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Recently, apparent nonphysical implications of non-Hermitian quantum mechanics (NHQM) have been
discussed in the literature. In particular, the apparent violation of the no-signaling theorem, discrimination
of nonorthogonal states, and the increase of quantum entanglement by local operations were reported, and
therefore NHQM was not considered as a fundamental theory. Here we show that these and other no-go
principles (including the no-cloning and no-deleting theorems) of conventional quantum mechanics still hold
in finite-dimensional non-Hermitian quantum systems, including parity-time symmetric and pseudo-Hermitian
cases, if its formalism is properly applied. We have developed a modified formulation of NHQM based on the
geometry of Hilbert spaces which is consistent with the conventional quantum mechanics for Hermitian systems.
Using this formulation the validity of these principles can be shown in a simple and uniform approach.
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I. INTRODUCTION

It is well established that quantum states reside in the
corresponding Hilbert spaces, and the time evolution of these
states is governed by Schrödinger’s equation together with
the Hamiltonian of the system. These Hamiltonians were
considered to be Hermitian [note that throughout this paper,
the word “Hermitian” is limited to the standard quantum
mechanics (QM) textbook Hermitian] so that the eigenvalues
can all be real.

However, in 1998, Bender and Boettcher [1] discovered
that the eigenvalues of the Hamiltonian for parity-inversion
plus time-reversal symmetric (PT -symmetric) systems are
all real. This has attracted considerable attention on non-
Hermitian physics, both theoretical and experimental, in
several nonquantum areas ranging from classical optics, op-
tomechanics, mechanics, acoustics, electronics, plasmonics,
metamaterials, and photonic crystals to innovative devices (for
references see, e.g., [2–9] and a very recent review [10]). In
contrast to many experiments with classical PT -symmetric
systems, the first experimental observation (or, rather, experi-
mental simulation) [11] of critical phenomena during nonuni-
tary quantum dynamics of a PT -symmetric system has been
reported only very recently. We note that even the theoretical
studies of exceptional points of PT -symmetric systems [10]
have been almost exclusively limited (except Refs. [12–14])
to the semiclassical and classical regimes, where quantum
jumps are completely ignored. Here, we study non-Hermitian
quantum mechanics (NHQM) in the fully quantum regime. Of
course, various fundamental aspects of the quantum regime
of NHQM systems have already been thoroughly theoreti-
cally investigated (for comprehensive reviews of the theory
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see, e.g., [15–20]). However, to our knowledge, the most
popular quantum-information no-go theorems (except the
no-signaling theorem) have not been explicitly proved for
NHQM. These theorems include quantum no-cloning and
quantum no-deleting, as well as the limitations of some kinds
of quantum entanglement manipulation (see Table III). Of
course, in the classical regime of NHQM systems, perfect
cloning and deleting are allowed, and quantum entanglement
disappears, so there is no merit to discuss these no-go theo-
rems in this regime.

Rather than being just a theoretical product, many ex-
perimental realizations of PT -symmetric systems have been
demonstrated, e.g., [21–23]. Besides PT -symmetric systems,
some further studies [10,24–26] approached more general
non-Hermitian Hamiltonians by perturbing the system around
a PT -symmetric system. Additional interesting physical phe-
nomena [27–37] were also found in other non-Hermitian
systems.

Applying conventional quantum mechanics (CQM) di-
rectly on NHQM might lead to apparent violations of some
no-go theorems [38–41], including the no-signaling, no-
cloning, no-broadcasting, and no-deleting principles. These
principles are closely related no-go theorems of fundamental
importance in quantum physics, including especially quantum
information. The inclusion of damping and amplification for
NHQM systems, which results in mixing pure states, is by no
means trivial even for standard QM. We note that, e.g., the
no-deleting theorem for mixed states has not been proved or
even properly formulated in neither standard QM nor NHQM.

The violation of any of these no-go theorems would have
enormous implications in physics and would lead to funda-
mental paradoxes. Thus, verifying whether a given quantum
theory does not violate these theorems could be a simple
test of its physical validity. Recently, it was “demonstrated”
that local parity-time symmetry (PT symmetry) in the initial
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formalism [1] apparently allows the perfect discrimination
of nonorthogonal states and the violation of the no-signaling
principle [38]. That work [38] concluded that “this shows that
the PT -symmetric theory is either a trivial extension or likely
false as a fundamental theory” (in the Abstract of [38]), and
“Finally, while in our view these results essentially destroy
any hope of PT -symmetric quantum theory as a fundamental
theory of nature, it could still be useful as an effective model
or as a purely mathematical problem solving device” (in the
Conclusions of [38]).

We note that the perfect discrimination of nonorthogonal
states would also imply the violation of the no-cloning prin-
ciple. As shown by Znojil [41] (see also Brody [42]), this
apparent violation of the no-signaling principle results from
“an unfortunate use of one of the simplest but still inadequate,
manifestly unphysical Hilbert spaces.” In contrast to such a
wrong approach, a proper choice of the Hilbert space does not
lead to any violation of the no-signaling principle [41,42].

Brody [42] has shown that indeed various claims made by
various authors on the violation of causality in some non-
Hermitian quantum systems are not valid when the theory
is formulated in an appropriate manner. The fully quantum
regime of NHQM systems has been thoroughly investigated
(for comprehensible reviews of the theory see, e.g., [15–20]).
However, to our knowledge the most popular quantum-
information no-go theorems (except the no-signaling theo-
rem) have not been proved yet for NHQM.

Here we provide the concrete proofs of some no-go theo-
rems which are especially important for quantum information
and quantum communication. To our knowledge these no-
go theorems have not yet been proved in detail for general
NHQM. We note that causality in standard nonrelativistic
or even relativistic QM and the no-signaling constraints are
inequivalent principles, although related.

Analogously, the no-signaling, no-cloning, and no-deleting
theorems are closely related, but not equivalent. For example,
Horodecki and Ramanathan in their recent work [43] on rel-
ativistic causality and no-signaling paradigm for multipartite
correlations in general physical theories showed that “while
the usual no-signaling constraints are sufficient, in general
they are not necessary to ensure that a theory does not violate
causality.... causality only imposes a subset of the usual no-
signaling conditions.”

The main cause of the inconsistencies is clearly the inner
product between states, as pointed out in [41] and [42]. There
are some modifications to the inner products proposed in the
literature which either abandoned the relation between QM
and Hilbert space [44–46] or were limited to some special
cases of non-Hermitian systems [47–51]. To find a general
inner product that also preserves the notion of Hilbert space,
we treat the Schrödinger equation as a covariant derivative
and find a compatible metric. The compatible metric is far
from unique, but they are all subject to the same equation
of motion that was found in Refs. [19,52,53] in various
contexts. We also show that the choice of metrics is equivalent
to choosing a preference of bases. The restriction on the
transition functions between different choices of bases are
also derived in this paper. Note that the metrics in Hermitian
systems can always be chosen to be the identity so that the
inner products are the same as the conventional ones. It can

also be shown that in pseudo-Hermitian systems, including
the “charge”-parity-time (CPT ) systems, the metric can be
chosen to be the standard pseudo-Hermitian metric [47],
which is time independent. Furthermore, when the eigenstates
of the Hamiltonian form a complete set of bases, with a special
choice of the metric, biorthogonal quantum mechanics [51]
(BQM) can be recovered.

In this paper, we focus on systems with finite-dimensional
state space and demonstrate that a correct application of
the NHQM formalism, using a proper Hilbert-space metric,
together with the generalized operators derived in Sec. III,
does not lead to any violations of the principles studied in
Refs. [38–40]. Moreover, we show that the NHQM does not
violate other no-go theorems, including the no-cloning and
no-deleting principles.

One can raise the objection about the merit of proving
the quantum-information no-go theorems for NHQM. Indeed,
the consistency of NHQM seems widely accepted at present;
thus, one can argue that such theorems cannot be violated
by default. However, we note that although the consistency
of conventional Hermitian QM has been accepted for a cen-
tury, the listed six no-go theorems have been formulated and
proved in CQM only in the 1980s and 1990s. Arguably, these
theorems have triggered impressive interest and progress in
quantum information, which shows the merit of proving the
no-go theorems also for quantum information processing with
NHQM systems.

