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We propose how to achieve quantum nonreciprocity via unconventional photon blockade (UPB) in a compound
device consisting of an optical harmonic resonator and a spinning optomechanical resonator. We show that, even
with very weak single-photon nonlinearity, nonreciprocal UPB can emerge in this system, i.e., strong photon

antibunching can emerge only by driving the device from one side but not from the other side. This nonreci-
procity results from the Fizeau drag, leading to different splitting of the resonance frequencies for the optical
counter-circulating modes. Such quantum nonreciprocal devices can be particularly useful in achieving back-

action-free quantum sensing or chiral photonic communications.

https://doi.org/10.1364/PRJ.7.000630

© 2019 Chinese Laser Press

1. INTRODUCTION

Photon blockade (PB) [1-5], i.e., the generation of the first pho-
ton in a nonlinear cavity, diminishes to almost zero the probabil-
ity of generating another photon in the cavity; it plays a key role
in single-photon control for quantum technology applications
nowadays [6—8]. In experiments, PB has been demonstrated
in cavity-QED or circuit-QED systems [4,5,9—12]. It has also
been predicted in various nonlinear optical systems [13—15]
and optomechanical (OM) devices [16-20]. Conventional PB
occurs under the stringent condition of strong single-photon
nonlinearities, which is highly challenging in practice.

To overcome this obstacle, coupled-resonator systems,
with destructive interferences of different dissipative pathways
[21-24], have been proposed to achieve unconventional PB
(UPB) even for arbitrarily weak nonlinearities [23-37]. UPB
provides a powerful tool to generate optimally sub-Poissonian
light and also a way to reveal quantum correlations in weakly
nonlinear devices [33,34]. Recently, UPB was demonstrated
experimentally in coupled optical [36] or superconducting res-
onators [37].

It should be stressed that PB and UPB are very different
phenomena, and, thus, their nonreciprocal generalizations
are different as well. Indeed PB refers to a process where a single
photon is blocking the entry (or generation) of more photons in
a strongly nonlinear cavity. Thus, PB refers to state truncation,
also referred to as nonlinear quantum scissors [38,39]. PB
can be used as a source of single photons, since the PB light
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is sub-Poissonian (or photon antibunched) in second and
higher orders, as characterized by the correlation functions
g"(0) <1 for n=2,3,.... By contrast to PB, UPB refers
to the light that is optimally sub-Poissonian in the second order,
2%(0) ~0, and is generated in a weakly nonlinear system
allowing multi-path interference (e.g., two linearly coupled
cavities, when one of them is also weakly coupled to a two-level
atom). Thus, PB and UPB are induced by different effects: PB
due to a large system nonlinearity and UPB via multipath in-
terference even assuming extremely weak system nonlinearity.
Note that light generated via UPB can exhibit higher-order
super-Poissonian photon-number  statistics, g”(0) > 1 for
some 7 > 2. Thus, UPB is, in general, not a good source of
single photons. This short comparison of PB and UPB indicates
that the term UPB, as coined in Ref. [40] and now commonly
accepted, is fundamentally different from PB, concerning their
physical mechanisms and the properties of the light generated
in them.

Here, we propose achieving and controlling nonreciprocal
UPB with spinning devices. Nonreciprocal devices allow the
flow of light from one side but block it from the other.
Thus, such devices can be applied in noise-free quantum infor-
mation signal processing and quantum communication for can-
celing interfering signals [41]. Nonreciprocal optical devices
have been realized in OM devices [41—43], Kerr resonators
[44—46], thermo systems [47-49], devices with temporal
modulation [50,51], and non-Hermitian systems [52-54].
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In a very recent experiment [55], 99.6% optical isolation was
achieved in a spinning resonator based on the optical Sagnac
effect. By using the spinning resonators, optomechanically in-
duced transparency [56] and ultrasensitive nanoparticle sensing
[57] have also been studied. However, these studies have mainly
focused on the classical regimes, i.e., unidirectional control of
transmission rates instead of quantum noises. We also note that
in recent works, single-photon diodes [58—60], unidirectional
quantum amplifiers [61-65], and one-way quantum routers
[66] have been explored. In particular, nonreciprocal PB was
predicted in a Kerr resonator [67] or a quadratic OM system
[68], which, however, relies on the conventional condition of
strong single-photon nonlinearity. These quantum nonrecipro-
cal devices have potential applications for quantum control of
light chiral and topological quantum technologies [69].

