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Teleportation with insurance of an entangled atomic state via cavity decay
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We propose a scheme to teleport an entangled state ofAtiype three-level atoms via photons. The
teleportation protocol involves the local redundant encoding protecting the initial entangled state and allowing
for repeating the detection until quantum information transfer is successful. We also show how to manipulate
a state of many\-type atoms trapped in a cavity.
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I. INTRODUCTION operations manipulating a state of many atoms trapped in a

) ) . o cavity. In Secs. IV and V, we present the protocol of the
Practical quantum computation requires considering sysgjeportation. Section VI gives the numerical results.
tems containing a scalable number of qubits. Recently,

schemes have been proposed that employ more than two

qubits to perform various quantum information tagks3|. Il. MODEL

There is also an interest in performing quantum teleportation , . , .

of state of more than one qubit. L4 has presented a setup e consider the device composed of one cavity with three
for teleportation of an entangled state of two photons. Théoms inside, one cavity with two atoms inside, a 50-50
scheme, as some other scherf@§—13, uses photons be- beam splitter, two lasels, andLg with right- and two lasers
cause they propagate fast and can carry quantum informatidm a@nd Lg with left-circular polarized radiation and two de-
over long distances. On the other hand, photonic states afgctorsD. andD_. The system is shown in Fig. 1. The atoms
much worse for the storage of the quantum information thar'® assumed to be located in fixed positions along a line in a

atomic states. The scheme does not provide a way to stofear trap or an optical lattice inside an optical cavity. We
the quantum information and therefore it will be difficult to @lSO assume that the atoms are separated by at least one

use in quantum computing. Another problem is that thePPtical wavelength so they can be addressed individually by
scheme works only with a 50% success rate. Batsal. [7] two different laser fields. The propagation directions of the
have proposed a scheme to teleport the state of one atofyyo Iaser_ beams are very close to each other so as to allow
using photonic states as carriers of quantum information. Ior effective transfer of photons from one beam to the other
the scheme, the quantum information is stored in atomi¢nediated by the atom. Introducing two laser beams allows
states but the probability of successful teleportation is abodr resetting the atomic states.
50% . The protocol of the teleportation can be repeated to TN€ cavity with two atoms inside and two las¢ts, Lg)
teleport an entangled state of two atoms. This method, howwith different polarizations belo_ng to Bob. The sender, Alice,
ever, has at the most only a 25% success rate. Recentljas the other parts of the device. All the trapped atoms are
Browneet al. [8] have shown that, under weak driving con- modeled by three-leveA systems with an excited stal)
ditions, generation of entanglement between distant atom@nd two ground state) and [1) as shown in Fig. 2. The
can be performed with arbitrarily high probability. It seems
'Er;?t weak driving can also increase the success rate in Ref. Alice E D, Bob

In the present work, we propose a scheme that allows the 1 L' L
teleportation of an entangled state of two atoms with insur- D ’ ?
ance. Our device employs atomic states for storage and pho- - BS,
tonic states to transfer quantum information. There are two E‘_ o W2
distinguishing features of our protocol. The first of them is ]
that the probability of successful teleportation of the initial
entangled state is about 49%. The second of them is that the
initial state is not lost when the detection stage is unsuccess- Ca

ful because of usindpcal redundant encodin§13]. Hence PN Ei
1 A

the teleportation procedure can be repeated until the quantum .,

transfer is successful. %
The paper is organized as follows: In Sec. I, we describe © L

the teleportation device in detail. In Sec. lll, we show the -

FIG. 1. Schematic representation of the entangled-state telepor-
tation device. The state of Alice’s atoms 1 and 2 is teleported to
*Electronic address: chimczak@kielich.amu.edu.pl Bob’s atoms 1 and 2.
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1) ——— « where 8;=0%/A, 8,=Q'?%IA", &=g’/A’, 6=0Q'(A"
10) +A'™H/2, 55=gQ(A™+A'™H/2, and 55=gQ'/A’. The pa-

rameterséd; — 5 account for various contributions to the ef-
FIG. 2. Level scheme of one of the identicalatoms interacting  fective Hamiltonian, for example3, describes the transfer of
with two classical laser fields and the quantized cavity mode. photon from one laser beam to the other via coupling to the
atom, &; describes the transfer of photon from a cavity into
excited state spontaneously decays with a fat€he transi- the laserL’ beam, etc. In this approximation all the atomic
tion |0)«|2) is coupled to the cavity mode with frequency dynamics are restricted to the ground sta@snd|1) which
weay @nd coupling strengtl. The transition is also driven by can be treated as atomic qubits.
a classical laser field with frequeney which is the same as
the cavity mode frequency. The coupling strength for this
transition is denoted b{)’. Another classical laser field with I1. QUANTUM OPERATIONS
different polarization couples to th&) < |2) transition with
the coupling strengtlf). The frequency of the laser field is

. We define two detuninga=(E,—E;)/fi-w_ and A’ : o
. 98 =(BpmEy) /o of the system(quantum registértransform it into another

=(E,—-Ep)/h-w . ) ;
(Tzhe gz/olutioﬁ\:)f the system is conditional. Photon detec_state. Such operations are performed with the unitary evolu-

tion corresponds to the action of the operator tion operatore” ™ applied to the state of the system. It is
P P k assumed that only one atom is illuminated at a time and that

_ the laser fields are such thet>Q'>gq. It is useful to dis-
C=1\k(ap+ieag) , (1)  tinguish between the results of the action of the evolution
operator onto particular states of the system and write down
explicitly the results for some special cases. We list a number
of local operations that can be performed by Alice and Bob

In our teleportation protocol we need certain transforma-
tions or quantum operations, which applied to a given state

wherea, andag denote the annihilation operators for Alice’s
and Bob’s cavity modes, respectively,denotes the cavity .
on their states.

