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ABSTRACT

Using the characteristic function of a twin beam composed of both paired and noise components we derive the
corresponding statistical operator in the Fock-state basis. Applying the Peres-Horodecki criterion for a partially
transposed statistical operator, we determine the negativity of the twin beam to quantify entanglement. In
parallel, nonclassicality of the twin beam is quantified by nonclassical depth which is the acceptable amount
of noise photons that preserves non-classicality manifested by negative values of the Glauber-Sudarshan quasi-
probability function. The connection between entanglement and non-classicality is discussed considering the
noise present either in one or both fields constituting the twin beam. Also the state of dimensionality via the
Schmidt number as well as von Neumann entropy of the twin beam is analyzed.
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1. INTRODUCTION

Nonclassicality and entanglement are at the heart of quantum optics that studies optical fields with no classical
counterparts. Nonclassical properties of such fields have been found useful both for elucidating the rules governing
the nature and various applications, e.g., in the field of quantum information processing,1 quantum metrology2

or highly-sensitive measurements.3 The answer to the question whether a given state can be described within
a classical theory has been considered as one of the most serious problems since the early days of quantum
physics.4–6 From both theoretical and experimental point of view, the nonlinear process of optical parametric
down conversion with its production of photon pairs has played an important role here.7,8 It has allowed to
generate both light with its quadratures squeezed below the vacuum level9,10 as well as light with sub-Poissonian
photon-number statistics.11,12 On the other hand entanglement has been exploited in observing non-locality of
quantum physics as well as ruling out any neoclassical physical theory using the Bell inequalities13

In quantum optics, the definition of nonclassicality is based upon the Glauber-Sudarshan P representation14,15

of the statistical operator of a given field. The commonly accepted formal criterion for distinguishing nonclassical
states from the classical ones reads as follows:7,16–18 A quantum state is nonclassical if its Glauber-Sudarshan
P function fails to have the properties of a probability density. Alternatively, several operational criteria for
nonclassicality of either single-mode16,17,19,20 or multi-mode fields are at disposal. Their derivations are based
either on field’s moments20,21 or direct reconstruction of integrated-intensity probability quasi-distribution.7

Entanglement is a special nonclassical property that describes quantum correlations among in general several
subsystems. Such correlations cannot be treated by the means of classical statistical theory and so they are
considered as nonclassical. To detect entanglement several approaches have been developed for discrete and
continuous variables. Entangled states belong to non-separable states. This property has been exploited in sug-
gesting entanglement criteria based on the partial transposition of a statistical operator.22–24 Another approach
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has been based on the violation of the Bell inequalities written for different mean values comprising the mea-
surement on both parts of a bipartite system.25 Also a method using positive semi-definite matrices containing
moments of different orders20,21 has been found very powerful. We note that entanglement is the very crucial
tool in today’s quantum information processing.

In this contribution, we determine nonclassicality as well as entanglement for twin beams with different
intensities containing both photon pairs and single photons. Such fields are provided in general by parametric
down-conversion that emits together a signal and an idler field. These fields thus naturally form a bipartite
quantum system.

This paper is organized as follows. In Sec. II, the model of parametric down-conversion giving an appropriate
statistical operator for twin beams is presented. Entanglement of twin beams is addressed in Sec. III using
negativity. Criteria for nonclassicality are discussed in Sec. IV. The occurrence of both nonclassicality and
entanglement for twin beams with different parameters is studied in Sec. V. Effective dimensionality of statistical
operators of twin beams quantified by the Schmidt number is determined in Sec. VI, together with entropy.
Conclusions are drawn in Sec. VII.