We also note that coupled-cavity systems have been studied
extensively in experiments [37,70—72], providing a unique way
to achieve not only UPB, but also phonon laser [72-76], slow
light [77], and force sensing [70,71,78]. Here, we study non-
reciprocal UPB in a coupled system with an optical harmonic
cavity and a spinning OM resonator. We find that, by the spin-
ning of an OM resonator, UPB can emerge nonreciprocally
even with weak single-photon nonlinearity; that is, strongly
antibunched photons can emerge only when the device is
driven from one side but not the other side. Our work opens
up a new route to engineer quantum chiral UPB devices, which
can have practical applications in achieving, for example, pho-
tonic diodes or circulators, and nonreciprocal quantum com-
munications at the few-photon level.
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2. MODEL AND SOLUTIONS

We consider a compound system consisting of an optical har-
monic resonator (with a resonance frequency @; of the cavity
field and a decay rate of ;) and a spinning anharmonic res-
onator (with a resonance frequency @y of the cavity field and a
decay rate of kp), as shown in Fig. 1. External light is coupled
into and out of the resonator through a tapered fiber of fre-
quency @, and these two whispering-gallery-mode resonators
are evanescently coupled to each other with a coupling strength
of / [79]. Note that the required strong Kerr nonlinearity,
K = 3k (where « is the cavity linewidth), in the previous pro-
posal [67] is challenging for the current experiments. Here, we
can use an experimentally feasible Kerr-nonlinear strength to
realize nonreciprocal PB, i.e., K ~ 0.04x [37], which is two
orders of magnitude smaller than that in the former work
[67]. Weak Kerr couplings can be achieved in cavity-atom sys-
tems [80], magnon devices [81], and OM systems [82], on
which we focus here. We consider a weak OM coupling
strength (¢ ~ 0.63«) in an auxiliary cavity that is well within
the current experimental abilities [83—-85]. In a spinning reso-
nator, the refractive indices associated with the clockwise (+)
and anticlockwise (-) optical modes are given as 7. =
[l + nv(n? - 1)/c], where v = rQ is the tangential velocity
with an angular velocity of © and radius » [55]. For light
propagating in the spinning resonator, the optical mode expe-
riences a Fizeau shift A [86], that is, wp = wp + Ap, with
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Fig. 1. Nonreciprocal UPB in a coupled-resonator system. Spinning the OM (Kerr-type) resonator results in different Fizeau drag Ag for the

counter-circulating whispering-gallery modes of the resonator. (a) By driving the system from the left-hand side, the direct excitation from state |1, 0)
to state |2,0) (red dotted arrow) will be forbidden by destructive quantum interference with the other paths drawn by green arrows, leading to
photon antibunching. (b) Photon bunching occurs when the system is driven from the right side, due to lack of complete destructive quantum
interference between the indicated levels (drawn by crossed green dotted arrows). Here, 6 = g?/w,, is the energy shift induced by the OM
nonlinearity.
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where wp = 27c/ is the optical resonance frequency of the
nonspinning OM resonator, ¢ (4) is the speed (wavelength)
of light in vacuum, and # is the refractive index of the cavity.
The dispersion term d7n/d4, characterizing the relativistic origin
of the Sagnac effect, is relatively small in typical materials
(~1%) [55,86]. For convenience, we always assume counter-
clockwise rotation of the resonator. Hence, &=Ar denote light
propagating against (Ap > 0) and along (A < 0) the direction
of the spinning OM resonator, respectively.

In a rotating frame with respect to Hy = @, (chﬂL + aRaR)
the effective Hamiltonian of the system can be written as
(see Appendix A for more details)

H = flALﬂ;dL + h(AR + AF)ﬂ;ﬂR + ha)mb-{—b
+ hJ(ajag + apar) + hgapar(b’ + b)
+ ihe () - 1), 2

where a; (az) and ap (&Z;) are the photon annihilation (crea-
tion) operators for the cavity modes of the optical cavity
(denoted with the subscript Z) and the OM cavity (denoted
with the subscript R), respectively. & (b7) is the annihilation
(creation) operator for the mechanical mode of the OM
cavity. The frequency detuning between the cavity field in
the left (right) cavity and the driving field is denoted as
Ay = wg - wy, where K = L, R. The parameter / denotes
the strength of the photon hopping interaction between the
two cavity modes, and g = wg/#[h/(2m®,,)]'> describes
the radiation-pressure coupling between the optical and vibra-
tive modes in the OM resonator with frequency ®,, and effec-
tive mass m. €; = +/k; Py, /(hw,) denotes the driving strength
that is coupled into the compound system through the optical
fiber waveguide with a cavity loss rate of x; and driving
power P,

The Heisenberg equations of motion of the system are then
written as

aq = Wyp,

d Ym

2 =0 - gpapag - Srt $
d
dz

d K
gﬂR = _ <7R + iA}) ap - ifa; - igyqar + /Krapn (3)