Ceca) o, Sl Sl ol e e i Sk 1 "' and simpfy the notation e label he Alce aioms

emissions evolution of the system is governed by the effec\—’\”th numbers(1,2,3 and Bob's atoms with numberd.,2).

tive non-Hermitian Hamiltoniari=1), Let us Qenote a .state_z of the systemrof(2 or 3 atoms
trapped in the cavity witly photons bylx; - - - x,y) wherex is

the kth atom statdk=1, ... n). This means that the state of

H=> (A-iyoX - > Aol -ikaa+ D, (QoY +gach) the Alice part has the forrx;x,xzy) and the Bob part has the

k k k form |xxoy), for example,|1110=|1),|1),|1);|0) means

that at the Alice site atomd,2,3 are all in their stat¢l) and

the cavity field is in stat¢0). In our notation, the first two or
three numbers in the ket denote atomic states with labels

whereA,=A’-A. In Eq. (2) we definecri(jk>z(|i><j |)w, Where increasing from left to right, and the last number is reserved

i,j=0,1,2 for thekth atom. In the far off resonance limit for the field state. The joint state of the entire system can be

whenA>Q andA’>(Q’',g, we can eliminate adiabatically described in the basis that is formed by the product states of

the level|2) [14-16. The conditions have to be even more the Alice part and the Bob part. Later on, we use the simpli-

restrictive in our teleportation protocol because only then caffied notation|X;X,Xay)a ® |X1Xoy)g = X1XoXay ; X1XoY).

we properly estimate phase-shift factors for long evolution The simplest operation is just waiting for an arbitrary time

times. Therefore we assume 18> and 10'A’>(’,g.  twhile all of the lasers are turned off. In this case bétlnd

In order to simplify the Hamiltoniai2) we also assume that ()’ are set to zero, and we can use the simplified Hamiltonian

vy<A,A’ and the product of the excited level saturation pa-given by

rameter and the spontaneous decay rate is much smaller n

than the decay rate of the cavity mode __ 10 ta (K _ i oot

(yg2IA'2,¥Q'2/A'2 402/ A%< k). Under these conditions H= gl (Arogo + 553'a000) ~ kAR, @

we can neglect the influence of the spontaneous decay rate ) . ) o

on teleportation. Otherwise, the probability of success willPuring this operation the evolution of the system is given by

be much lower as it was proved in Réj_?]._These assump- e M, - -+ y) = @NoBryote Yty Ly (5)

tions were also used in another quantum information process

of entangled state preparatiph8]. With these assumptions, whereN, is the number of atoms being in std@® that are

after adiabatic elimination of the excited sta® of the at-  not illuminated by the laser field. In order to simplify the

oms, the Hamiltonian takes the form following transformations we assun®&=A,. Moreover, we

+Q'o¥+H.c), 2)
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want the probability of no collapse during the encoding stage The transformations can also be performed for the states
to be close to unity. This can be done provided thgt x.  with B,=2. The states mapping can be done for the illumi-
Those assumptions imply tha«.‘r>;<,5(3)and therefore the nation timet®=(7/2+2mm)/(\255) as

Hamiltonian can be written asI:—A,croko for the operation . ONlv ... (...

time t=A-2. Thus for short times the evolution simplifies to pacee1oe 1) = ifngot®)xg -+ 0---2), (16)

&Mx, -+ y) = aMo(t) g+ y) | (6) 00 2) = gty o100 (A7)

where a(t) =€/,

. . . or for the timet?=(37/2+2mm)/ (1255 as
As the next local operation we consider the illumination (@ ™1 (v255)

of the kth atom by the laser field drivin{i) < |2) transition Xy Lo 1) — —ify st 7)xg 000 2), (18

(Q#0) while the second laser field coupled [@) < |0) is

turned off(Q)’=0). We can use this laser field to get a num- [Xg o0+ 2) — —ify o(tD)|xg -1+ 1), (19)
01

ber of useful transformations. The transformations times are _ . . .
of the order ofs;* and therefore under conditio@=A, and ~ Wherem is an integer. Interaction for the timé®=(m/4
x+y>0 the system evolution can be well approximated by+2ma)/(V285) leads to the generation of a maximally en-

the relation tangled state,
CiH oy e ) = isi
& Xy X y) = Fiyy g (D[COLED) Xy - -+ X -+ y) +isin(§d) |X1"'1"'1>—>%fN S®)ilx, -0+ 2)
Xy x =y, (7) 2
where &= V‘“Eé‘s, Bi=Xc+Y, fNOuBk(t) + |X1 ce1-e- 1)), (20)
=aNo*Y(t)exp{i S5 Bi(2No+1) —NgJt/ 2}, X=X~ (-1)*"* and 1
y'=y+(-1)**"L One can see that we are able to perform [xg 0o+ 2) = =y ot (ifxg - 1+ 1)
different transformations by illuminating thkth atom for V2
different times. +lx, e 0---
[Xp-+-0--+2)),

We map the atomic state onto the cavity mode by choos- . —
ing the interaction timeY=(/2+2nm)/ 5 wheren is an  and illumination for the timet®=(2mm)/(v255) or 10

integer, according to =([2m+1]m)/(\255) generates only a phase factor,

Xy 1 0) — ifNO,l(t(l))|X1"'O"' 1, (8) [Xg " X o y) — fNOVZ(t(g))|x1~--xk~--y) , (21