2. QUANTUM MODEL OF A TWIN BEAM

In order to describe the generation of a twin beam by two-mode parametric down-conversion, we use the approach
based on the Heisenberg equations with an appropriate Hamiltonian:7

Ĥint = −~gÂ1Â2 exp(iωt− iϕ) + H.c. (1)

Symbols Â1 (Â†
1) and Â2 (Â†

2) represent annihilation (creation) operators of the signal and idler beam, re-
spectively, g is a real coupling constant being linearly proportional to the quadratic susceptibility and the real
amplitude of pumping. Interaction time is denoted as t, ω (ϕ) is the pump-beam frequency (phase), ω1 and
ω2 stand for the signal and idler frequencies, respectively. The energy conservation law provides the relation
ω = ω1 + ω2. Symbol H.c. means the Hermitian conjugated term. In the real nonlinear process, also noise
occurs. It can be described by the Langevin forces L̂ belonging to a reservoir of chaotic oscillators with the mean
number of noise photons ⟨nd⟩.

The Heisenberg-Langevin equations corresponding to Hamiltonian Ĥint are written as

dÂ1

dt
= −iω1Â1 + igÂ†

2 exp(−iωt+ iϕ) + L̂1,

dÂ2

dt
= −iω2Â2 + igÂ†

1 exp(−iωt+ iϕ) + L̂2.

(2)

The Langevin operators L̂i, i = 1, 2, have the following properties:

⟨L̂i⟩ = ⟨L̂†
i ⟩ = 0, ⟨L̂†

i L̂j⟩ = δij⟨nd⟩, ⟨L̂iL̂
†
j⟩ = δij (⟨nd⟩+ 1) , (3)

where δij stands for the Kronecker symbol.

Using the interaction representation [Âj(t) = aj(t) exp(−iωjt)] and neglecting the Langevin forces, the solu-
tion of (2) attains the form

â1(t) = â1(0)u(t) + iâ†2(0)v(t) exp(iϕ),

â2(t) = â2(0)u(t) + iâ†1(0)v(t) exp(iϕ),
(4)

where u(t) = cosh(gt) and v(t) = sinh(gt).

In the next step, we calculate the normal characteristic function CN :

CN (β1, β2) = Tr
[
ρ̂ exp(β1â

†
1 + β2â

†
2) exp(−β∗

1 â1 − β∗
2 â2)

]
; (5)
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where Tr means the trace. Using the solution (4), the normal characteristic function CN attains the Gaussian
form:26

CN (β1, β2) = exp
[
−(|β1|2B1 + |β2|2B2) +D12β

∗
1β

∗
2 +D∗

12β1β2

]
(6)

in which β1 and β2 denote variables of this function. For the noiseless case, we have B1 = ⟨△â†1 △ â1⟩ = B2 =

⟨△â†2 △ â2⟩ = B = |v|2 = sinh2(gt) and D12 = ⟨△â1 △ â2⟩ = uv = i/2 sinh(2gt) exp(iϕ). When noise is also
considered, the parameter B contains an additional noise contribution BN , i.e. B′ = B + BN . Whereas the
parameter B gives the mean number of photon pairs, the parameter BN equals the mean number of noise photons
coming from the reservoir (BN = ⟨nd⟩). On the other hand, the parameter D12 is not influenced by the noise.

The statistical operator ρ̂ of a twin beam then acquires the following form:7

ρ̂ =
1

π2

∫
d2β1d

2β2CA(β1, β2) : exp

 2∑
j=1

âjβ
∗
j − â†jβj

 :; (7)

where CA(β1, β2) = CN (β1, β2) exp(−|β1|2 − |β2|2) denotes an anti-normal characteristic function and symbol ::
means normal ordering of field operators.

For the case with equal amount of noise in twin beams, the integral in (7) takes the form

ρ̂ =
1

K
: exp

[
−B′

K
â†1â1 −

B′

K
â†2â2 +

|D12|
K

(
â1â2 + â†1â

†
2

)]
: (8)

where K = B′2 − |D12|2. Decomposing the obtained statistical operator ρ̂ in the Fock basis we finally arrive at
the formula

⟨ij|ρ̂|kl⟩ =
∞∑

n,p,r,t=0

1

n!
(−1)n−r

(
n

p

)(
p

r

)(
r

t

)
B′n−rK−n−1|D12|r⟨ij|â†n−p+t

1 â†p−r+t
2 ân−p+r−t

1 âp−t
2 |kl⟩. (9)

Similar formulas can be obtained for the case with noise present only in one beam.