K
a; = _<?L + iAL>ﬂL —ifag + €4+ /K

where p and g are dimensionless canonical position and mo-
mentum, with p = i(6" - 6)/v/2 and g = (b+ b7)/ /2, re-
spectively. Ay = Ap + Ap and g, = ﬁg, and x; = w;/Q;
(kp = wp/Qp) is the dissipation rate and Q; (Qp) is the qual-
ity factor of the left (right) cavity. y,, = ,,/ Q, is the damp-
ing rate with Q,; the quality factor of the mechanical mode.
Moreover, ¢ is the zero-mean Brownian stochastic operator,
(&(2)) = 0, resulting from the coupling of the mechanical res-
onator with the corresponding thermal environment and sat-
isfying the correlation function [87]

(EDER) = / dwe T, (@), @)

where

hw
I, (w)= o, |:1 + coth (2/?3 T>:| , (5)

T is effective temperature of the environment of the mechani-
cal resonator, and kjz is the Boltzmann constant. The
annihilation operators a; ;, and ap, are, respectively, the input
vacuum noise operators of the optical cavity and the OM cavity
with zero mean value, ie., (2;;,) = (2z;,) =0, and they
comply with the time-domain correlation functions [88,89]

(al (D () = 0,
(D 0(2)) = 8(2 - 1), ©6)

for K = L, R. Because the whole system interacts with a low-
temperature environment (here we consider 0.1 mK), we ne-
glect the mean thermal photon numbers at optical frequencies
in the two cavities. In order to linearize the dynamics around
the steady state of the system, we expend the operators as the
sum of its steady-state mean values and a small fluctuation
with zero mean value around it; that is, 2; = a + a4y,
ap = f + dap, q = q, + ¢, and p = p, + 6p. By neglecting
higher-order terms, da;8a;, the linearized equations of the
fluctuation terms can be written as

d

d i Tm

0 = w80 - g,(p"Say + poal) - %5;; + ¢
d
dr
d
dz

Sa; = - (KZL + z‘AL> bay - ifdap + /Kpapn,

dap = - (’%R + iAk) bay - ifday - ig,q.Oay

- ig,p69 + /Kragn- (7)

These equations can be solved in the frequency domain (see
Appendix B). In particular, we find

Say(0) = E(@)ay () + F(@)ap;, (@) + G(@)ag;, ()
+ H@)dl (@) + Q@)(@), ®

where

Eo) = Ji5.

-

G(w) = kg jagw;

H) = - G5 .

Q) =i 2L ) + AL O

and
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Ay () = K"; + ia)>2 " A%z] V()

g [“ )] Vi) + V1,

m

) =g,

As(w) = -/ Vi(0) V3 - if,

Aa) =

As(@) = Vi Ay (@) + iJ A5 @), (10)

where we introduced the auxiliary functions

Ay = Dp+ g9, - GBPr (@),
)((CU) — Cl)%,,/ (w > + la)Ym)
+ Ky .

Vi) =L+ i(a; - o),

VE(w) = ’%R + i(Ag - @), (11)

3. NONRECIPROCAL OPTICAL CORRELATIONS

Now, we focus on the statistical properties of photons in
an optical cavity, which are described quantitatively via the
normalized zero-time-delay second-order correlation function

¢2(0) = (a*8)/(a}a;)* [29,89]. By taking the semi-
classical apf)rommanon i.e., a; = a+ 6a;, the correlation
function gL (O) can be given as [29]

la|* + 4|a]*R, + 2 Re[a*?R,] + R4
(lal* +Ry)? ’
where Rl (54L(t)5zzL(t)) = ([6a,(H)]*), and R; =
(&zL(t)&aL(t)(saL(t)éaL(t)) = 2R1 + | R,
From Eq. (8), the correlation between 6a;(r) and 5aL(t)
can be calculated as

¢7(0) = (12)

daf (r) = &zL(t) ba; (t) = daz(¢), and
X o = Q)T (-0) + |F(-0)* + |H(-0)[%,

Xupa, = Q) Q(-0),(-0) + E(w)F(-w)
+ G(w)H(-w). (14)

To obtain more accurate results, we introduce the density operator
p(#) and numerically calculate the normalized zero-time-delay sec-
ond-order correlation by the Lindblad master equation [90]:

Py %[H, pl+ 5 Llas)(p) + 5 Llagl(p)

D G+ DL + 222, L161), (15)

where C[o](p) = 20po’ - 0'0p - po’o are the Lindblad super-
operators [89], for o= a;, ap, b, and b', and 7, =
1/lexp(hw,,/kpT) - 1] is the mean thermal phonon number
of the mechanical mode at temperature 7.