II. GENERALIZED INNER PRODUCT IN NHQM

In QM, the probability of a state is the norm squared of the
corresponding vector in a Hilbert space. The dynamics of the
vector |ψ (t )〉 has to satisfy the Schrödinger equation,

ih̄∂t |ψ (t )〉 = H (t )|ψ (t )〉. (1)

For convenience, we refer to H as a Hamiltonian, but it should
be understood as a generalized Hamiltonian-type operator. If
the Hamiltonian H (t ) is Hermitian, then the norm squared is
conserved in time, because there is an obvious symmetry of
the Hamiltonian [H (t ) = H†(t )] so that the inner product is
not hard to find. On the other hand, for a Hamiltonian that
does not have such a clear symmetry, the inner product that
preserves the norm squared is not so easy to find. However,
Eq. (1), if written as

∇t |ψ (t )〉 =
(

∂t + i

h̄
H (t )

)
|ψ (t )〉 = 0, (2)

suggests that ∇t plays the role of a connection [54] in a vector
bundle which connects the “geometries” of nearby points and
|ψ (t )〉 is therefore parallel transported along the time direc-
tion (moving the vector along the time curve while keeping
it parallel to itself in different geometries along the curve).
This analogy hints that there is a “connection-compatible
metric” such that the inner products between the parallel
transported vectors are time independent. Hence, the norm
squared, defined as the inner product of the vector and itself,
is also time independent.

To distinguish the modified inner product from the
conventional one, the modified inner product is denoted
as 〈〈ψ1(t )|ψ2(t )〉〉 (see Table I). Note that there is no
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TABLE I. Some differences between conventional quantum mechanics, CQM (left), and the nontrivial metric one (right) for non-Hermitian
quantum mechanics.

Conventional quantum mechanics Non-Hermitian quantum mechanics

Equation(s) of motion ih̄∂t |ψ (t )〉 = H |ψ (t )〉 ih̄∂t |ψ (t )〉〉 = H |ψ (t )〉〉,
−ih̄∂t G(t ) = G(t )H (t ) − H†(t )G(t )

Inner product 〈ψ (t )|ψ (t )〉 〈〈ψ (t )|φ(t )〉〉 = 〈ψ (t )|G(t )|φ(t )〉
Complex conjugation 〈ψ (t )|ψ (t )〉 = 〈φ(t )|φ(t )〉 〈〈ψ (t )|φ(t )〉〉 = 〈〈φ(t )|ψ (t )〉〉
Completeness relation

∑
n |n(t )〉〈n(t )| = 1

∑
n |n(t )〉〉〈〈n(t )| = 1

distinction between the new vector [|ψ (t )〉〉] and the con-
ventional ones [|ψ (t )〉], since both evolve according to the
Schrödinger equation. However, the dual vectors are not just
the Hermitian conjugate of the conventional vectors, but they
are also subject to a linear map, i.e.,

〈〈ψ (t )| = 〈ψ (t )|G(t ), (3)

where 〈ψ (t )| is the standard Hermitian conjugate of |ψ (t )〉
and G(t ) plays a similar role of a fiber metric [54]. Therefore,
hereafter G(t ) will be named the metric operator or, simply,
the metric.

A. Metric

For reasons that will be discussed shortly, the metric G(t )
has to be Hermitian, positive definite, and satisfying the
equation of motion (see Table I):

∂t G(t ) = i

h̄
[G(t )H (t ) − H†(t )G(t )]. (4)

At first, a time-dependent metric might seem peculiar,
because naively this would require a proper reference point
of time to begin with. However, since the norm squared is
time invariant, any reference time works the same and the
physics does not depend on it. In fact, metrics do not always
have to be time dependent, because in many cases the cor-
responding metric can be time independent; for example, for
the Hermitian cases [55], CPT -symmetric cases [16,48,49],
and pseudo-Hermitian cases [47]. This can be easily seen by
taking the time derivative in Eq. (4) to zero so that it reduces
to the definition of pseudo-Hermitian, GH = H†G.

The reasons why the metric needs to satisfy the above-
mentioned constraints are as follows: For the probability to
be time invariant, the time derivative on the inner product of
an arbitrary vector with itself should vanish,

0 = ∂t 〈〈ψ (t )|ψ (t )〉〉

= 〈ψ (t )|
[
∂t G(t ) + i

h̄
H†(t )G(t ) − i

h̄
G(t )H (t )

]
|ψ (t )〉.

(5)

Therefore, Eq. (4) is a necessary condition for the probability
to be conserved.

Furthermore, it should be obvious that the Hermitian con-
jugate of the metric, G†(t ), has to satisfy the same equation as
for G(t ); therefore, the metric can and should be chosen to be

Hermitian so that

〈〈ψ1(t )|ψ2(t )〉〉 = [〈ψ1(t )|G(t )|ψ2(t )〉]†

= 〈ψ2(t )|G†(t )|ψ1(t )〉 = 〈〈ψ2(t )|ψ1(t )〉〉. (6)

Note that this is true only when the bra and ket vectors are at
the same instant.

Since the constraint, given in Eq. (4), is a differential
equation, there are some undetermined constant(s) in the
solution. These constants can always be chosen so that G(t )
is positive definite,

〈〈ψ (t )|ψ (t )〉〉 = 〈ψ (t )|G(t )|ψ (t )〉 > 0, (7)

for every nonzero |ψ (t )〉. The positive definiteness and linear-
ity of the Hermitian metric together with Eq. (6) is sufficient
for the space equipped with this inner product to be a Hilbert
space (assuming that the space is complete) [56].

Note that despite that this formalism is formally correct,
Eq. (4) is not always guaranteed to have a solution for every
infinite-dimensional H (t ). There might need to be some ad-
ditional constraints to rule out the unphysical solutions, e.g.,
divergent norms. Therefore, we focus only on the systems
with finite-dimensional Hilbert spaces in the remainder of this
paper.

B. Different metrics as different bases

Although G(t ) is not uniquely determined for a given H (t ),
different metrics G(t ) are related by a covariantly constant
transition function. That is to say, given a Hamiltonian, if
G1(t ) and G2(t ) are two possible metrics, there exists a
function T12 such that

G2(t ) = T †
12(t )G1(t )T12(t ), (8)

where T12(t ) satisfies

∂t T12(t ) + i

h̄
H (t )T12(t ) − i

h̄
T12(t )H (t ) = 0. (9)

In other words, different choices of a metric G(t ) correspond
to different choices of bases and, therefore, are physically
equivalent. That is to say, although the two metrics may
look different, as long as the bases and the operators are
also transformed by the same transition function T12(t ), the
physical contents will not be altered.

In fact, if {|n(t )〉〉 = |n(t )〉} is any complete set of bases for
the states in the Hilbert space, one can always find a metric
G(t ) that satisfies ∑

n

|n(t )〉〈n(t )|G(t ) = 1, (10)
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and vice versa. Note that the |n(t )〉 above are not limited to
the eigenkets of the Hamiltonian. In fact, Eq. (10) is merely a
direct generalization of the completeness relation:∑

n

|n(t )〉〉〈〈n(t )| = 1. (11)

The G(t ) can be proven to be Hermitian and positive
definite, and is also a solution of Eq. (4). Using Eq. (10),
one can find a corresponding metric G(t ) using any complete
set of bases. Interestingly, if the Hamiltonian eigenstates form
a complete set of bases, the corresponding G(t ) in Eq. (10),
using the eigenstates as the set {|n(t )〉〉}, is the same metric in
BQM. Appendix A 3 provides some examples on how Eq. (10)
can be used in finding G(t ).

III. GENERALIZED OPERATORS IN NHQM

As discussed above, in general, the generalized inner prod-
ucts are different from the conventional ones. As will be
shown shortly, the corresponding operators also need to be
modified. For example, the roles of unitary operators are no
longer special, since, in general, they do not leave the norm
squared of states invariant. In the following we focus on the
modifications of some common operators that will be proven
useful for later use. Basic differences between conventional
and non-Hermitian QM are summarized in Table I.

A. Adjoint operators

In CQM, the “bra” vectors are defined to be the Hermitian
conjugate of the corresponding “ket” vectors, and therefore
the adjoint operators are the conventional Hermitian conju-
gate of the original operators. In the modified Hilbert space,
however, this property is different. Assuming that O(t ) is an
operator acting on the ket vector, we find that

〈〈ψ (t )|O(t )φ(t )〉〉 = 〈ψ (t )|G(t )O(t )|φ(t )〉
= 〈ψ (t )|G(t )O(t )G−1(t )G(t )|φ(t )〉
= 〈G−1(t )O†(t )G(t )ψ (t )|G(t )|φ(t )〉
= 〈〈G−1(t )O†(t )G(t )ψ (t )|φ(t )〉〉, (12)

which shows that the adjoint of O(t ) is

O�(t ) = G−1(t )O†(t )G(t ), (13)

where � stands for the corresponding adjoint operator in the
modified Hilbert space and † is the standard Hermitian conju-
gate. A quick observation shows that applying the Hermitian
conjugate twice leads, again, to the original operator:

[O�(t )]� = G−1(t )[O�(t )]†G(t )

= G−1(t )[G−1(t )O†(t )G(t )]†G(t )

= G−1(t )G(t )O(t )G−1(t )G(t ) = O(t ). (14)

The second last equality utilizes the Hermiticity of G(t ), i.e.,
G†(t ) = G(t ).