[y 0o 1) = ifyy 1 ((P)[xg -1+ 0) (9) Xg e ) = = fg 2t )X ey (22)
Of course the interaction timé&?=(37/2+2nm)/ 5 also There is a special state wiiB=0. If a laser is turned on,
leads to mapping of the atomic state, the state accumulates a phase shift but the population of the

state remains unchanged as described by
€™M, ---0---0) = Mo (t)[x,---0--0) . (23)

Xpoo 00 1) — = ifNO,l(t(Z))|x1---1-~~O) . (1)  When we want to map an arbitrary superposition of the two
e atomic ground states onto the cavity mode then this feature

If we turn the laser on for timé =(ml4+2nm)/ 55 then  of the state is very desired. However, when the detection
we create a maximally entangled state of the illuminatecstage is unsuccessful in our protocol, the population transfer

[Xg-++1---0) —’_ifNO,l(t(z))|Xl"'0"'1> , (10

atom and the cavity system according to is necessary to repeat the teleportation process. Therefore we

fr (1) have to use another local operation consisting in simulta-

X+ 1 0) — ———(i|xz -0+ 1) neous applying of two laser fields with different polarizations

V2 (for instancel 5 andL,). For evolution times of the order of
+xg e 1--0)) (12) t=~35," we can neglect in the Hamiltonian all terms much
smaller thand,, then the approximate state dynamics are

fNo,1(t(3)) given by

|X1~--0-~~1) — T(I|X1---1"'O> e‘iH‘|x1---0-~~O)=aN0+1(t)[isin(54t)|x1---1---0)+cos{54t)
+lxg-e-0---1)) (13) X[xg---0---0)], (24)

Interaction for timet®=(2nm)/865 or t®=(2n+1]m)/ 55 eMx -+ 1+ 0) = o (1) [isin(S4t) |, -+ O+ O) + cog S,t)
gives only the phase factor,

Xy Xy ) = fy ) xey) L (14) o X|X.1 ol 29

o It is evident that by usingr/2 pulse we can change the atom

state even if the cavity field mode is empty. This case can be
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Py 00 0) = a0t M)y 100-0) . (26) [W)a=a(02)4+i[1Da+[0004 +i[10)4) + b(|1Da + {01}

Xy o 1o 0) = i@ Lt %, ---0---0),  (27) +[1004 +i]00)a) . (32

(i) Next, Alice turns off her laset, while the laser,
still iluminates the atom. Alice needs to perform transforma-
tions (14) and (22) to differentiate the phase factor of the

wheret=17/(24,). It is also possible to create superposi-
tion of two ground states by using7a/ 4 pulse,

aNot1(t(12) ) state|11) from phase factors of other states. This operation is
Xg-++0-+-0) — 7 (X1--0---0y+ilx;-=-1---0) ,  gimilar to the quantum phase gate. Alice turns off the laser

L, after time t, which has to fulfill the conditionst,ds
(28)  =2nm and t,y26;=(2m+1)7. This can be done only ap-

proximately forn=6 andm=28. After this step the state of
aNo*1(1(12)) Alice’s system can be well approximated by

Pk \2

(|X1---1~-'O>+i|X1--'0'~~O)) ,

[W)a=a(e®122|01), - ie%2[11)5 + [00) 5 + €522 10),)
_ Aldat i ol 83(1o/2) i 53(t5/2)

wheret2=17/(45),). + b(= €%2|11), + ie' %129 01), + €%5122)|10),

The set of transformations listed above forms necessary +i|00),) . (33
ingredients for the teleportation protocols we present in the
next two sections.

(29)

(iii ) In the third step Alice just waits for timg while her

lasers are turned off. The evolution of the Alice system is

given by Eq.(6). If condition a(ty)=-€%1? s satisfied

IV. TELEPORTATION OF A STATE OF A SINGLE ATOM then the state becomes
Let us first demonstrate the idea of teleportation with in- |W)a = a(e %12 (|01), +i[11)p) + [00)5 = i|10),) + b(g%122

surance on teleportation of a single quantum state. The un- ) )

known state which Alice wants to teleport is stored in her X(|1Da+i]01)a) —[10)4 +i[00)A) - (34

atoma|0)+b|1). In orde'r to be sure that any detection event (iv) In the fourth step of the encoding stage Alice again
does not destroy the original state Alice has to employ loca;ins on both her lasels, and L) for time t,=/(45,) per-
redundant encodinfl3]. This technique entangles the atom (o ming operation$28) and(29). After this step she turns the

with another atom which plays a role of backup qubit. In- lasers off and her system state is given by
stead of another atom we use the cavity mode as a backup

qubit to simplify the following considerations. The entangled
state of the atom and the cavity mode should be given by

a(|00), +|11),) +b(|02)5 +]10),) . (30

Let the initial state of the Alice cavity mode be in a super- 30) by ph ¢ he initial £ Alice ;
position of a vacuum state and one photon stite+|0)). (30) by phase factors, the initial state of Alice’s atom is pro-

: . : tected and cannot be destroyed by any detection event. If
.Th's state_can be _ea_ls_ny ggnerated using another atom placgﬁxlcce observes a photon ther)1/ her )s/ysteym is projected onto
in the cavity. The initial Alice’s state is given by stateb|00),+a|10),, otherwise when she does not register
a([01), +[00)4) + b(|1D)s+[10)p) . (31)  any click she is left with the statal00),—b|10)s. One can

. ) see that Alice needs only a one-qubit flip gate or a one-qubit
One can see that Alice needs to swap one pair of the stag,5se gate to recover her original state.