The second-order correlation function g,(2)(0) is shown
in Fig. 2 as a function of optical detuning A /k and angular veloc-
ity @ We assume A; = Ay -6 = A and k; = kp = k and use
experimentally feasible parameters [53,83,91-95], that is, 1 =
1550 nm, Q; =3x107, r=0.3mm, n=1.44, m=5x10""" kg,
and Py, = 2 x 1077 W. Q; is typically 10°~10'2 [92,94,95], ¢
is typlcally 103-10° Hz [83,91,92] in optical microresonators,
and gL )(0) ~0.37 [36,37] was achieved experimentally. / can
be adjusted by changing the distance of the double resonators
[72]. In a recent experiment, autocorrelation measurements rang-
ing from g'®(0) = 6 x 1073 to 2 were achieved with an average
fidelity of 0.998 in a photon-number-resolving detector [96].
Moreover, we set Q = 12 kHz, which is experimentally feasible.
The resonator with a radius of » = 1.1 mm can spin at an angular
velocity of Q = 6.6 kHz [55]. Using a levitated OM system
[97,98],  can be increased even up to GHz values.

Our analytical results agree well with the numerical one In the
case of a nonspinning resonator, as shown in Fig. 2(a), g I (0) is
reciprocal regardless of the direction of the driving light, and al-
ways has a dip at A/k = -0.29 and a peak at A /k = 0.166, cor-
responding to strong photon antibunching and photon bunching,

(8aE (1)Say(2)) = / Xty do, (13) respectively [29]. The physical origin of the strong photon ant-
bunching is the destructive interference between the direct and
where indirect paths of two-photon excitations, i.e.,
SI— anaiytical (a) (©
4t numerical -/ \ @ | gl==case2 / \ [/ \ | F———7————————
Ar >0 photon bunching
s 3
<L - 0 N 0l a Al M O \\|] F——————_——- — — — —
Ten 2|
1 F ] |  Ar< 0 photon antibunching
~_ -/ nonspinning case spinning case \_/
0 - St 0 : : : : :
-0.8 -0.4 0 0.3 0.6 -0.8 -0.4 0.4 0.8 -0.08 -0.06 -0.04 -0.02
Alk Alk Alk

Fig. 2. Correlation function g(LZ) (0) versus optical detuning A/ (in units of cavity loss rate k; = kz = k) with (a) Q = 0 and (b) Q =

12 kHz,

which is found numerically (solid curves) and analytically (dotted curve). The PB can be generated (red curves) or suppressed (blue curves)
for different driving directions, which can be seen more clearly in panel (c). The other parameters are g/k = 0.63, w,,/x =10 [91],

J/x =3, T =0.1 mK (case 1), and g/x = 0.1 [28],

,,/k =30 [92], J/k =20, T =1 mK (case 2).
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Fig. 3. Correlation function g(Lz) (0) versus optical detuning A /k (in units of cavity loss rate k; = kz = k) at various angular velocities Q upon
driving the device from (a) the right-hand side or (b) the left-hand side. The dashed curves show our approximate analytical results, given in Eq. (12),
whereas the solid curves are our numerical solutions. The other parameters are the same as those in Fig. 2 (case 1).
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In contrast, for a spinning device, g; ) (0) exhibits giant nonreci-
proc1ty, which can be seen in Fig. Z(b) The PB can be generated,
ie., g/ 20) ~ 0 06, for Ap < 0, whereas it is significantly sup-
pressed, i.e., gL (O) ~ 4,72, for Ag > 0; this can be seen more
clearly in Fig. 2(c). Nonreciprocal UPB mduced by the Fizeau
light-dragging effect, with difference in g 3 (O) up to two orders
of magnitude for opposite directions, can be achieved even with
weak nonlinearity and, to our knowledge, has not been studied
previously. Furthermore, in Fig. 2(b), we use two sets of param-
eters for solid (case 1) and dashed curves (case 2), respectively. It
can be seen that nonreciprocity still exists in a parameter range
closer to that in the experiment.