Because observables are among the most important ingre-
dients in QM and widely believed to be self-adjoint operators,
it is worth finding the generalized “Hermitian operators.” By
using Eq. (13), it is not hard to see that

O�(t ) = O(t ) ⇒ O†(t )G(t ) = G(t )O(t ). (15)

As shown in Appendix A 1, the metric operators can be
set to unity for all Hermitian systems. In such cases, the
conditions for adjoint operators and Hermitian operators in
CQM can be recovered using Eqs. (13) and (15).

B. Generalized unitary operators

It is well known that a unitary transformation in CQM
does not change the value of the inner products. To be more
specific, let U (t ) be a unitary operator, then

〈U (t )ψ (t )||U (t )φ(t )〉 = 〈ψ (t )|ψ (t )〉
= 〈ψ (t )|ψ (t )〉 = 〈ψ (t )||φ(t )〉. (16)

However, in a Hilbert space where the metric ceases to be
1, the unitarity loses its meaning and has to be modified. For
the inner product to be invariant under a linear action U (t ), the
operator should satisfy

〈〈ψ (t )|φ(t )〉〉 = 〈〈U (t )ψ (t )|U (t )φ(t )〉〉
= 〈〈ψ (t )|U−1(t )U (t )φ(t )〉〉. (17)

Replacing Eq. (13) with

O → U−1(t ), O�(t ) → U (t ), (18)

shows that the operators satisfying

U†(t ) = G(t )U−1(t )G−1(t ) (19)

leave the inner products invariant. Indeed, these are the oper-
ators that leave the metric invariant, i.e.,

U†(t )G(t )U (t ) = G(t ). (20)

C. Generalized density matrices

The modification of the density matrices should be quite
obvious,

ρCQM(t ) =
∑

i

pi|ψi(t )〉〈ψi(t )|

→ ρ(t ) =
∑

i

pi|ψi(t )〉〉〈〈ψi(t )|,
(21)

where ρCQM(t ) denotes a standard density matrix in CQM,
while ρ(t ) is a generalized density matrix (GDM) in NHQM,
and pi is the probability of obtaining the state |ψi(t )〉〉. It can
be proven that this operator indeed satisfies the properties
of density matrices (i.e., self-adjoint, positive semi-definite,
and trace can be set to unity) [57] and leads to physically
reasonable outcomes. All the detailed derivations and proofs
are in Appendix B.

Note that since the trace of the conventional density matrix
is not necessarily time independent, many studies introduce
a normalized density operator, ρN(t ) ≡ ρCQM(t )/tr[ρCQM(t )],
where the time evolution obeys

ih̄∂tρN(t ) = H (t )ρN(t ) − ρN(t )H†(t )

+ tr{ρN(t )[H†(t ) − H (t )]}ρN(t ). (22)

Unlike the normalized density matrix, the density matrix
studied here is more natural in the sense that the trace is
already time independent by construction. The reason behind
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this is because the time evolution of the GDM is governed by

ih̄∂tρ(t ) = [H (t ), ρ(t )], (23)

even for H (t ) �= H†(t ). By using the cyclic property of the
trace, it is obvious that

∂t trρ(t ) = 0. (24)

As will be shown in Sec. IV, unlike a normalized density
matrix, which leads to the violation of various no-go the-
orems, the GDM preserves the no-go theorems. Moreover,
since in general the time evolution of the generalized density
matrix is different from the normalized one, the validity of this
formulation can be verified experimentally.

IV. NO-GO THEOREMS REVISITED IN NHQM

This work has been inspired by our former theoretical
and experimental works on the no-cloning theorem and its
applications in standard QM [58–63]. We now prove the
validity of the no-cloning theorem and other related no-go
theorems also in NHQM.

As mentioned in Sec. I, applying CQM on non-Hermitian
quantum systems leads to the apparent violation of many no-
go theorems. Nevertheless, the roles played by these no-go
theorems in the quantum world are of importance and should
be preserved when extended to NHQM. For a reason to be
explained shortly, the relations between these no-go theorems
are intertwined; violating any of them can lead to the failure of
other no-go theorems. In addition, these violations contradict
some of the well-established notions in quantum mechanics.

A. No-go theorems in QM

1. No-cloning theorem

The no-cloning theorem of Ghirardi [64], Wootters and
Zurek [65], and Dieks [66] states that unknown pure quantum
states cannot be perfectly copied. The no-broadcasting theo-
rem of Barnum et al. [67,68] is a mixed-state generalization of
the no-cloning theorem, stating that unknown mixed quantum
states cannot be perfectly copied.

2. No-deleting theorem

The no-deleting theorem of Pati and Braunstein [69,70]
states that unknown pure quantum states cannot be deleted,
which clearly is a principle complimenting the no-cloning
theorem. We note that a generalization of the no-deleting
theorem to the case of mixed states has not been proven or
even precisely formulated yet.

3. No-signaling theorem

The no-signaling theorem (also referred to as the no-
communication theorem) states that the quantum entangle-
ment between two spatially separated particles cannot provide
superluminal (i.e., faster than the speed of light in vacuum)
communication [71–73] (for an experimental test see [74]).
This implies that the shared entanglement alone cannot be
used to transmit any useful information.

The no-signaling and no-cloning theorems are closely re-
lated (see, e.g., [75–79]). The no-signaling theorem implies
bounds on quantum cloning. And perfect quantum cloning

machines (QCMs) would allow arbitrary fast signaling by
quantum entanglement using, e.g., Herbert’s communicator
using EPR states [80]. Actually, the no-cloning theorem was
first formulated [64–66] to demonstrate that Herbert’s super-
luminal communicator cannot work since there are no perfect
QCMs.

As shown by Gisin [75], a tight bound on the fidelity
of QCMs is compatible with the no-signaling constraint and
is equal to the fidelity of the universal QCM of Buzek
and Hillery [81]. A whole class of 1-to-2 optimal quantum
cloning machines of single qubits can be obtained from the
no-signaling theorem [76,77]. Various types of approximate
QCMs have been experimentally applied for testing the secu-
rity of quantum cryptographic systems (e.g., in [62]), includ-
ing the security of quantum money [63].

The no-cloning and no-signaling theorems can be derived
from the no-go principle concerning quantum-state discrimi-
nation [82,83], which says that nonorthogonal quantum states
cannot be perfectly discriminated, as a consequence of the
superposition principle. Indeed, two nonorthogonal states of
a quantum system have a nonzero overlap, which implies
that it is impossible to unambiguously determine which of
the states has been achieved by the system. In particular, a
tight bound on the measurement, which can discriminate two
nonorthogonal states without error, can be obtained from the
no-signaling principle [84].

The no-signaling principle is closely related to quantum
entanglement, which is among the main resources in quan-
tum information and quantum technologies of the second
generation [85]. A proper measure of entanglement must
satisfy some basic physical laws [86], including no increase
of entanglement under any local operations and the invariance
of entanglement under local unitary operations. Surprisingly,
two works showed that these basic properties of good en-
tanglement measures of standard quantum mechanics can be
violated in the PT -symmetric quantum theory. Specifically,
Refs. [39,40] apparently showed, respectively, that entangle-
ment under local operations can be increased and entangle-
ment under local unitary operations is not invariant under local
PT -symmetric unitary operations.

These no-go principles have profound implications in
quantum theory for both its fundamental aspects (e.g., quan-
tum causality) and applications including quantum metrol-
ogy, quantum communication, and quantum cryptography.
In particular, the violation of the no-cloning theorem would
imply, in a trivial way, the violation of the Heisenberg’s
uncertainty principle in quantum mechanics. Moreover, basic
dynamical rules of quantum physics can be derived from its
static properties and the no-signaling theorem [87].

The following shows the validity of some no-go theorems
in NHQM using the formalism provided in the previous sec-
tions. But it should be stressed that our generalized formalism
reduces to that of Bender et al. [16,48,49] at least for CPT -
symmetric finite-dimensional systems. Thus, our proofs of the
no-go principles are also valid for the latter systems.

