)1 i) (16)
Vg
1
P8 (ag) = —— e X + /X [1 +erf(X)]) (17)

2
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respectively, where
fi=X5—X+Inm+j/2
X = |ag| cos(6 — 6y)
and Xg = X(@ = 06y) = |ag|. Moreover, erf(X) is the error function. As was discussed
in [17], the Wehrl and Husimi PDs for coherent states differ by the factors f; only. The
Q-function and Wehrl PD for the cat |o, ) with well separated components (|ag| > 1) are
presented in figures 1(a) and (d), respectively. In this case, the contribution of the interference
term Q1,(a) is negligible. Thus, the Q-function and Wehrl PD for |a|?> = 12 are practically
independent of the superposition coefficient y, and the difference between the exact Wehrl PD
and its approximation, given by (15), vanishes. This can be understood better by analysing
figure 2, where the Wehrl and Husimi PDs are depicted for different values of separation
amplitude o for three superposition parameters y corresponding to the Yurke—Stoler, even
and odd coherent states. It is apparent, in both the Wehrl and Husimi PDs, that the differences
among cats described by (9)—(11) diminish with increasing amplitude «p and would completely
disappear even at |«g| = 2.4 on the scale of figure 2. It is also seen that the maximum values
of Py and Sy depend on the separation amplitude |«y|. However, in the case of the Wehrl PD
only, the area under the curve is amplitude dependent, being an indicator of the phase-space
uncertainty. Despite the formal similarities, the Wehrl and Husimi PDs differ recognizably for
superposition of states which are not well separated (|otg| < 1). For example, the Wehrl PD
for the even coherent state is less than that for the odd cat for all phases 6 at small values of
separation parameter (|cg| < 0.8). The physical interpretation of this behaviour can be given
as follows. The contribution of the vacuum (single-photon) state is dominant for the even
(odd) coherent state with small separation parameter. According to the entropic analysis of
quantum noise [17], the Wehrl PD for vacuum is smaller than that for the single-photon state
for all phases 6. This implies that S$*" < §9% for || < 1. In contrast, this inequality does
not hold for the corresponding Husimi PDs: Pg¥" can be less but also greater than P9 for
some values of phase 6 at || < 0.8. The Wehrl PD for the Yurke—Stoler coherent state, SYS,
approaches S9% for § <  and Sg**" for & > 7, as the best presented in figure 2 for |org| = 1.2.
In comparison, the Husimi PD P, S differs more significantly from P;Y" and Pg"dd than the
corresponding Wehrl PDs for the same |og| < 2.4.

The Wehrl entropy for the cat, given by (7), has been studied numerically by BuZek
et al [10] for arbitrary superposition phase y, whereas Jex and Ortowski [16] and Vaccaro
and Orlowski [11] studied the Wehrl entropy for the Yurke—Stoler coherent state generated
in a Kerr-like medium. In figure 3, we show the Wehrl entropies Sy, for the cat |, y) in
dependence on the superposition phase y for various values of the separation amplitude «.
The curve for g = 0.8 corresponds to the case analysed by Buzek ez al [10]. The discrepancies
between Wehrl entropies for the even, odd and Yurke—Stoler cats vanish with increasing |o]|.
The Wehrl entropy in the high-amplitude limit (|eg| > 1) can be approximated by

Sy~ 1+Inw —|c)?In|ci)? = |ea)* In |ea|? (19)

which for superpositions of equal-amplitude states reduces to Sy, &~ 1+In(27). This value can
be obtained by integrating the approximate Wehrl PD, given by (15). On the scale of figure 3,
the curve representing the Wehrl entropy for g = 2.4 is practically indistinguishable from the
entropy in the infinite-amplitude limit.

The Schrodinger cat-like state, also referred to as the kitten state’, is a generalization
of the Schrddinger cat for a macroscopically distinct superposition state with more than two

(18)

5 The term ‘Schrédinger’s kitten’ in the above sense was coined by Agarwal ez al [22]. In contrast, some authors (e.g.
Taubes [23]) prefer to use this term to refer to a small (mesoscopic) Schrodinger cat, which should be macroscopic
according to Schrodinger’s original idea [1].
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components. In particular the normalized superposition of N coherent states

N
o) = ) _ il expligh)ero) (20)
k=1

is the standard example of the Schrodinger cat for N = 2 and the Schrddinger kitten for
N > 2. Equation (20) is valid for arbitrary number, amplitudes and phases of the states in
the superposition. The state defined by (7) is a special case of (20) for two coherent states
with opposite phases (¢» — ¢; = 7) and c/c; = exp(iy). The Husimi Q-function for the
Schrodinger cat-like state reads as [19,24]

N

Q@) = Qo@) + Oin(e) = Y _ lexl* Qu(@) +2 ) lerllar]l Qul@)  (21)

k=1 k>1
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where the free part, Q¢(«), is the sum of the coherent terms

1 .
Q@) = —exp{ — o —a|*} (22)

and the interference part, Qi (), is given in terms of

Q@) = v/ Qi Qi cos [y — yi +2lel lao| cos(@y;” +60 — ) singy "] (23)
The phases in (23) are defined as yx = Argcy, 0 = Argo, 6y = Arg o and qb,if) = %(qﬁk +¢),
where ¢ appears in (20). The Husimi Q-function, given by (21), is a generalization of (12) for
arbitrary number of components in the superposition state. The compact-form exact analytical
expressions exist neither for the phase distributions nor the Wehrl entropy. However, for well

separated (i.e. if |ag| > N) states, the Wehrl PD for the Schrédinger cat-like state, given
by (20), is approximately equal to