Since the anharmonicity of the system is very small, destructive
quantum interference (rather than anharmonicity) is responsible
for observing strong photon antibunching (referred to as UPB)
and photon bunching (referred to as photon-induced tunneling)
in the spinning devices, as shown in Fig. 1 and confirmed by our
analytical calculations. Note that the role of complete (incomplete)
destructive quantum interference is the same in both spinning and
non-spinning UPB systems, and, thus, we refer to Ref. [24] where
this interference-based mechanism was first explained in detail.
Spinning the OM resonator results in different Fizeau drag A
for the counter-circulating whispering-gallery modes of the reso-
nator. By driving the system from the left-hand side, direct exci-
tation from state |1,0) to state |2,0) will be forbidden by
destructive quantum interference with the indirect paths of
two-photon excitations, leading to photon antibunching. In con-
trast, photon bunching occurs when the system is driven from the
right side, due to lack of complete destructive quantum interfer-
ence between the indicated levels [99]. Increasing the angular
velocity results in an opposing frec}uency shift of #Q for light com-
ing from opposite directions. g 77(0) also shifts linearly with €,
but with different directions for Ap < 0 and Ap > 0; that is, we
observe either a blue shift [see Fig. 3(a)] or a red shift [see
Fig. 3(b)] with Ap > 0 or Ap < 0, respectively. A highly tunable
nonreciprocal UPB device is thus achlevable, by flexible tuning of
Q and A/k. In addition, since g 7 ?(0) is sensitive to €, this may
also indicate a way for accurate measurements of velocity.

4. OPTIMAL PARAMETERS FOR STRONG
ANTIBUNCHING

As discussed above, UPB can be generated nonreciprocally. In
this section, we analytically derive the optimal conditions for

A/k

JIKk

Fig. 4 Correlation function g 2) (0) in logarlthmlc scale [i.e.,
log,, gL )(0)] versus (a) radiation- -pressure coupling ¢/ (in units of
cavity loss rate k = k; = kp) and optical detuning A /k, and (b) cou-
pling strength of the resonators //k and radiation-pressure coupling
g/x for optical detuning of A/k = -0.05. The angular veloc1ty is
Q = 12 kHz and the white dashed curve corresponds to gL (0) =1.

The other parameters are the same as those in Fig. 3.
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strong antibunching. Here we apply the method described in
Ref. [24], which is based on the evolution of a complex non-
Hermitian Hamiltonian, as given in Appendix C. Thus, our
solution corresponds to only a semi-classical approximation

4.5

(a)

Nonreciprocal Reciprocal
10° 10!
T (mK)
2 :
1.5t
5 1}
D
en
4 4.5
| ’ym/,‘i =0.01 |
05 v, /K =0.1
107! 10° 10!
T (mK)

Vol. 7, No. 6 / June 2019 / Photonics Research 635

of the solution of the quantum master equation, given in
Eq. (15), where the terms corresponding to quantum jumps
are ignored.

Since the phonon states can be decoupled from the photon
states by using the unitary operator U = exp[-g(6' - b) /w,,],
the states of the system can be expressed as |w) = |@)|¢,,),
where |@) and |¢,,) are the photon states and phonon states,
respectively. Under the weak-driving condition, we make the
ansatz [24]

lp) = Cpl0,0) + Cy4[1,0) + Cp10, 1) + C5[2,0)
+ Cil1, 1) + C20, 2),

and consider that C,, < C, ., K Cy for m+n=2,
m' 4+ n' = 1, and the condition of C,; = 0; the optimal con-
ditions are given by fixing / and x (see Appendix C):

cay+ s (OVE - VE

opt ~ 4ﬂ4

opt = \/_

the signal function sgn(E), a3 = -96Agk, and 1, 5, which are
defined in Appendix C, are related to the Fizeau drag Ar.

(16)

A

>

wm[Aopt(4Agpt + SKZ) + AF/IS]

2(2]% - k%) + 24054 . 07

(0

Q2 =12kHz

0s Q = 40 kHz
: Q =50 kHz
107! 10° 10!
T (mK)

()

100 10!

T (mK)

Fig. 6. (a) Correlation function g(LZ) (0) versus effective temperature 7" of the environment of the mechanical resonator for three values of Fizeau
shift Ap (Ap > 0, Ap = 0, and Ap < 0) for optimal values of A, and g,,,,.. The other parameters are set the same as in case 2 in Fig. 2. Also shown
is the correlation function g(Lz) (0) versus 7 for various values of (b) spinning frequency, (c) mechanical decay, and (d) cavity decay, assuming the
device is driven from the left-hand side and optical detuning is fixed at the optimal values.
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Physically, this means that the position of the minimum of
ggz) (0) is determined by the detuning between the two cavity

fields. Thus, Ay can lead to a shift of the minimum of ggz) (0) to
achieve nonreciprocity.