B. No-cloning theorem in NHQM

Quantum copying is not allowed [65,66] in CQM. This
section shows that the no-cloning theorem continues to hold
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in a non-Hermitian system. Instead of proving that there are
no unitary operators (the “generalized unitary operators”) that
can copy any arbitrary state to a blank state, we prove the
theorem by contradiction. We assume that C(t ) is a cloning
operator such that

C(t )|ψ (t )〉〉 ⊗ |E(t )〉〉 = eiθ[ψ (t )]|ψ (t )〉〉 ⊗ |ψ (t )〉〉 (25)

for any |ψ (t )〉〉, where |E(t )〉〉 is a blank state and θ [ψ (t )] ∈ R
is some phase generated by the cloning process. Because it
is a unitary operator of a direct product state, it must also
satisfy

C†(t )G(t ) = G(t )C−1(t ), (26)

where G(t ) = G1(t ) ⊗ G2(t ), in which G1(t ) and G2(t ) are
the metrics for |ψ (t )〉〉 and |E(t )〉〉, respectively. To make the
proof as general as possible, G1(t ) is allowed to be different
from G2(t ).

Then, following almost the same argument of the con-
ventional proof of the no-cloning theorem [65,66], the inner
product between two states becomes

〈〈ψ (t )|φ(t )〉〉 = 〈〈ψ (t ), E(t )|φ(t ), E(t )〉〉
= 〈〈ψ (t ), E(t )|C−1(t )C(t )|φ(t ), E(t )〉〉
= 〈ψ (t ), E(t )|G(t )C−1(t )C(t )|φ(t ), E(t )〉
= 〈ψ (t ), E(t )|C†(t )G(t )C(t )|φ(t ), E(t )〉
= ei{θ[φ(t )]−θ[ψ (t )]}〈ψ (t ), E(t )|G(t )|φ(t ), E(t )〉
= ei{θ[φ(t )]−θ[ψ (t )]}〈〈ψ (t )|φ(t )〉〉〈〈ψ (t )|φ(t )〉〉, (27)

where |ψ (t ), E(t )〉〉 denotes |ψ (t )〉〉 ⊗ |E(t )〉〉 and |ψ (t ), E(t )〉
denotes |ψ (t )〉 ⊗ |E(t )〉. Therefore, as in CQM, |ψ (t )〉〉 and
|φ(t )〉〉 have to be parallel or orthogonal with each other at
time t . To be more precise, because it holds

〈〈ψ (t1)|φ(t1)〉〉 = 〈〈ψ (t2)|φ(t2)〉〉 (28)

for any t1 and t2, the statement is true at any given moment
of time. In other words, if two states are not parallel or
orthogonal to each other at any given time, they can never
be. Therefore, even for C(t ) being a time-dependent operator,
it is impossible for it to exist without leading to the contradic-
tion. This completes the proof of the no-cloning theorem for
general Hamiltonians.

C. No-deleting theorem in NHQM

Not only is copying prohibited, shredding is also forbidden
in QM [69], neither by direct deleting nor through ancilla
states. To show this, we assume there is a linear operator D(t )
that deletes any duplicated quantum state.

Let us consider an arbitrary state |ψ (t )〉〉 and its duplicate.
If deleting the duplicated state directly is possible, then one
can write

D(t )|ψ (t ), ψ (t )〉〉 = |ψ (t ), E(t )〉〉, (29)

where |E(t )〉〉 is, again, some blank state independent of
|ψ (t )〉〉. Contracting both sides of Eq. (29) with 〈〈ψ (t ), E(t )|
gives

〈〈ψ (t ), E(t )|D(t )|ψ (t ), ψ (t )〉〉 = 〈〈ψ (t )|ψ (t )〉〉〈〈E(t )|E(t )〉〉.
(30)

However, repeating the process by replacing |ψ (t ), ψ (t )〉〉
with |aψ (t ), aψ (t )〉〉, where a is some constant, gives

〈〈aψ (t ), E (t )|D(t )|aψ (t ), aψ (t )〉〉
= 〈〈aψ (t )|aψ (t )〉〉〈〈E(t )|E(t )〉〉. (31)

Using the linearity of both the inner product and D(t ), Eq. (31)
becomes

a|a|2〈〈ψ (t ), E(t )|D(t )|ψ (t ), ψ (t )〉〉
= |a|2〈〈ψ (t )|ψ (t )〉〉〈〈E(t )|E(t )〉〉.

(32)

By comparing Eq. (32) with Eq. (30), one finds that only when
a = 0, a = 1, or 〈〈E(t )|E(t )〉〉 = 0 gives a sensible solution.
However, since a is general, the only possible solution left is
〈〈E(t )|E(t )〉〉 = 0. This leads to |E(t )〉〉 = 0 due to the positive
definiteness of the metric and implies

D(t )|ψ (t ), ψ (t )〉〉 = 0. (33)

Hence, a direct deleting process does not exist.
Another possible deleting process is through the aid of

some ancilla state |A(t )〉〉, which reads

D(t )|ψ (t ), ψ (t ), A(t )〉〉 = |ψ (t ), E(t ), A|ψ〉〉(t )〉〉, (34)

where the subscript |ψ〉〉 in |A|ψ〉〉(t )〉〉 means that the state
is an implicit function of |ψ (t )〉〉. Contracting Eq. (34) with
〈〈ψ (t ), E(t ), A|ψ〉〉(t )| gives

〈〈ψ (t ), E(t ), A|ψ〉〉(t )|D(t )|ψ (t ), ψ (t ), A(t )〉〉
= 〈〈ψ (t ), E(t ), A|ψ〉〉(t )|ψ (t ), E(t ), A|ψ〉〉(t )〉〉. (35)

By rescaling |ψ (t )〉〉 to |aψ (t )〉〉 and repeating the procedure
above results in

a|a|2〈〈ψ (t ), E(t ), Aa|ψ〉〉(t )|D(t )|ψ (t ), ψ (t ), A(t )〉〉
= |a|2〈〈ψ (t ), E(t ), Aa|ψ〉〉(t )|ψ (t ), E(t ), Aa|ψ〉〉(t )〉〉.

(36)

Comparing Eqs. (35) and (36) without a being limited
to 0 or 1, the only possible solutions left are |E(t )〉〉 = 0,
|Aa|ψ〉〉(t )〉〉 = 0, or |Aa|ψ〉〉(t )〉〉 = a|A|ψ〉〉(t )〉〉. The first two
cases lead to the unwanted result D(t )|ψ (t ), ψ (t ), A(t )〉〉 = 0.
The third solution shows that |A|ψ〉〉(t )〉〉 is linear in |ψ (t )〉〉.
This means that D(t ) moves the duplicated |ψ (t )〉〉 to the
ancilla state, which is not a deleting operator but a quantum
swapping operator up to a linear scrambling.

In conclusion, neither direct deleting nor deleting through
an ancilla state operator can exist. Therefore, a duplicated
quantum state cannot be deleted through a linear operator in
the NHQM.

D. No-signaling theorem in NHQM

To show that any local measurement performed on a quan-
tum system, say A, renders no statistical effect on another
quantum system, say B, in a general quantum system (no
superluminal communication [64]), the measurement opera-
tors have to be modified according to Table II. Therefore,
the measurements MA j (t ) on system A satisfying the identity
relation, ∑

j

M†
A j (t )MA j (t ) = 1, (37)

062118-6



NON-HERMITIAN HAMILTONIANS AND NO-GO THEOREMS … PHYSICAL REVIEW A 100, 062118 (2019)

TABLE II. List of conventional operators (left) and their corre-
sponding operators (right) in the modified Hilbert space.

Conventional operator Generalized operator in NHQM

Hermitian conjugate Adjoint
O†(t ) O� = G−1(t )O†(t )G(t )

Hermitian Self-adjoint
O†(t ) = O(t ) O†(t )G(t ) = G(t )O(t )

Unitary Generalized unitary
U †(t )U (t ) = 1 U†(t )G(t )U (t ) = G(t )

Density matrix Generalized density matrix
ρ = ∑

i pi|ψi(t )〉〈ψi(t )| ρ = ∑
i pi|ψi(t )〉〉〈〈ψi(t )|

in the CQM have to be modified to∑
j

M�

A j (t )MA j (t ) = 1 (38)

⇒
∑

j

M†
A j (t )GA(t )MA j (t ) = GA(t ) (39)

for the measurements MA j (t ) in NHQM.
Let us consider a state

ρ(t ) =
∑

i

pi|ψi(t )〉〉〈〈ψi(t )| (40)

and assume a measurement on system A, M̃ j (t ) ≡
MA j (t ) ⊗ 1B. Then the reduced density matrix for system B
becomes

ρ ′
B(t ) = trA

∑
i, j

pi|M̃ j (t )ψi(t )〉〉〈〈M̃ j (t )ψi(t )|

= trA

∑
i, j

pi|M̃ j (t )ψi(t )〉〈M̃ j (t )ψi(t )|G(t )

= trA

∑
i, j

piM̃ j (t )|ψi(t )〉〈ψi(t )|M̃†
j (t )G(t )

= trA

∑
i, j

pi|ψi(t )〉〈ψi(t )|M̃†
j (t )G(t )M̃ j (t )

= trA

∑
i

pi|ψi(t )〉〈ψi(t )|G(t )

= trA

∑
i

pi|ψi(t )〉〉〈〈ψi(t )| = ρB(t ), (41)

where G(t ) = GA(t ) ⊗ GB(t ), with GA/B(t ) being the metric
for system A/B. The fourth equality in Eq. (41) uses the cyclic
property of the trace and the fifth equality utilizes Eq. (39),
which renders

M̃†
j (t )G(t )M̃ j (t )

= [M†
A j (t ) ⊗ 1B][GA(t ) ⊗ GB(t )][MA j (t ) ⊗ 1B]

= [GA(t ) ⊗ GB(t )] = G(t ). (42)

Equation (41) shows that the reduced density matrix ρ ′
B(t )

in system B is not affected by the local measurements per-
formed on system A.