amplitudes without exchanging the second pair of amplitudes | the encoding stage Bob performs only operatid®).
to code the initial state of her system to the form given by|nitja|ly his atom is prepared in staté) and the field mode
Eqg. (30). The objective has to be achieved using only thej, pis cavity is empty. He turns on his laseg for time t,

quantum operations presented in Sec. lll. This can be done (44, creating a maximally entangled state of his atom
and Alice performs this in the encoding stage. The whole,q field mode in his cavity

teleportation protocol consists of four stages) The encod-
ing stage(B) The detection stage (C) The detection stage

| Wy = 693122 (b|01) 5 + &l 11),) + &|00)s — b|10)s -
(35)

Although Alice’s system stat€35) differs from desired state

1 :
I, and (D) The recovery stage. |W)g = T§(|10>B+ i|01)g) . (36)
v
A. Encoding stage We assume that Bob’s operation terminates at the same in-
) o stant of time as the fourth Alice’s step and therefore after the
Alice needs four steps to code her initial state. encoding stage the joint state of their systems is given by

(i) First, Alice illuminates her atom using both her lasers

La andLy for time t;=7/(45,). This corresponds to opera- 5. _ s t,/2): :
tions given by Eqs(28) and (29). Then the unnormalized [¥) = [e5%2i(bl0Da +a11)4) + 200}~ b|10)a] @ (10)g

state of Alice system becomes +i|01)g) . (37)
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B. Detection stage | If Alice registers only one click during the detection time
Ja then quantum information transfer will be successful and
under the assumption efip\,ty)=—1 the joint state will be

given by

The second stage of the protocol performs the joint dete
tion of the Alice cavity and the Bob cavity modes. Alice just
waits for a finite timety> «* registering clicks in her detec-
tors. The stage will be successful only if a single click oc- TN i8a(t2) et
curs. Nevertheless, we expect that even if Alice does not V) =¢% 2 (2]1074/10)5 — b€!*%1/00)5[10)5)
register any click or registers two clicks the original state can + i e€%3'i(a00)A|00) + b|10)A|00)g) . (42

be recovered because of using local redundant encoding. All

lasers are turned off and therefore the evolution of the joinfo"€ €an see that Alice’s and Bob’s systems are sitill in the
state of Alice’s and Bob's systems is given by entangled state. In order to complete the quantum transfer

Alice has to remove this entanglement by making a measure-

Ty = [€5/2ig m(bdArtd 4|01y, + al11),) + ad>00), ment of her atom state.

~b|10)a] ® (|10)g + €' '™ |01)g) . (38) C. Detection stage Il
If Alice does not detect any photon during the stage then !N the third stage of the protocol Alice measures the state
exp(-«ty) ~0 and thus the joint state becomes of her atom while Bob waits with his laser turned off. She

needs two steps to perform the detection.

(i) First, Alice maps her atom state onto her cavity mode.
She turns on her laser for tintg=7/(255) performing trans-
formations(8) and(23).

(i) Next, she waits for timey making a measurement of

ethe fields leaking from the cavities. We again assume that
e&?p(iArtd):—l. All lasers are turned off thus the evolution of

%) = (b|10), — a€*'¢|00),) © |10)g . (39)

We chose such timg, that exp(iA,ty) =—1 and therefore Al-
ice’s system state ia|00),+b|10),. This is one of the two
unsuccessful cases and one can see that the original stat

not lost, the joint system is given b
If evolution is interrupted by the click of one of the de- J y 9 y
tectors then the jump operat@l) acts on the joint state38). T = it S5t 55(ta/2) j 33(t/2)
Next, in the absence of any laser field the evolution is given'qf> ¢ e_ ¢ _ _|01>A ® (ae'. 10 _
by + biee g Arlag2|00)g) — €%1|00), ® (be%(2?)|10)g

- aiee’®4e2|00)g) . (43

[W) = %122/ (bel1e %]00),| 10)g + 8|10,/ 10)g) _ o
Atis At If Alice detects one photon during ting then Bob’s system
+ieer'e*i(ag™"|00),|00)g — b|10)2|00)s) state after this step is given by

+ije K %t/ gt i&gtj[eiArtei 3t 53(t—tj)b(i 6|0 1>A|OO>B
+]00)2/01)g) + a(i €|11)/00)g + €%55[10),/01)p)] .
(40)

W) = al10)g + b6|00)g (44)

where =—ieexpliAty)exdiss(tj—t,/2)]. Otherwise, when
Alice does not detect any photon in this stage then Bob’s

If Alice registers the second click at tintg then the global system state becomes

|{I‘,> = herleg %te( & + €,)|00) 5| 00)g + Al € + €,6 %) where ¢p=ieexpliAty)exp(—idst,/ 2). After the measurement
Alice’s system remains in staté0),.
X|10)5|00)g . (41)

Although Alice has performed local redundant encoding her D. Recovery stage

initial state is destroyed in this case. This is due to the pres- After the detection stage Il Alice informs Bob about her
ence of the factorge+e;) and (e+¢e,e %)) changing the measurements results. Now, Bob has to perform local opera-
population of the two states in a random way. When theions to recover the initial state of Alice’s atom. His actions
cavity mode is not empty then the second term of Hamil-depend on the results.

tonian(4) leads to accumulation of phase shifts. These phase If a click occurs in the third stage then he needs two steps.
shifts depend on the number of atoidg which are in state  First, he waits for such time, that #e*'e=1. Second, he
|0). Therefore only the state®@1), and [01)g collect the illuminates his atom, using both his lasers, for tirhg
phased;(t-t;) in superpositior(40). If all the states had the =u/(24,). In this way he realizes a one-qubit flip gate using
samel, in this stage then recovery of the initial state would transformationg26) and (27).