In order to visualize UPB more clearly, we show the contour
plots of g(Lz) (0) in logarithmic scale [i.e., logy, gf) (0)] as a func-
tion of g/k and A/k in Fig. 4(a). By fixing A/ = -0.05, we
obtain the function of g(Lz) (0) in logarithmic scale versus the
coupling strengths //k and g/k of the resonators, as shown
in Fig. 4(b). These plots show that strong photon antibunching
occurs exactly at the values predicted by our analytical calcu-

lations in Eq. (17). Moreover, by computing g(Lz) (0) as a func-
tion of A/k and Q with different mean thermal phonon
numbers zth, as shown in Fig. 5, we confirm that rotation-
induced nonreciprocity can still exist by considering thermal
phonon noises. We note that thermal phonons greatly affect

the correlation gg) (0) of photons and tend to destroy PB.
Thus, to show this effect, in Fig. 6(a) we plot the correlation

g(Lz) (0) as a function of temperature 7 for various Fizeau shifts.
We see that nonreciprocal UPB can be observed below the criti-
cal temperature 7'y & 4 mK (5 mK) for the spinning frequency
of Q=12 kHz (Q =50 kHz) [see Fig. 6(b)]. By further
increasing the optical dissipation of the OM cavity, as shown
in Fig. 6(d), the critical temperature 7 can be made to reach a
value of 10 mK.

Finally, we note that a state (generated via UPB or another
effect) with vanishing (or almost vanishing) second-order pho-
ton-number correlations, g'?(0) ~ 0, is not necessarily a good
single-photon source, i.e., the state might not be a (partially
incoherent) superposition of only the vacuum and single-
photon states. A good single-photon source is characterized
not only by ¢/#(0) ~ 0, but also by vanishing higher-order
photon-number correlation functions, g (0) ~ 0 for # > 2.
In UPB, ¢ (0) for n > 2 can be greater than ¢ (0) ~ 0,
or even greater than 1 [100]. Indeed, a standard analytical
method for analyzing UPB, as proposed by Bamba ez al.
[24] and applied here, is based on expanding the wave func-
tion |@) of a two-resonator system in the power series |@) =
> Cmln,m) up to the terms C,,_, (n=0,1,2) only, as
given in Eq. (16). To obtain the optimal system parameters,
which minimize g/?(0) in UPB, this method requires setting
C,0 = 0 as set in Appendix C. Actually, the same expansion
of |p) and the same ansatz are made in Ref. [24]. These
assumptions imply that higher-order correlation functions
2" (0) with # = 3,4, ... vanish too. However, the truncation
of the above expansion at the terms C,,_, is often not
justified for a system exhibiting UPB. Indeed, we find param-
eters for our system for which ¢?(0) ~0 and, simultane-
ously, ¢®(0) > 1. We have confirmed this by precise
numerical calculation of the steady states of our system based
on the non-Hermitian Hamiltonian, given in Eq. (C1), in a
Hilbert space larger than 4 x 4.

5. CONCLUSIONS

In summary, we studied nonreciprocal UPB in a system con-
sisting of a purely optical resonator and a spinning OM

resonator. Due to interference between two-photon excitation
paths and the Sagnac effect, UPB can be generated nonrecipro-
cally in our system; that is, UPB can occur when the system is
driven from one direction but not from the other, even under
weak OM interactions. The optimal conditions for one-way
UPB were presented analytically. Moreover, we found that this
quantum nonreciprocity can still exist by considering thermal
phonon noises.

Concerning a possible experimental implementation of non-
reciprocal UPB, it is worth noting that UPB for non-spinning
devices has already been demonstrated experimentally in two
recent works [36,37]. A number of experiments (including a
very recent work [55]) have shown nonreciprocal quantum
effects in spinning devices. So the main experimental task for
achieving nonreciprocal UPB in a spinning device would be to
combine the experimental setups of; e.g., Refs. [36,37,55] into
a single spinning UPB setup.

Our proposal provides a feasible method to control the
behavior of one-way photons, with potential applications in
achieving, e.g., photonic diodes or circulators, quantum chiral
communications, and nonreciprocal light engineering in the
deep quantum regime.

APPENDIX A: DERIVATION OF EFFECTIVE
HAMILTONIAN

The coupled system can be described by the Hamiltonian

H =HO +Hin +Hdr’
HO = ha)Lﬂ;ﬂL + fl(CUR + AF)ﬂ;ﬂR + ha)mbTb,
Hiy = h](apag + agar) + hgapar(6' + 0),

Hy, = ihey(a,e i - a,é®), (A1)

where 4; (a;) and ap (a};) are the photon annihilation (crea-
tion) operators for the cavity modes of the optical cavity
(denoted with the subscript L) and the OM cavity (denoted
with the subscript R), respectively. & (b7) is the annihilation
(creation) operator for the mechanical mode of the OM cavity.
The frequencies of the cavity fields are denoted with w; and
@pg. J is the coupling strength between the two resonators,
and g = wg/r[h/(2mw,,)]'?* is the OM coupling strength
between the optical mode and the mechanical mode in the

OM cavity. ¢, = /k; Py, /(hw,) denotes the driving strength

that is coupled into the compound system through the optical
fiber waveguide.