3. NEGATIVITY OF A TWIN BEAM

Negativity N of a mixed bipartite system defined on the basis of the Peres-Horodecki criterion22–24 is useful for
quantifying entanglement of a twin beam. It can be expressed as

N (ρ̂) =
||ρ̂PT ||1 − 1

2
(10)

using a trace norm ||ρPT ||1 of the partially transposed statistical operator ρPT . Negativity essentially measures
the degree at which ρPT fails to be positive. Therefore it can be regarded as a quantitative version of the Peres-
Horodecki criterion for separability.22,23 Following (10), the negativity N is given as the absolute value of the
sum of negative eigenvalues of ρPT . It vanishes for un-entangled states. It is worth noting that negativity N (ρ)
is an entanglement monotone and so it can be used to quantify the degree of entanglement in bipartite systems.
We have analyzed the dependence of negativity N (ρ) on mean photon-pair and noise photon numbers B and
BN in two specific physically interesting situations. In the first case, the same amount BN of noise photons
was present in both the signal and idler beams (see Fig. 1). On the other hand, noise photons occurred only
in one (e.g., the signal) beam whereas the other beam contained only paired photons (see Fig. 2) in the second
analyzed case. In both cases, twin beams with varying mean photon-pair numbers B and different (but fixed)
ratios of the mean noise photon numbers BN and mean photon-pair numbers B (noise-to-signal ratio) have been
investigated.

As follows from the graphs in Figs.1 and 2, negativity N (ρ̂) increases with the increasing mean photon-pair
number B for the noiseless case as well as for smaller values of B such that BN < 0.5 for the first case and
BN < 1 for the second case. It holds that the larger the ratio BN/B, the smaller the values of negativity N .
As follows from the comparison of curves in Figs.1 and 2, the presence of noise in both beams results in lower
values of negativity N . In general, negativity N (ρ̂) shows strong sensitivity to noise. Even a small amount of
noise can spoil the entanglement regardless the value of mean photon-pair number B.
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Figure 1. Negativity N as a function of mean photon-pair
number B for different ratios BN/B assuming noise BN in
both signal and idler beams.
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Figure 2. Negativity N as a function of mean photon-pair
number B for different ratios BN/B assuming noise BN in
the signal beam only.

4. NONCLASSICALITY OF A TWIN BEAM

We quantify nonclassicality according to nonclassicality depth r27 which is related to the threshold value26,28 sth
of the ordering parameter s via expression r = (1− sth)/2. It holds that the joint signal-idler quasi-distribution
of integrated intensities attains negative values for r > 0 (1 ≥ s > sth) and thus describes a nonclassical field.
Considering the case with noise in both beams, nonclassicality depth r is determined along the formula28

r =
√
B +B2 −B −BN . (11)

On the other hand, formula

r =

√
B +B2 +

B2
N

4
−B − BN

2
(12)

is appropriate for the case with noise only in the signal beam. As formula (11) suggests, nonclassicality depth
r gives the mean number of noise photons which adding into the nonclassical field removes its nonclassicality.
So, the larger the value of nonclassicality depth r is, the more nonclassical the field is. On the other hand,
formal application of formula (11) to classical noisy twin beams results in negative values of nonclassicality
depth r. Their absolute value |r| can be considered as a measure of classicality of noisy twin beams in the
sense that it quantifies the mean number of photon pairs needed for transforming a classical twin beam to the
classical-quantum border r = 0 (

√
B +B2 −B).