E. Entanglement invariance under local
unitary transformation in NHQM

One of the most exotic phenomena in QM, compared to
classical ones, is entanglement. A good entanglement mea-
sure is a function quantifying the entanglement between two
systems, which satisfies a number of conditions [86]. In partic-
ular, it should be invariant under local unitary transformations
[88]. We discuss here the entanglement of formation [89],
which is closely related to the Wootters concurrence [90],
between systems A and B:

E [ρ(t )] = inf
{pi,|ψi〉〉}�ρ

∑
i

piEP[|ψi(t )〉〉], (43)

where {pi, |ψi〉〉} � ρ means a set of probabilities and pure
states such that ρ(t ) = ∑

i pi|ψi(t )〉〉〈〈ψi(t )|, and EP is the
entropy of entanglement for pure states defined as

EP[|ψ (t )〉〉] = −tr[ρA(t ) ln ρA(t )] = −tr[ρB(t ) ln ρB(t )],

(44)

where ρA/B(t ) = trB/A|ψ (t )〉〉〈〈ψ (t )|. The second equality in
Eq. (44) originates from the self-adjointness and semipositive-
ness of the GDM, which renders the eigenvalues to be real and
non-negative.

By the symmetry of the entanglement of formation
[Eq. (44)], without loss of generality, a unitary transformation
UA(t ) is assumed to act on system A that leads to

ρ
(U )
A (t ) = trB[|U (t )ψ (t )〉〉〈〈U (t )ψ (t )|]

= trB[U (t )|ψ (t )〉〉〈〈ψ (t )|U−1(t )]

= U (t )trB[|ψ (t )〉〉〈〈ψ (t )|]U−1(t )

= UA(t )ρA(t )U−1
A (t ), (45)

where U (t ) = UA(t ) ⊗ 1B. Using Eq. (45), the entropy of
entanglement becomes

EP[|U (t )ψ (t )〉〉]
= −tr

[
ρ

(U )
A (t ) ln ρ

(U )
A (t )

]
= −tr

{
UA(t )ρA(t )U−1

A (t ) ln
[
UA(t )ρA(t )U−1

A (t )
]}

= −tr
{
UA(t )ρA(t ) ln

[
ρA(t )

]
U−1

A (t )
}

= −tr{ρA(t ) ln[ρA(t )]} = EP[|ψ (t )〉〉]. (46)

A direct consequence of Eq. (46) is that

E [U (t )ρ(t )U−1(t )] inf
{pi,|Uψi〉〉}�UρU−1

∑
i

piEP[|U (t )ψi(t )〉〉]

= inf
{pi,|ψi (t )〉〉}�ρ

∑
i

piEP[|U (t )ψi(t )〉〉]

= inf
{pi,|ψi (t )〉〉}�ρ

∑
i

piEP[|ψi(t )〉〉] = E [ρ(t )], (47)

where U can be either UA ⊗ 1B or 1A ⊗ UB. In other words,
Eq. (47) confirms that the entanglement of formation is in-
variant under a local unitary transformation also in NHQM.
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F. No entanglement increasing under local
operations in NHQM

It is known that it is impossible to increase the en-
tanglement between two systems by performing any local
operation [91]. This can be shown in NHQM by considering
the entanglement of formation of an arbitrary density matrix
in Eq. (43). Assuming { p̃i, |ψ̃i(t )〉〉} is the set such that

ρ(t ) =
∑

i

p̃i|ψ̃i(t )〉〉〈〈ψ̃i(t )| (48)

and

E [ρ(t )] =
∑

i

p̃iEP[|ψ̃i(t )〉〉], (49)

after performing local operations, the density matrix ρ(t )
becomes

ρ ′(t ) =
∑

j

M jρ(t )G−1(t )M†
jG(t ). (50)

Without loss of generality, assuming that measurements M j

are only performed on the system B, i.e., M j = 1A ⊗ MB j .
Thus,

|[i j](t )〉〉 = 1√
p[i j]

|M jψ̃i(t )〉〉, (51)

where

p[i j] = 〈〈M jψ̃i(t )|M jψ̃i(t )〉〉, (52)

is still a pure state. In other words, { p̃i p[i j], |[i j](t )〉〉} is a set
of pure states such that

ρ ′(t ) =
∑

i j

p̃i p[i j]|[i j](t )〉〉〈〈[i j](t )|. (53)

The entropy of this density matrix is

E (ρ ′) = inf
{p′

i,|ψ ′
i 〉〉}�ρ ′

∑
i

p′
iEP[|ψ ′

i (t )〉〉]

�
∑
i, j

p̃i p[i j]EP(|[i j](t )〉〉]

�
∑

i

p̃iEP

⎡⎣∑
j

√
p[i j]|[i j](t )〉〉

⎤⎦
=
∑

i

p̃iEP[|ψ̃i(t )〉〉] = E [ρ(t )], (54)

where the first inequality comes from the definition of in-
fimum, and the second comes from the concavity of the
von Neumann entropy. The other relations in Eq. (54) result
from

trB

∑
j

p[i j]|[i j](t )〉〉〈〈[i j](t )|

= trB

∑
j

|M jψ̃i(t )〉〉〈〈M jψ̃i(t )|

= trB

∑
j

M j |ψ̃i(t )〉〉〈〈ψ̃i(t )|G−1(t )M†
jG(t )

= trB

∑
j

|ψ̃i(t )〉〉〈〈ψ̃i(t )|G−1(t )M†
jG(t )M j

= trB|ψ̃i(t )〉〉〈〈ψ̃i(t )|, (55)

so that

EP

⎡⎣∑
j

√
p[i j]|[i j](t )〉〉

⎤⎦
= −tr

⎧⎨⎩
⎡⎣trB

∑
j

p[i j]|[i j](t )〉〉〈〈[i j](t )|
⎤⎦

· ln

⎡⎣trB

∑
j

p[i j]|[i j](t )〉〉〈〈[i j](t )|
⎤⎦⎫⎬⎭

= −tr{[trB|ψ̃i(t )〉〉〈〈ψ̃i(t )|] · ln[trB|ψ̃i(t )〉〉〈〈ψ̃i(t )|]}
= EP[|ψ̃i(t )〉〉]. (56)

Therefore, inequalities in Eq. (54) show that the entropy
of formation under local operations cannot be greater than the
original one in NHQM.

V. CONCLUSION

The notion of probability in finite-dimensional QM is
closely related to the corresponding inner product. The total
probability of a system should add up to unity. Any changes
to the total probability of a system do not make any sense. The
generalized or metricized inner product in finite-dimensional
NHQM preserves the idea of the probability conservation by
borrowing the concepts from fiber bundles. In this paper, the
representation of quantum states are taken to be vectors as
usual. Dual states (i.e., covectors), on the other hand, besides
taking Hermitian conjugation, are corrected by a “metric
operator” so that they become 〈ψ (t )|G(t ). A few instructive
examples, showing how to effectively calculate the metric, are
given in Appendix A.

With this metric, some original definition of the operators
lose their physical meaning. Hence, many studies that claimed
that some of the no-go theorems are violated in non-Hermitian
quantum systems might be a false alarm due to the use of the
conventional definition. The generalized definitions of many
related operators are discussed and derived in this paper. Note
that Refs. [41,42] include the proofs of only the no-signaling
theorem, or more precisely, the proofs that the apparent vio-
lation of the no-signaling theorem described in [38] does not
hold. We emphasize that our proof of the no-signaling theorem
is simpler and more general, because it is valid even for non-
PT -symmetric non-Hermitian finite-dimensional systems.
More importantly, we have also proved the other five no-go
theorems, as listed in Table III, which are of fundamental
importance for quantum information processing.