be possible. Therefore an entangled state of two atoms after If no photon is detected during the third stage then Bob
using local redundant encoding can be recovered in botBimply waits for timet, that the conditionpe®t¢=1 is sat-
unsuccessful detection cases. Recovery of a state of a singkfied.

atom is possible for every detection event in another scheme After the protocol is over Bob’s atom state is given by
as it has been shown very recently in Rgf9]. al0y+b|1).
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V. TELEPORTATION OF AN ENTANGLED STATE ported, to the entangled state of four atofaoms 1, 2, 3 of
The teleportation protocol we pronose here makes it OSAlice and atom 1 of Bop The third Alice atom and the first
. P P prop =S 1L POSE 1 atom are the backup atoms which allow protection of
sible to teleport an entangled state of two atoms with insur;

ance. The state to be teleported is an entanaled state of ato the teleported state in the case of the protocol failure in the
' ; weleported | 9 "B&tection stage. The encoding consists of a sequence of four
1 and 2 at the Alice site, which is

steps.
[o) = a|1)4]0), + b |0)4|1),. (46) (i) First of them is mapping the state of the first Alice
) ) ) ) atom onto the cavity mode by illuminatingising laser_,)
The third atom in the Alice cavity and both Bob's atoms areihe atom for timet;. This corresponds to the transformations
prepared in their statdd). The field modes in both cavities given by Eqs(8) and(23). During the operation Bob’s lasers
are initially empty. Thus the joint state of the entire system isyre turned off and therefore he uses transformaorAfter
initially given by the operation the unnormalized joint state becomes

|¥(0))=(a]1010,+ b |0110,) ® |110g
=a|1010;110+b|0110;110 . (47) |{I‘,> = iaa,e®2%4]0001; 110 - aea;®2%1/0011;010

We assume that this state is given or prepared before the +b|0100;110 + ibee’2%/0110;010 , (49)
protocol starts.

The teleportation protocol consists of five stages). the
preparation stageB) the encoding stage(C) the detection \yhereq,=a(t,).

stage 1,(D) the detection stage Il, ar&) the recovery stage. (i) The second step of the encoding stage is illuminating
In each stage_there are a nu_mber of steps to be performed jRe third Alice atom. One can see that=1 in all terms of
order to get, finally, the required result. the superpositiori49). The purpose of the second operation
is to makep,'s different. The Rabi frequency scales wigh
A. Preparation stage and therefore we can perform independently different trans-

he ai ¢ th ) ¢ th i formations for different values g8. Alice switches the laser
The aim of the preparation stage of the protocol is 10 on for the appropriate interaction time leading to the

create a _maximally entang!ed state of the third Alicg atonlransformations(B), (9), (16), and (23). It is clear that the
and the first Bob atom. This can be done by following they o has to satisfy conditiont,ds=/2+2nm and ty\25

distant atom entangling technique of RE20]. This stage  _ ;51 om~ This can be done only approximately for 7

con_sist_s of th_ree steps. _ . andm=10. During this step Bob waits with lasers turned off
(i) First, Alice and Bob perform transformation given by y,s the evolution of state of his system is given by .

Eq.(8). They s_lmply llluminate, using lasets, andLg the|r. After this operation we achieve the state close to

atoms, i.e., Alice’s atom 3 and Bob’s atom 1, for the time

ty=/(2685). After this operation each cavity is in one photon

state. ~ -
(i) Next, they wait until either of Alice’s detectors clicks. W) =b|0100;110 - beaye *#24*20101;010
All lasers are turned off and therefore, before the detection - aaya,€'¥?%1%2)|0010; 110 - iaea; aZe 432+
event, evolution of their systems is described by ®g.One
photon registered by Alice corresponds to an action of the x|0002;010, (50

collapse operatail) and leads to the creation of a maximally

entangled state of both cavity fields. _
(iii ) After the detection event, Alice and Bob have to turnWhereaz=a(tp). We neglect the low populated states in the

on the laserd , and Lg, immediately. They illuminate the SUPErpositiort50) but we include them as all other imperfec-
two atoms for time;; performing the transformation given by tons of the operation in our numerical calculations. .
entangled state of both cavity fields in the state of Alice’sStage. The previous two steps are intended to prepare the
atom 3 and Bob’s atom 1. This concludes creating a maxithird one, which creates the entangled state of three atoms

mally entangled state of the two atoms and then the globand the cavity field. In order to make the entangled state
system state is given by Alice has to swap one pair of the state amplitudes without

_ exchanging the second pair of amplitudes. Alice can do that
W) = a|1000;110 + aiee'?%1]1010;010 + b|0100;110 by turning on thel, laser and illuminating her second atom
i A (i12)35t . for the time which leads to completing the transformations
+bieel'?% '|0110;010 . (48) (14), (16), (17), and(23). Here, we meet the same problem as
in the second step because the illuminating time has to sat-
isfy two conditions:tzds=2n7 and t3\28s= /2 + 2mar. We
can find an approximate solution fo=3 andm=4. In this
The encoding stage is introduced to apply the local redunstep Bob’s lasers are turned off. Just as in the previous step,
dant encodindg13] in which Alice codes the entangled state we neglect the states for which the population is close to zero
of her first two atomgatoms 1 and R that is to be tele- and obtain