5. COMPARISON OF ENTANGLEMENT AND NONCLASSICALITY

Our results have shown that entanglement and nonclassicality closely accompany each other in a twin beam. In
a noiseless twin beam, the more intense the twin beam is, the more nonclassical the twin beam is and also the
more entangled the signal and idler beams are. As follows from formulas (11) and (12) for a fixed ratio BN/B,
nonclassicality depth r increases with the increasing mean photon-pair number B first and, after reaching certain
value of B, it decreases and finally reaches zero values characterizing a classical twin beam. It can be shown that
for BN ≥ 1/2 (BN ≥ 1) for the noise in both beams (only one beam), the twin beam is classical. This behavior
resembles that of negativity N documented by the curves in Figs. 1 and 2. This similarity in the behaviors
of nonclassicality depth r and negativity N is very close, as revealed by the curves showing the dependence of
negativity N on nonclassicality depth r in Figs. 3 and 4. The curves obtained for different values of noise-to-
signal ratio BN/B lie on the curve characterizing the noise twin beams. This means that there exists a monotone
mapping between nonclassicality depth r and negativity N for the analyzed twin beams. From the point of view
of noise in a twin beam, it quantitatively equally degrades both nonclassicality depth r and negativity N . We
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can say in general, that pairing of photons creates entanglement between the signal and idler beams and the
presence of entanglement in a twin beam is then responsible for its nonclassical behavior observed for the overall
twin beam (without considering its partitioning into the signal and idler beams).
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Figure 3. Negativity N in dependence on nonclassicality
depth r for twin beams plotted in Fig. 1.
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Figure 4. Negativity N in dependence on nonclassicality
depth r for twin beams plotted in Fig. 2.

6. DIMENSIONALITY AND ENTROPY OF A TWIN BEAM

Dimensionality of a bipartite entangled state is given by the Schmidt number determined from eigenvalues λj of
the reduced statistical operators describing the signal and idler beams solely. The appropriate formula is written
as

K =
(Tr1[ρ̂1])

2

Tr1[ρ̂21]
=

(Tr2[ρ̂2])
2

Tr2[ρ̂22]
=

(∑
j λj

)2

∑
j λ

2
j

; (13)

where ρ̂1 = Tr2[ρ̂] and ρ̂2 = Tr1[ρ̂]. The larger the Schmidt number K, the greater the number of paired
eigenmodes needed for building the twin beam and the more complex the correlations between the signal and
idler beams.
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Figure 5. The Schmidt number K as a function of mean
photon-pair number B for different ratios BN/B assuming
noise BN in both signal and idler beams.
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Figure 6. The von Neumann entropy S in dependence on
mean photon-pair number B for different ratios BN/B
assuming noise BN in both signal and idler beams.

Bipartite correlations in a twin beam can also be quantified by the von Neumann entropy S of the reduced
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statistical operators determined by the formula:

S = −
∑
j

λj log λj . (14)

Note that for pure states, the entropy S is a good measure of entanglement.

Considering twin beams with noise in both beams, both the Schmidt number K (see Fig. 5) as well as entropy
S (see Fig. 6) increase with the increasing mean photon-pair number B and the mean noise photon number BN .
Roughly speaking, the more intense is the twin beam, the greater are the Schmidt number K and entropy S.

The comparison of curves for negativity N in Fig. 1 with those for the Schmidt number K in Fig. 5 and
entropy S in Fig. 6 reveals that neither the Schmidt number K nor entropy S are suitable for the quantification
of entanglement of mixed states in general for the noisy twin beams. Additional noise in the signal and idler
beams results in certain ’unbalance’ of the original maximally entangled state that requires more dimensions in
its description. However, the noise naturally decreases entanglement between the signal and idler beams.

7. CONCLUSIONS

We have quantified nonclassicality (via nonclassicality depth) as well as entanglement (using negativity) of both
noiseless and noisy twin beams. It has been shown that both entanglement and nonclassicality are sensitive to
noise. This noise cannot exceed certain value for their observation. We have also demonstrated that entanglement
and nonclassicality of twin beams are closely related. Nonclassicality of a twin beam occurs as a consequence
of entanglement between its signal and idler parts originating in pairing of photons in the twin beam. For
comparison, the Schmidt number as a measure of dimensionality and the von Neumann entropy of twin beams
have been determined in parallel with negativity. Whereas additional noisy photons increase the Schmidt number
and entropy, they decrease negativity.
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