We stress that our paper is devoted to the no-go theorems in
the fully quantum regime of NHQM. Otherwise, in the semi-
classical and classical regimes of NHQM, there is, e.g., no
quantum entanglement (no-signaling, no increase of quantum
entanglement by local operations, and the invariance of entan-
glement under local PT -symmetric unitaries) and, moreover,

062118-8



NON-HERMITIAN HAMILTONIANS AND NO-GO THEOREMS … PHYSICAL REVIEW A 100, 062118 (2019)

TABLE III. List of no-go theorems in quantum information and their brief descriptions.

No-go theorem Description

No signaling Information cannot be transferred using an entangled state alone.
No cloning Duplicating an arbitrary state is impossible.
No deleting Erasing an arbitrary state is impossible.
No perfect discrimination of nonorthogonal states Arbitrary nonorthogonal states cannot be distinguished perfectly.
No increase of quantum entanglement by local

operations
Local operations cannot strengthen the entanglement between two parties.

The invariance of entanglement under local
PT -symmetric unitaries

Entanglement is invariant under local unitary transformations.

perfect cloning, perfect deleting, and perfect discrimination of
nonorthogonal classical states are allowed. Although how far
this formalism can reach is an open question, with these defi-
nitions, many of the no-go theorems in quantum information,
including no-cloning, no-deleting, along with a few others,
are proven to be valid in finite-dimensional NHQM systems,
including the well-known CPT systems, pseudo-Hermitian
systems, and those where BQM is valid. Therefore, NHQM
can still be a candidate for a fundamental physics theory.
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APPENDIX A: EXAMPLES

For pedagogical purposes we give in this Appendix a few
simple but important examples. The readers are also referred
to various instructive examples presented in the existing cor-
rect formulations of the NHQM theory. These include the
mathematics-oriented Ref. [18] and the more physics-oriented
Ref. [17], as well as a recent monograph [20].

This part begins with a trivial check by showing that the
conventional inner product can be reproduced using the metri-
cized inner product. Then a seemingly trivial non-Hermitian
case is discussed. The solution to this case might be trivial;
however, it shows some important physical insights of this
inner product. Last but not least, some methods for finding the
metric for a simple PT -symmetric Hamiltonian are demon-
strated. The Hamiltonian is easy to work with and shows all
different aspects of the inner product.

1. Hermitian Hamiltonian

It is not hard to see that the conventional inner product for
NHQM is a special case of the inner product with G(t ) = 1.
To see if G(t ) = 1 is a proper metric, it must satisfy all the
requirements stated in Sec. II. First, 1 is obviously Hermitian
and positive definite. Second, G(t ) = 1 is indeed a trivial
solution to Eq. (4) since H = H†. This means that the NHQM
inner product of a Hermitian Hamiltonian can be

〈〈ψ1(t )|ψ2(t )〉〉 = 〈ψ1(t )|1|ψ2(t )〉 = 〈ψ1(t )||ψ2(t )〉. (A1)

It is not surprising that the inner product for CQM is then
recovered.

2. A trivial non-Hermitian Hamiltonian

The next example is a NHQM Hamiltonian of a one-
dimensional quantum space, namely,

H = ω − i
	

2
. (A2)

The most general Hermitian and positive-definite solution to
Eq. (4) in this case is

G(t ) = G0 exp(t	) (A3)

with G0 > 0. Although this example seems mathematically
trivial, it is actually nontrivial for further understanding the
underlying physics concept. For example, Eq. (A3) is an un-
bounded operator which is usually discarded due to physical
constraints (i.e., no infinities allowed) and, therefore, there is
no solution to Eq. (4) with this Hamiltonian (or at least the
domain of t has to be carefully chosen so that the solution is
bounded in the region). Furthermore, the most general state
for this Hamiltonian is

|ψ (t )〉〉 = ψ0 exp

(
−itω − t

	

2

)
, (A4)

which also seems to suffer from the unboundedness. However,
neither G(t ) nor |ψ (t )〉〉 alone is physical, so that G(t ) and
|ψ (t )〉〉 are not necessarily bounded. But when it comes to the
inner product, not only it is bounded but remains a constant in
time, namely,

〈〈ψ (t )|ψ (t )〉〉 = (ψ0eitω−t	/2)(G0et	 )(ψ0e−itω−t	/2)

= |ψ0|2G0 = 〈〈ψ (0)|ψ (0)〉〉. (A5)

Consequently, once the norm squared is normalized at some
time, it stays normalized at any time. One might be expecting
the “probability” to decay, but there is only one state that
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can be measured in the system; hence, the probability of
measuring that state at every instant should be 100%. To find
this “decay,” the state has to be compared with the “past” state.

3. PT -symmetric Hamiltonian

Our example is a two-dimensional quantum space with
an interacting PT -symmetric Hamiltonian. This example is
simple but conceptually rich and interesting since it shows
almost all kinds of time dependences of the metric (from
constant, oscillating, polynomial, to exponential growth or
decay). A Hamiltonian of this kind was first given in [48]

H =
(

reiθ s

s re−iθ

)
, (A6)

with r, θ, s ∈ R, and s �= 0.
A quick inspection of this Hamiltonian shows that it be-

comes nondiagonalizable when s2 = r2 sin θ , and, as will be
discussed shortly, only when s2 > r2 sin2 θ does it allow a
constant metric. Therefore, the metric has to be separately
discussed in three different situations, namely, s2 > r2 sin2 θ ,
s2 < r2 sin2 θ , and s2 = r2 sin2 θ , which correspond to the
PT -unbroken region, PT -broken region, and an exceptional
point, respectively. Note that the Hamiltonian is continuous in
all the parameters.

There are many ways to find the metric,

G(t ) =
(

g11(t ) g12(t )

g21(t ) g22(t )

)
; (A7)

for comparison, and two methods are used in this Appendix:
a brute-force method and a method based on the generalized-
completeness-relation method, given by Eq. (10). The brute-
force method corresponds to solving Eq. (4) directly and
finding the relations between the undetermined coefficients.
This method gives the most general metric, but it is some-
times really hard to effectively apply it. The generalized-
completeness-relation method is slightly less general, but it
shows some important physical features of the metric.

a. PT unbroken region

We first deal with the case for s2 > r2 sin2 θ . It will be
shown shortly that the Hamiltonian in Eq. (A6) indeed allows
a constant metric in the region. As the first nontrivial example,
our discussion will be in slightly more detail.

(a) Brute-force method
The general solutions to Eq. (4) with the Hamiltonian given

in Eq. (A6) is

g11(t ) = −C+eiφ+(t ) + C−e−iφ+(t ) + C1,

g22(t ) = C+eiφ−(t ) − C−e−iφ−(t ) + C1,

g12(t ) = C2 − C+eiφ0(t ) − C−e−iφ0(t ) − iC1 sin α,

g21(t ) = 2C2 − g12(t ),

(A8)

where

sin α ≡ r

s
sin θ, (A9)

φ±(t ) ≡ φ0(t ) ± α, (A10)

φ0(t ) ≡ 2ts cos α, (A11)

and C±,1,2 ∈ C are undetermined constants. The Hermiticity
of the metric simplifies the components to

g11(t ) = −A cos φ+(t ) + B sin φ+(t ) + C,

g22(t ) = A cos φ−(t ) − B sin φ−(t ) + C,

g12(t ) = D − i[A sin φ0(t ) + B cos φ0(t ) + C sin α],

g21(t ) = g∗
12(t ),

(A12)

where A, B, C, D ∈ R. Finally, it can be shown that
the positivity of the metric requires C >

√
A2 + B2 and

(C2 − A2 − B2) cos2 α > D2.
One can easily find that when A = B = 0, G(t ) becomes

a constant metric. Furthermore, Bender’s inner product can
be reproduced by setting A, B, D to zero and C = 1/ cos α,
which results in

G(t ) = 1

cos α

(
1 −i sin α

i sin α 1

)
. (A13)

(b) Method based on the generalized completeness relation
The completeness relation in CQM is

∑
n |n〉〈n| = 1,

where the kets |n〉 form a complete set of bases. But in a
non-Hermitian system, this relation has to be generalized to∑

n

|n(t )〉〉〈〈n(t ) | = 1 (A14)

⇒
∑

n

|n(t )〉〈n(t )|G(t ) = 1. (A15)

Note that the time dependence is shown explicitly in the gen-
eralized completeness relation. In fact, the time dependence
cancels out directly in the conventional relation and so does
the non-Hermitian case. This relation allows one to find a
metric including its time dependence. Two different choices
of complete sets of bases are worked out in the following.