N N
o~ ) lal? S5 (@ ag) — Y el In(lexl®) P (€% axg). (24)
k=1 k=1
The Wehrl PDs for the equientropic high-intensity states, given by (4), were calculated
from (24) and presented in figures 1(d)—(f) in comparison to their Husimi Q-representations
given in figures 1(a)—(c), respectively. The Wehrl PDs clearly show the number, amplitude
and phase-space configuration of the Schrodinger cat and cat-like states. We emphasize that
the curves in figures 1(d)—(f) cover approximately the same area, equal to Sy, ~ 1 + In2x.
Equation (24) for the equal-amplitude superposition goes over into
1 & 4 .
Sy~ — Y {55 (%) + Ps* (e at) In N} (25)

N k=1

where Sg°(exp{i¢i}ap, 0) are the coherent-field Wehrl PDs given by (16) and
Pg®(expligy}og, 0) are the coherent-field Husimi PDs described by (17). In (25), we have
assumed that the superposition coefficients are the same for all components of the cat-like
state, i.e. ¢y = const = 1/ VN. Equation (24) leads, after integration over 6, to the Wehrl
entropy

N
SW%1+lnn—Z|ck|21n|ck|2. (26)
k=1

In the special case of equally weighted superposition states, (26) simplifies to Sy, & 1+In(Nmw)
in agreement with the result of Jex and Ortowski [16]. Estimations of the maximum number,
Nmax, of well separated states in the superposition (20) as a function of amplitude |c| can be
given, for example, by [24]

Nimax (t9) = Int2™?77 |t ) (27)

where Int(x) is the integer part of x. Approximations (24)—(26) are valid for N < Npax (@00)-
Several methods have been proposed to generate Schrodinger’s cat or cat-like states

(see [2,3], and [19] for a review). In particular it has been predicted that a coherent light

propagating in a Kerr-like medium, described by the Hamiltonian

T _%hg&T2&2 (28)

where g is the coupling constant, can be transformed into the Schrodinger cat (Yurke—Stoler co-

herent state) [20] and kittens [24,25] at some evolution times. Explicitly, for gt = 27 %, where
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Figure 4. Husimi Q-function for Schrodinger cat-like states generated in Kerr medium at different
evolution times gt = 27 /N (N = 3,4, 5) for initial coherent states with amplitudes «g = 3 (first
row) and g = +/2 (second row).

M and N are mutually prime numbers, the generated state is a superposition of N coherent
states, given by (20), with the phases ¢ = (2k + N — 3) % and superposition coefficients

Ly in | X 1 29
ck—ﬁ;exp{ln[ﬁn(n— )—¢k]}. (29)
Jex and Ortowski [16] and Vaccaro and Ortowski [11] have shown, by analysing the model
described by (28), that the Wehrl entropy gives a clear signature of the formation of the
Schrodinger cat-like states. The Wehrl PD, in comparison to the Wehrl entropy, offers more
detailed description of superposition states, showing explicitly the phase configuration and
amplitudes of the components. The Husimi Q-function in figure 4, and the Wehrl and Husimi
PDs in figure 5, are presented for the Schrédinger cat-like states generated by Hamiltonian (28)
for different evolution times gt in two regimes determined by the initial amplitudes: N <
Nmax(3) = 6and N > Nmax(ﬁ) = 3, where N = 3,4, 5. The number N of well separated
peaks in Sy and Py clearly corresponds to the number of states in the superposition. The
analysis of the Wehrl PD shows how the amplitude of the incident coherent beam determines the
maximum number of readily distinguishable states. For example, both the Husimi and Wehrl
PDs depicted by thin curves in figure 5 have regular and readily distinguishable structures
even for five-component superposition of the initial amplitude |og| = 3. However, the four-
and five-component superpositions for the initial condition |ag| = +/2 are highly deformed, as
plotted by the thick curves in figure 5. Thus, the Wehrl and Husimi PDs describe the influence
of the interference terms (23) on formation of the Schrodinger cat-like states. Distributions Py
and Sy are similar. However, a closer analysis reveals their differences. In particular, as seen
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Figure 5. Polar plots of Wehrl and Husimi phase distributions for the same Schrodinger cat-like
states as those in figure 4: thin curves correspond to g = 3 and thick curves to ag = /2.

in figure 5 for well separated states, the rosette leaves are broader for Sy than for Py. For states
not separated distinctly, Sy exhibits slightly more regular behaviour than Py. The influence of
interference terms is more pronounced for Sy, as can be concluded by analysing the thin curves
in the range close to zero for gt = 2w /5 or gt = 2 /4. Nevertheless, the main advantage of
our description in terms of Sy over that of Py resides in the area covered by Sy, which is equal
to the Wehrl entropy. Thus a simple phase-space operational interpretation can be applied [7].

4. Conclusions

The purpose of the paper was to find a good information-theoretic measure of the superposition
principle. We have shown that the conventional Wehrl entropy is, in general, not a good measure
for discriminating two-component (Schrodinger cats) from multi-component (Schrodinger
kittens) macroscopically distinct superposition states. We have applied a new information
measure—the Wehrl phase distribution, which is a phase density of the Wehrl entropy [17].
Compact form estimations of both Wehrl measures were found for the superpositions of well
separated states. It was demonstrated that the Wehrl phase distribution, in contrast to the Wehrl
entropy, properly distinguishes the number and phase-space configuration of the Schrédinger
cat and cat-like states even with unequally weighted components.
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