B. Encoding stage
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Ty =a d3255(t1+2|0010:11 protocol Alice has to reset he( first atom. She turns on both
V)= aca; ) o | 0 her lasersL, andL,) for the timets=/(28,) performing
— aeaabase 4321 42r450101;010 transformation (26). During the resetting operation both
_ (312835 . 4 2. 53[(1/2ty+p+4ts] Bob's lasers are turned off.
base 0100;110 + ibeazaze If the evolution given by Eq(5) is interrupted by a col-
%|0002;010, (51)  lapse at timetj<tp then the jump operato€ acts on the

global system state. After that the transformat{Bnhcontin-
ues changing the state. If Alice registers the second click of
a?ither of her detectors the joint state becomes

where a3=a(t3). Although the entangling is already done,
one can see that the staf&l) is not protected yet. For in-
stance, if the two-photon state is detected then the initi
state of the first two Alice atoms will be lost. _ —1 i 8(ti+3tom3t . .
(iv) In order to change the stat®l) into a protected state [W) = acyapa;'e?727%3]0100;000 +b|0010;000 .
Alice illuminates her third atom using tHe, laser. This is (54)
the fourth step of the encoding stage. Alice needs to perform
transformationg14), (17), and (23), therefore the illumina- It is evident that the Alice initial state is not destroyed also in
tion time has to fulfill the conditions,ss=2n andt,y26;  the second case when the step is unsuccessful. Before the
=m/2+2mam. It is obvious that the time is the same as for theprotocol can be repeated Alice has to prepare her first atom
previous operation time and thug=a,=a(t,). We again in the statg1) and Bob has to prepare both of his atoms in
neglect low populated states. During this step Bob performéhe statgl) using transformatiori26). They reset the atoms
two operations. First, Bob waits for tintg—t,/2 with lasers  in two steps. First, Alice and Bob turn on all their laség,
turned off. Next he creates a maximally entangled state of hiba Ls, and Lg) for the time ts=7/(25,). Alice and Bob
second atom and his cavity. For this purpose he turns th#luminate their first atoms. Next, Bob illuminates for the
laserLg on for timet,/2 performing the transformation given time ts, using both his lasers, his second atom while Alice
by Eq. (12). Alice and Bob perform their actions in such a waits with lasers turned off.
way that they end the fourth step at the same time. Then the If there is no second photon detection then the quantum

global system is given by information transfer is done and the global system state is
~ , given by
|¥) = (aa; a,€®2%(11712|0010 , — b|0100,) ® (i|101)g
+ |110>B) - (aea; ag a%ei 63[(7/4)tl+4t2+(7/2)t3]|010]>A |q;> = aeq; agagel 53[(7/4)t1+4t2+(7/2)t3+tj]|0100;010
+ bea,ase B3 1321]0011) ) @ (i{00D)g - bey|0100;100 + ae; oy e ¥2%1171210010; 100
+]010p) . (52) + beaya3e 4 39+2+ (13241 0010;010 . (55)

This is the end of the encoding stage. If we wanted toafter this stage Alice shares the information about her initial
store the protected state we would map the cavity state to th@ate with Bob. Now Alice’s initial state can be send to Bob,
first Alice atom state. Then we would have the entanglechyt it is also possible for Bob to send it back to Alice. We

state of four atoms. However, we want the photonic state tqyill not consider the case when Bob sends back the state.
be the stat€52) because we use the cavity field for quantum

information transfer. )
D. Detection stage Il

C. Detection stage | In the fourth stage of the protocol Alice measures the state
of her third atom. During the stage Bob waits with lasers
turned off. This stage consists of two steps.

(i) First, Alice turns thelL, laser on and illuminates the

The third stage of the protocol is the first detection stage
in which Alice just waits for timetp> ™' making a mea-
e e e o JeleCiic atom performing ansormaton®) and(23. '
transfer. If Alice does not detect any photon or detects two_. (i) After this she tums the Iaser_ o_ff and the evolution is

' : : waiven by Eg.(5) which leads to the joint state
photons the teleportation process will be unsuccessful. How=
ever, even then, quantum information will be safe owing to - _
the local redundant encoding. In the absence of any laser |¥) = aeaabage *d("9u+4+712151]10100;010
field the evolution is given by Eq(5). If Alice does not ~ bey 0100100 + &(4r+333)togxtp
detect any photon in this stage the state evolves into '

W) = — aay ap,d ®2%12|0010; 110 + b|0100;110 .
(53)
This is one of two unsuccessful cases. The initial state whiclAlice again waits for timeip making a measurement of the
Alice wanted to teleport is modified by phase shift factorsfields leaking from the cavities. The detection of one photon

but it is not lost. The modified initial state is stored in the corresponds to an action of the jump operaan the global
second and third Alice atoms. In order to repeat the wholestate(56). In this case the state becomes

X[ibea; apa3e 4 O9+2+ 1325410001 ;010

+iae; afaye ®?%21*2)0001;100] . (56)
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|\II>:aeelala§3ei53[(3/4)t1+(1/2)t2_(13/2)t3_tj]|OOOO;]_0() (iv) Finally, he illuminates his first atom using thHe,
_ laser. He turns the laser off after the tirge In this way he
+b|0000;019 . (57) performs transformation®) and (23).
Otherwise, when Alice has not detected any photon, the joint After the last stage of the protocol Bob's system state is
state is given by given bya|100z+b|010g.

|W) = - aeelalagagei (714t +Aty+(7/ 2)t3+tj]|0100;01()

+b|/0100;100 . (59

VI. NUMERICAL RESULTS

In order to simplify the above considerations we have
used some approximations and therefore the fidelity of the
teleported state and the probability of the successful telepor-
tation process have to be calculated numerically. Both quan-

Generally, Alice and Bob may need the protocol to betities depend on the moduli of the amplitudeandb of the
repeated several times until Alice registers Only one click |n|n|t|a| state [7,17] Therefore we need to calculate average
the third stage. It is easy to prove that aftérepetitions of  values of the fidelity and probability taken over all input
the protocol Bob’s system state is given [@0|100s  states. We compute the averages using the method of quan-
+b|010y if Alice has detected one photon in the fourth stagetum trajectoried21,22). In order to take also into account
and a¢|010g+b[1005 if Alice has not registered any de- such imperfections as spontaneous emission from the excited
tection in the fourth stage, where states, we have performed the numerical calculations with