(i) Standard choice. Since the Hamiltonian in Eq. (A6) is
diagonalizable in this region, the eigenvectors form a com-
plete basis set. These eigenvectors can be used as the bases at
t = 0:

|1(0)〉 = a

(
eiα/2

e−iα/2

)
and |2(0)〉 = b

(
e−iα/2

−eiα/2

)
, (A16)

where cos α =
√

1 − ( r
s )2 sin2 θ . The time evolutions of these

vectors are

|1(t )〉 = a exp(−iλ+t )

(
eiα/2

e−iα/2

)
,

|2(t )〉 = b exp(−iλ−t )

(
e−iα/2

−eiα/2

)
, (A17)

where λ± =
√

r2 − s2 sin2 α ± s cos α. The generalized com-
pleteness relation becomes

1 = [|1(t )〉〈1(t )| + |2(t )〉〈2(t )|]G(t )

⇒ G(t ) = [|1(t )〉〈1(t )| + |2(t )〉〈2(t )|]−1, (A18)
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where

G(t ) =
( C+ iC+ sin α + C− cos α

−iC+ sin α + C− cos α C+

)−1

,

(A19)

with C± = |a|2 ± |b|2. The metric can be read out from the
above equation:

G(t ) =
(

Ã+ −iÃ+ sin α + Ã−
iÃ+ sin α + Ã− Ã+

)
, (A20)

where

Ã± = |b|2 ± |a|2
2(|a|4 + |b|4) cos2 α

. (A21)

Not only does this method recover the time-independent G(t )
that was found using the brute-force method, but it also
satisfies the constraints on these coefficients.

The proportional constants of the eigenvectors are chosen
to be a = 1/

√
2 cos α and b = ia in [16]. This indeed leads to

G(t ) = 1

cos α

(
1 −i sin α

i sin α 1

)
(A22)

provided in [16].
(ii) Instantaneously diagonal choice. In the standard

choice, it is obvious that the coefficients in the constant metric,
given in Eq. (A20), could be altered by rescaling the bases.
However, the metric found by the brute-force method can
have time dependence, which cannot be reconstructed using
the eigenvectors of the Hamiltonian as bases. It is mentioned
in Sec. II that different metrics G(t ) correspond to different
choices of bases. Therefore, another set of bases can be
introduced such that the metric has no off-diagonal parts at
t = 0 and the bases are chosen to be

|1(0)〉 =
(

c
0

)
and |2(0)〉 =

(
0
d

)
. (A23)

The time evolution of the bases are

|1(t )〉 = ce−iγ t

cos α

(
cos(ts cos α − α)
−i sin(ts cos α)

)
,

|2(t )〉 = de−iγ t

cos α

( −i sin(ts cos α)
cos(ts cos α + α)

)
,

(A24)

where cos α =
√

1 − ( r
s )2 sin2 θ and γ =

√
r2 − s2 sin2 α.

Using Eq. (10), the components of G(t ) are found to be

g11(t ) = −A′
− cos φ+(t ) + B′ sin φ+(t ) + A′

+,

g22(t ) = A′
− cos φ−(t ) − B′ sin φ−(t ) + A′

+,
(A25)

g12(t ) = −i(A′
− sin φ0(t ) + B′ cos φ0(t ) + A′

+ sin α),

g21(t ) = g∗
12(t ),

where

φ±(t ) ≡ φ0(t ) ± α, (A26)

φ0(t ) ≡ 2ts cos α, (A27)

A′
± = |a|2 ± |b|2

2|ab|2 cos α
, (A28)

and

B′ = −A+ tan α. (A29)

The relations between A′
± and B′ indeed satisfy the constraints

found by the brute-force method. Since in this case B′ never
vanishes for α �= 0 (the non-Hermitian case), the metric has to
be time dependent. Setting a = 1 = b, the metric is 1 at t = 0;
however, the off-diagonal parts appear as time evolves.

b. PT -broken region

We now proceed to the case for s2 < r2 sin θ . Using the
brute-force method, the components of G(t ) are found to be

g11(t ) = −Ã+
−e2λt + Ã−
+e−2λt + B̃,

g22(t ) = Ã+
+e2λt − Ã−
−e−2λt + B̃,

g12(t ) = −i
(
Ã+e2λt + Ã−e−2λt + B̃ r

s
sin θ

)
+ C̃,

g21(t ) = g∗
12(t ),

(A30)

where λ =
√

r2 sin2 θ − s2 and 
± = λ
s ± r

s sin θ . The Her-
miticity and positive-definiteness of G(t ) restrict the coeffi-
cients to obey Ã± r

s sin θ > 0, B̃ > −(Ã+ + Ã−)sgn( r
s sin θ ),

C̃ ∈ R, and (4Ã+Ã− − B̃2)λ2 > C̃2s2. In other words, the
metric has to be time dependent.

Next, the generalized-completeness-relation method is
used to find the corresponding metric. The bases are chosen
to be the eigenvectors of the Hamiltonian:

|1(t )〉 = a exp(−itr cos θ + tλ)

(
s

−i(r sin θ − λ)

)
,

|2(t )〉 = b exp(−itr cos θ − tλ)

(
i(r sin θ − λ)

s

)
,

(A31)

where λ is defined above.
Solving Eq. (10), the components of G(t ) become

g11(t ) = −Ab
−e2λt + Aa
+e−2λt ,

g22(t ) = Ab
+e2λt − Aa
−e−2λt ,

g12(t ) = −i(Abe2λt + Aae−2λt ),

g21(t ) = g∗
12(t ),

(A32)

where Ax = s
2|x|2r sin θ

for x = a, b. This confirms that even if
the eigenvectors of the Hamiltonian are chosen as the bases,
the metric is still dynamical over time.

c. Exceptional point

There are many interesting phenomena which occur when
some eigenstates coalesce. As mentioned in the beginning
of this section, the Hamiltonian becomes nondiagonalizable
at s2 = r2 sin θ . The application of the brute-force method
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is almost parallel to the previous examples; however, the
generalized-completeness-relation method using a standard
choice of bases (the eigenstates of the Hamiltonian) needs
extra care. The brute-force method gives the following result:

g11(t ) = 2r sin θ (A′r sin θ + sB′)t2

− 2[r sin θ (A′ + C ′) + sB′]t + (A′ + C ′),

g22(t ) = 2r sin θ (A′r sin θ + sB′)t2 (A33)

+ 2[r sin θ (A′ − C ′) + sB′]t + (A′ − C ′),

g12(t ) = D′ − i[2s(A′r sin θ + sB′)t2 − 2C ′st − B′],

g21(t ) = g∗
12(t ),

and the constraints are all undetermined constants being real,
A′2 − B′2 − C ′2 − D′2 > 0, and (A′2 − C ′2)r2 sin2 θ > s2B′2.
Like in the PT -broken case, the metric has to be time depen-
dent.

Working with the generalized-completeness-relation
method, the eigenvectors of the Hamiltonian are again
treated as the bases. However, this set consists only of one
eigenvector and obviously cannot form a complete set of
bases for a two-dimensional quantum space. The completion
requires the set of basis vectors to include a generalized
eigenvector so that the basis vectors are

|1(0)〉 = a

(
i r

s sin θ

1

)
, |2(0)〉 =

(
a − b

ibr
s sin θ

)
, (A34)

where |1(0)〉 is the eigenvector and |2(0)〉 is the generalized
eigenvector (with a rescaling so both basis vectors have the
same unit). The time evolutions read

|1(t )〉 = a exp(−irt cos θ )

(
i r

s sin θ

1

)
(A35)

and

|2(t )〉 = exp(−irt cos θ )

(
art sin θ + a − b

i
(− ast + br

s sin θ
)). (A36)

The result is formally the same as the components in
Eq. (A33) but the coefficients are now

A′ = 1

2|a|4 [3|a|2 + 2|b|2 − 2�(ab)],

B′ = −r sin θ

|a|4s
[|a|2 + |b|2 − �(ab)],

C ′ = 1

2|a|4 [−|a|2 + 2�(ab)],

D′ = −r sin θ

|a|4s
�(ab).

(A37)

It can be checked that these constants indeed satisfy all the
constraints obtained from the brute-force method.

APPENDIX B: GENERALIZED DENSITY
MATRICES IN NHQM

This Appendix covers all the subjects about the GDM, as
mentioned in Sec. III C, except the no-go theorems.