Using the unitary operator U = exp[-g(6" - b) /w,,] for the
Hamiltonian (A1), we obtain a Kerr-type Hamiltonian [82]

Hyg=U'HU
= ha)LaEaL + f(wp + AF)a;aR - hé(ﬂ};ak)z
+ h][a}aRe“s(H‘b) + ﬂLa;e‘s(H‘b)]
+ ihed(ﬂ}‘m’“ - a;e'®it), (A2)

where 6§ = ¢?/w,,. Under the conditions g/w,, < 1 and
J < w,,/2, the Hamiltonian (A2) can be read as
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Hly = ha)LaZal + hA(wp + AF)a;QaR - flé(a;aR)z

+ h](azaR + ﬂLﬂL) + ihed(a;e'”"d‘ - ay e,
(A3)

APPENDIX B: FOURIER ANALYSIS OF
FLUCTUATION TERMS

According to the Heisenberg equations of motion of
Hamiltonian (2), and using the semi-classical approximation
method, ie., a; =a+da;, ap =+ dar, q=gq,+ g,
and p = p, + Op, the steady-state values of the system satisfy
the equations

0= (%—}—z‘AL)a—i—i]ﬂ—ed,
K
0= {ZR + i(Aj “Z%%)]ﬂ -i/a,

0= W9 _gb|ﬂ|2' (B1)

Then we obtain

b3q> + byq? + big, + by = 0, (B2)
where
by = giJ€y
KK 2 KA, kpAp\?2
by =wm<%+]2> —i—a)m( L2R+%>
-w,, A AL (KLZKR +2/2 - ALA}?),

2 A

K5 A
b, = 2w,g, [% + A(A AR —]2)})

2
by = w,4} (ZL + A%). (B3)
The fluctuation terms of the system can be written as

d
L 6q = w0,
dr 7= OmoP

d .
0p = w80 - g,(8"Say + poal) - %5]) + ¢

d

&(3&1L = —(’z + iAL>5ﬂL - 1]5413 + ‘/KLﬂL,in)
d Kp a X .

&(Sél]g = - 7“[‘ ZAR (SLZR - l](stlL - lgb%éﬂR

- ig,p89 + /Krarin, (B4)

where we have neglected higher-order terms, 54254 ;. Here, the
steady-state mean value g, is numerically solved from Eqs. (B2)
and (B3).

By introducing the Fourier transform to the fluctuation
equations, we find

iwda;(w) = - <K2L + iAL>5zzL(a)) - ifSag(w)

+ VKrap i (),
iwdap(w) = - (KZR + z'A}{') da;(w) - i]bap(w)
- ig,$0q(®) + /Krag(w),

iwdq(w) = w,,0p(w),
iw8p(w) = -0,,89(w) - g, [f*Sap(w) + poaj(w)]
-Dop(@) + (o), (B5)

where Ay = A} + g,4.; then we obtain

Sq(@) = ~g, "2 (@)dag(w) - g,x(@)dap(w) + x(@)E(w),

(B6)
where
wm
x(@) = 0, - 0* + iwy,,[2’ (B7)
Substituting Eq. (B6) into Eq. (B5), we have
M(@)day(@) = igify(w)dap(®) - ig,fr(@)E(w)
- ifor(@) + /Kragin(®), (B8)

where
M(w) = ’%R +io + Ay - 1By (w).  (B9)

According to Eq. (B5), we obtain
iwéd (@) = - (K—L A )&J () + iJ5a}(w)
L =13 L)oap R

+ \/Edzin (w)’

z'a)&z}(a)) = _ (l%k - iA%’) éaz(a)) + z]éa;(a))

+ ig, B8t () + /Krap (@),

z'w&ﬂ (w) = a)mépT (w),

iwdp’ (w) = -0,04" (0) - g,[péay(w) + *dag(w)]
- %’"@ﬁ + & (o), (810)

then we have

N(w)bap(w) = —igiﬂ*z)((w)éa;(w) + ig, By (w)E (w)