0= eera 1o ol the full Hamiltonian(2). We can get individual trajectory by
11 T273 generating a random initial state and performing the whole

E. Recovery stage

. 3 No N teleportation protocol. The initial state will be successfully
xexp (i/2) 55 §t1+ o= 133 24 | | o " %, teleported when photon detections are only registered during
) the second step of the preparation stage, the detection stage |
AL NH2 2 or the second step of the detection stage Il. The state will be

¢=-ead; a; “aj lost when either of the detectors click during other steps of
] 7 N A the protocol. The trajectories in which the initial state is de-
xXexp (i/2)6; St B+ T+ 24 | g 0 ?, stroyed are counted as the unsuccessful cases. The average
- probability of a successful teleportation process is then given
po=—exii3/28,(t,+t,)], and wo=az'exflids(ty+3t, by the ratio of the number of successful trajectories to the
-3ty)]. We denote byN, and A, numbers of repetitions humber of all trajectories. The initial state can be also de-
caused by zero and two-photon detections in the third stagétroyed by spontaneous atomic emission. However, sponta-
In order to obtain the original state which Alice wanted to N€ous atomic emission cannot be detectedbyor D, and
teleport, the phase shift facteror ¢ has to be removed by therefore such cases will be erroneously counted as success-
Bob. In case of no photon detection in the fourth stage BoHul. Since trajectories in which spontaneous emission occurs
also has to swap the amplitudes of his system states. This g&nnot be rejected, a nonzero spontaneous decay rate leads to
the objective of the fifth stage of the protocol. During the lowering the average fidelity. Therefore the average fidelity
stage both Alice’s lasers are turned off. has to be taken over all trajectories in which measurement
In the case of detection of one photon in the fourth Stagéndicates success. Since the average probability of a success-
Bob needs three steps to remove the phase shift factor ful teleportation is not experimentally accessible because of
(i) First, Bob illuminates, using thieg laser, his first atom inability to reject trajectories in which spontaneous emission
for the timet, in order to perform transformatior8) and ~ occurs, we define the average probability of a successful

(23. measurement by the ratio of the number of trajectories in
(i) Next, he turns off the laser and waits for such titpe Which measurement indicates success to the number of all
that —fa2eArlog2%sh=1, trajectories. The average probability of a successful measure-

(iii ) Finally, he again turns thieg laser on illuminating his ment is experimentally accessible and thus we calculate it
first atom for the time;. In this way Bob performs transfor- instead of the probability of a successful teleportation. How-
mations(9) and (23). ever, as is mentioned in Sec. ll, we want to suppress the

If no photon has been detected in the fourth stage Bo#ifluence of the spontaneous decay rate on teleportation. We
performs four operations to remove the phase shift fagtor can achieve this by choosing a sufficiently small value of the
and to exchange the amplitudes. spontaneous decay rate.

(i) First, he turns thé.g laser on and illuminates his first ~ Before choosing numerical values for all parameters let us
atom for the timet;. He performs transformation®) and  collect all the aforementioned assumptions and rewrite them

(23) in this step. in a compact form (10'A>Q>Q'>q;A'> vy, 5>«

(i) Next, he illuminates, using theg laser, his second > YQ?/A%A;=6). Now, it is easy to check that the
atom. He turns the laser off after the timewhen transfor- parameter values (A;0;0;09; v, ) 127=(2
mations(8) and(9) are done. X 10%;10;0.84;0.07;10*; 10 ")MHz satisfy the conditions.

(iii) Next, he waits with lasers turned off for such timye  In order to make the average values reliable, we generate
that pedrte=1. 30 000 trajectories. We have got the average fidelity about
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FIG. 4. The average fidelity as a function of the numhéof

FIG. 3. The average probability of successful measurement as Re repetitions of the first detection stage.

function of the numberV of the repetitions of the first detection

stage. . . .
In our calculations we use parameters for which approxi-

F=0.98 and the average probability of successful measurenations generated by adiabatical elimination of the excited
mentP=0.94. We have also found that for these parameterstate are good enough. Only for restrictive conditions
the probability that run in which spontaneous emission oc10'A>0>'>g can we calculates, sufficiently accu-
curs will be erroneously counted as successful is only 0.1%rately and estimate proper phase shift factors for long evolu-
These results show that the probability of success is muction times. Otherwise the fidelity is drastically decreased.
higher than the successful teleportation probability in otheHowever, such assumptions lead to a very small valug;of
scheme$4,7,17. This is due to the fact that the initial state and an unrealistic value of the cavity decay rate. Moreover,
is not lost in our scheme when Alice’'s measurement is unvery small xk makes the teleportation time orders of magni-
successful contrary to the other schemes, when the initidide longer than any reported decoherence time for entangle-
state is lost and the probability of success is equal or lessent between atoms. Therefore we use conditighs Q)

than 0.5. Owing to the local redundant encoding technique>Q)'>g;A’> vy, 85> k> yQ0?/A?;A,=8;) in our next
used in our scheme the initial state is protected and thereforsimulations. We also use a much shorter version of the sec-
the protocol can be repeated until only one photon is deend step of the encoding stage. The same operation, up to
tected in the detection stage. Figure 3 shows the probabilitphase shift factors, can be performed by the transformations
to transmit the quantum state in the first try and in the sub{8), (9), (18), and(23). Therefore the illumination time of the
sequent repetitions. As it is seen the probability that a singlehird Alice atom has to fulfill the conditiong,ds=m/2

try will lead to the successful transfer of the initial state is+2nm and t,\285=3m/2+2mm. An approximate solution
about 0.49. Moreover, one can see that the probability tgan be found forn=1 and m=1. This approximation is
achieve the successful teleportation process affeepeti-  slightly less accurate but makes the encoding stage almost
tions saturates very quickly. Therefore the protocol does notwo times shorter. These conditions and the reduced time
require a great number of repetitions. allow us to choose the parameters values