1. Pure-state expansion of generalized density matrices

The density matrices are most useful when the relative
phases between the components in a given state are not
known, which corresponds to a mixed state. The expectation
value of an observable O on a system in a mixed state can still
be found as follows:

〈O〉 = tr[ρ(t )O], (B1)

where ρ(t ) is the density matrix of a given system. The
derivation is split into two parts for pure and mixed states.

(a) Pure state case
By definition, a pure state is a ray in a Hilbert space, |φ(t )〉〉.

The expectation of O is simply

〈O〉 = 〈〈φ(t ) |O|φ(t )〉〉 = tr[|φ(t )〉〉〈〈φ(t ) |O]. (B2)

Hence it is a trivial case of Eq. (21), where p1 = 1 and
|ψ1(t )〉〉 = |φ(t )〉〉.

(b) Mixed state case
For a quantum system that the probability of obtaining

|ψn(t )〉〉 is pn for n = 1, 2, . . .. Then the state can be written
as

|ψ{θ}(t )〉〉 =
∑

i

√
pie

iθi |ψi(t )〉〉, (B3)

where {θ} is short for {θ1, θ2, . . . }. Then the expectation value
of the observable O for the state |ψ{θ}(t )〉〉 is

〈O〉{θ}

=
⎡⎣∑

j

√
p je

−iθ j 〈〈ψ j (t )|
⎤⎦O[∑

i

√
pie

iθi |ψi(t )〉〉
]

= tr

⎧⎨⎩
[∑

i

√
pie

iθi |ψi(t )〉〉
]⎡⎣∑

j

√
p je

−iθ j 〈〈ψ j (t )|
⎤⎦O

⎫⎬⎭.

(B4)

However, without any prior knowledge of the phases, the
outcome of O can only be averaged over all phases uniformly.
If we set Ai j (t ) ≡ √

pi p j |ψi(t )〉〉〈〈ψ j (t )|, the average outcome
of the ensemble becomes

〈O〉 =
∫ 2π

0

∏
k

dθk

2π
〈O〉{θ}

=
∫ 2π

0

∏
k

dθk

2π
tr

⎡⎣∑
i, j

ei(θi−θ j )Ai j (t )O

⎤⎦
=
∫ 2π

0

∏
k

dθk

2π
tr

[∑
i

Aii(t )O
]

+
∫ 2π

0

∏
k

dθk

2π
tr

⎡⎣∑
i �= j

ei(θi−θ j )Ai j (t )O

⎤⎦
= tr

[∑
i

Aii(t )O
]

= tr

[∑
i

pi|ψi(t )〉〉〈〈ψi(t ) |O
]
,

(B5)
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where the second to the last equality is a result of∫
dθ exp(iθ ) = 0. Comparison of Eq. (B5) and Eq. (B1)

shows that

ρ =
∑

i

pi|ψi(t )〉〉〈〈ψi(t ) |, (B6)

indeed, plays the role of a density matrix. The rest of this
Appendix is to show that the GDM satisfy the postulates of
a true density matrix and its time evolution.

2. Self-Adjointness and positive semidefiniteness
of generalized density matrices

It is well known that a density matrix has to be self-adjoint,
positive semidefinite, and the trace being unity. Here we show
that the density matrix, defined in Eqs. (21) and Eq. (B6), is
self-adjoint and positive semidefinite. To demonstrate that the
density matrix is self-adjoint, it is useful to find the Hermitian
conjugate of ρ(t ):

ρ†(t ) =
[∑

i

pi|ψi(t )〉〈ψi(t )|G(t )

]†

= G(t )
∑

i

pi|ψi(t )〉〈ψi(t )|

= G(t )
∑

i

pi|ψi(t )〉〈ψi(t )|G(t )G−1(t )

= G(t )ρ(t )G−1(t ). (B7)

Acting with G(t ) on both sides of Eq. (B7) from the right gives

ρ†(t )G(t ) = G(t )ρ(t ). (B8)

By the self-adjoint condition, given in Eq. (15), it is clear that
the density matrix is indeed self-adjoint.

Showing that the density matrix is positive semidefinite is
quite straightforward:

〈〈�(t ) |ρ(t )|�(t )〉〉
=
∑

i

pi〈〈�(t ) | ψi(t )〉〉〈〈ψi(t ) | �(t )〉〉

=
∑

i

pi|〈〈ψi(t ) | �(t )〉〉|2 � 0, (B9)

where the second equality comes from Eq. (6). To show that
the trace of this density matrix is unity at every instant, it is
necessary to find the dynamics of ρ(t ) which is discussed in
the next part of this Appendix.

3. Time evolution of generalized density matrices

The time evolution of every states is governed by
Schrödinger’s equation

∂t |ψi(t )〉〉 = −iH (t )|ψi(t )〉〉. (B10)

Since the corresponding bra is defined as 〈〈ψi(t )| =
〈ψi(t )|G(t ), the time evolution can be found by using the

Leibniz rule:

∂t 〈〈ψi(t ) | = [∂t 〈ψi(t )|]G(t ) + 〈ψi(t )|∂t G(t )

= [i〈ψi(t )|H†(t )]G(t )

+ 〈ψi(t )|[iG(t )H (t ) − iH†(t )G(t )
]

= i〈ψi(t )|G(t )H (t ) = i〈〈ψi(t ) |H (t ). (B11)

Inserting the above result into Eq. (B5) or Eq. (B1) implies

∂tρ(t ) = ∂t

∑
i

pi|ψi(t )〉〉〈〈ψi(t ) |

=
∑

i

pi[∂t |ψi(t )〉〉]〈〈ψi(t ) |

+
∑

i

pi|ψi(t )〉〉[∂t 〈〈ψi(t ) |]

= −i

h̄

∑
i

piH |ψi(t )〉〉〈〈ψi(t ) |

+ i

h̄

∑
i

pi|ψi(t )〉〉〈〈ψi(t ) |H

= − i

h̄
[H, ρ(t )]. (B12)

Therefore, the GDM obeys the quantum Liouville equation
for any Hamiltonian.

4. The trace of generalized density matrices

Equation (B12) is almost a solid evidence that the trace
of a density matrix is invariant under time evolution. The only
missing piece is to show that the trace commutes with the time
derivative. To prove this, the trace is also modified to

tr(A(t )) =
∑

n

〈〈n(t ) |A(t )|n(t )〉〉. (B13)

The reason for writing explicitly the time dependence in
this equation is to make sure that the complete set of states
also evolves with the operator. Before showing that the time
derivative commutes with the trace operation, it is useful to
show the cyclic property:

tr[A(t )B(t )C(t )]

=
∑

n

〈〈n(t ) |A(t )B(t )C(t )|n(t )〉〉

=
∑
m,n

〈〈n(t ) |A(t )|m(t )〉〉〈〈m(t ) |B(t )C(t )|n(t )〉〉

=
∑
m,n

〈〈m(t ) |B(t )C(t )|n(t )〉〉〈〈n(t ) |A(t )|m(t )〉〉

=
∑

m

〈〈m(t ) |C(t )B(t )A(t )|m(t )〉〉

= tr[B(t )C(t )A(t )], (B14)

where the generalized completeness relation, given in
Eq. (11), is used repeatedly.
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With the cyclic property of the trace, it is easy to prove that
the trace and time derivative operations commute:

tr[∂t A(t )] − ∂t tr[A(t )]

=
∑

m

〈〈m(t ) |[∂t A(t )]|m(t )〉〉 − ∂t

∑
n

〈〈n(t ) |A(t )|n(t )〉〉

= −
∑

n

{[∂t 〈〈n(t ) |]A(t )|n(t )〉〉 + 〈〈n(t ) |A(t )[∂t |n(t )〉〉]}

= i

h̄

∑
n

{〈〈n(t ) |[H (t )A(t ) − A(t )H (t )]|n(t )〉〉} = 0,

(B15)

where the last equality uses the cyclic property of the trace
operation.

With these useful properties of the trace operation,
Eq. (B12) shows that the trace of a density matrix is constant
in time:

tr[∂tρ(t )] = − i

h̄
tr[H, ρ(t )] ⇒ ∂t tr[ρ(t )] = 0, (B16)

where the cyclic property of the trace operation is used. When
〈〈ψi(t )|ψi(t )〉〉 = 1 for all i and

∑
i pi = 1, one observes that

trρ(t ) =
∑

i

pi〈〈ψi(t ) | ψi(t )〉〉 =
∑

i

pi = 1. (B17)

This result finally shows that the GDM qualifies to be a
density matrix in the Hilbert space.

[1] C. M. Bender and S. Boettcher, Real Spectra in Non-Hermitian
Hamiltonians Having PT Symmetry, Phys. Rev. Lett. 80, 5243
(1998).
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