As mentioned above, there are some imperfections in the A O v )2
encoding stage. This is obvious that the imperfections de- (A0 0y 02w
crease the average fidelity of the teleported state. Also trans- =(2x 10*80;6.3;0.5;10*1.5%X 10°%) MHz.
formations recovering the original state can be done only . L
approximately. In order to show the influence of the imper-one can see that the cavity decay rate is still orders of mag-
fections on the average fidelity we plot the average fidelity as
a function of the number of the repetitions in Fig. 4.

One can see that the average fidelity decreases with in
creasingV. Thus if higher fidelity is required, this can be 0.995
achieved by rejecting the cases with too high a number of,,
repetitions. In order to show this improvement of average:
teleportation fidelity, let us plot the average fidelity as a func-g 0.99
tion the average probability. As it is evident from Fig. 5 the .
increase of average fidelity can be achieved by accepting ¢
lower success rate. Moreover, the increase of the averag
fidelity and the decrease of the average probability is higher “
for a small number of cases counted as successful. When th
repetition number limiting the successful cases is high the
points become indistinguishable. Therefore the teleportation
scheme will work properly even when we set the maximal FIG. 5. The average fidelity vs the average probability of suc-
number of repetitions to 6 as is clearly illustrated in Fig. 5. cessful measurement. The points are £6¢0,1,.. .

1

0.985 .

0.5 0.6 0.7 0.8 0.9 1
Probability
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FIG. 6. The average fidelity vs the detector inefficiency. The FIG. 7. The average probability of successful measurement vs
averages are taken over 2000 trajectories. The parameter regimetie detector inefficiency. The averages are taken over 2000 trajec-
(A;Q:Q;9;y; k)27 = (2x10%80;6.3;0.5;10%1.5X 1079 tories. The parameter regime i$A;Q:Q':qg;y;k)/27=(2
MHz. X 10%:80;6.3;0.5;10% 1.5X 1075 MHz.

nitude below currently reported valug¢®3—28 but further  depend on the detector efficiency as is evident from Fig. 7.
increasing() reduces the average fidelity. We cannot also In order to suppress the influence of these imperfections
increasex without increasing of) because then the average on the teleportation it is necessary to use photon detectors
probability of successful measurement is lowered. For theswith high efficiencied30-32 and low dark count rates.
parameters it is necessary to compenumerically. We
also compute numericallyy andt; to improve the average
fidelity. In order to further decrease the time needed to com- |n this paper we have presented a scheme performing
plete the teleportation we use the detection titge4x™  quantum teleportation of atomic entangled states via cavity
instead oftp,=10<"". We have generated 10 000 trajectoriesdecay. The distinguishing feature of our protocol is using the
and we obtain the average fidelity of 0.97 and the averaggcal redundant encoding technique. We have shown the fea-
probability of successful measurement of 0.90. For these paibility of the technique in detail for atoms trapped in a cav-
rameters the probability that run in which spontaneous emisity and manipulated by laser fields. Since the technique
sion occurs will be erroneously counted as successful igodes the initial state in the way that the state is secure dur-
about 1% . We have also found that the average teleportatiang the detection stage, the encoding procedure and the de-
time is about 0.1 s. Recently, Roes al. have reported the tection stage can be repeated until only one photon is de-
lifetime of entanglement between atoms exceeding 0.1 gected. However, our protocol is not immune against other
[29]. sorts of decoherence such as spontaneous atomic emission,
In the above discussion, we have assumed perfect detefhe detector inefficiency, and dark counts which destroy the
tors and perfect mirrors. In real experiments, detectors havgleported state and have to be suppressed. The numerical
efficiency » less than unity and mirrors are not perfect alsocalculations show that the average probability of success of
because of absorption. Therefore a photon emitted from thghe protocol is about 0.94 while the average probability of
cavities can never be recorded. On the other hand, there aggiccessful teleportation without the insurance does not ex-
“dark counts,” which give a detector click although no pho-ceed 0.5. Moreover, we have shown that not more than six
ton leaks out of the cavities’ mirrors. There is no way of repetitions are enough to obtain high average values of the
knowing for sure that the detection results are correctprobability and the fidelity of the teleportation. We have also
Therefore if one of these imperfections occurs then Alice anghown that although the average fidelity is as high as 0.984,
Bob will perform improper operations. Of course, this typeone can still increase it by rejecting the cases with too many
of error reduces the average fidelity of the teleportedrepetitions and accepting a lower success rate. In addition,
state. Figure 6 shows the influence of the detectoive have shown how to manipulate states of many atoms
inefficiency on the average fidelity. One can see that therapped in a cavity using two lasers. We believe that the
scheme is sensitive to the detector inefficiency. For the effianalytical results presented in Sec. lll can be helpful for a
ciency »=88% reported by Takeucleit al. [30] and param-  description of various atomic systems in optical cavities.
eters (A;Q;Q";9;y;x)/2m=(2x 10°,80;6.3;0.5;10% 1.5
% 10°%) MHz we have generated 10 000 trajectories and we ACKNOWLEDGMENTS
have found that the average fidelity is only 0.63. On the other This work was supported by the Polish State Committee
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VII. CONCLUSIONS
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