+ifday(w) + /Kpap, (), (B11)
where
N(@) =+ io - by + il (). (B12)
From Eq. (B10), we have
V()daj (@) = ifdag(w) + /Kiap;, (@), (B13)

where V(w) = k;/2 + iw - iA;. Substituting Eq. (B13) into
Eq. (B11), we find
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T (@)8ap(@) = -ix(@)g}f?V (0)dag(w)
+ix(@)g, V()& (w)
+if JKpal (@) + KRV (@)ag,;, (@), (B14)
where 7'(w) = N(w)V () + J*. Substituting Eq. (B14) into
Eq. (B8), we obtain
Fr(w)dag(@) = - (@)g BB V(0)E (w)
- ig, By (@) T (w)&(w)
- Jg B x (@) /xray
+ ig2Br(0) iRV (0)a) ()
- i T(®)ap, - Kr T (@)agn, (B15)

where the auxiliary function is Fp(w) = M(w)T(w)-
7 (w) V(a))g2|ﬂ|4 Substituting Eq. (B15) into Eq. (B5), we

have
F(@)bar(w) = i[x*(@)gBIp> V(w)é (w)
- &P (@)] T (w)é(w)
+i/’g iﬂzﬂf (@) \/K—Lﬂzin
+ g 2 (@) KRV (@) (@)
- i kg T (@) agn
- VEM() T (@) - U(w)]agin, (B16)

where
Fi() = [M(0)T (o) - U(@)]V(0) + J* T (),
U@ = @pl (o + F i)
V(@) = % +iw + A, (B17)
Then we find
da;(0) = E(@)as (@) + F(w)ay, (@) + G(0)ag (o)
+ H(w)ay;, (0) + Q(@)é(w). (B18)
According to similar calculations, we find
54)(®) = E* (-0)a] (@) + F*(-0)ar (@)
+ G (~w)ap, (0) + H* (-0)ap;, (@)

+ Q" (-0)é(w). (B19)

Using the Fourier transform, we obtain

(ﬂLvin(w)”z,m(a)’)) = \/%Zoo(%,m(t)e'iw'dt

y ¢127 / : &) o (e))e o' de!
=6(w + o), (B20)
and
(agin(@)dh;, (@) = 8(0 + o). (B21)

APPENDIX C: DERIVATION OF OPTIMAL
PARAMETERS

According to the quantum-trajectory method [101], the non-
Hermitian Hamiltonian of the system containing the optical
decay and mechanical damping terms is given by [101]

H' = h(AL - i%)a}@ + h(A}e - i%)a;@
+ h(a)m - z%”) bTb+ h](zzzaR + ﬂLﬂL)

- hé(u;uR)z + ihed(az -a;), (C1)

where Ap = Ap + Ap.
Under the weak-driving conditions, we can make the
ansatz [24]

lp) = Co0l0,0) + C1o|1,0) + Cp10, 1) + Cy[2,0)
+ Cil1,1) + Cp210,2). (C2)

Then we substitute the Hamiltonian [Eq. (C1)] and the general
state [Eq. (C2)] into the Schrédinger equation

242 _
=Tt = H'lg), (C3)

and then we have

H'Cyol0,0) = ife,Cool1,0),
H'Cyo|1,0) = 78,C1|1,0) + ~JC0[0, 1)
n ihedC10<\/§|2,0) ~lo, 0)),
H'Cg1]0,1) = hdCo10,1) + 1/ Cyy |1, 0)
+ ihe,Cor|1,1),
H'Cy)2,0) = 218, Cy0|2,0) + /2] Cy|1,1)
+ ihedc20(ﬁ|3, 0) - V2|1, 0)),
H'Cy|1,1) = 1h8,Cy1]1,1) + AdpCyy|1,1)
+ V2R C11(12,0) + |0,2))
+ ihe,Cy, (ﬁ|2, 1) - o, 1)),
H'Cp,]0,2) = 2h83C0,]0,2) - 25Cy,]0,2)
+V21] Coy(11,1) + ihe,Copl1,2),  (CA)

where the auxiliary functions are 6; = A; -ik; /2 and
O0p = Ay - ikp/2, and we have ignored the effects of the
mechanical model because the phonon states are decoupled
from the photon states [see Eq. (C1)]. By comparing the
coefficients, we have
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aC,
()too = ede,
aC
i drlo =5,Co +JCo1 - v2ie,Cay,
aC,
i a:I = (5]? - 6)C01 +]C10 - iedcll’
aC
7 1 =5LC11 +(5R_5)C11
+ ﬁ](coz + Cy) + i€,Coy,
aC
z'—afz = 2(8z - 8)Cop + V2] Cyy - 25C,,,
aC
g 6;&20 = 2(6g - 8)Cy + V2JCyy + v2ie,Cyy. (CB)

Then the steady-state coefficients of the one- and two-particle
states are given as

0=26,Cyo+JCo1 + ie;Cops
0 =0Co; +JCios (C6)

and

0 =26,Cy + V2/Cyy + i/2¢,Cy,
0= (8, + 8p)Ci1 + V2] Cyg + V2] Cyp + i€, Coy,
0=2(8-8)Cos + V2/Cyy, (C7)
where we have introduced the dissipative terms (proportional
to k; and kp) and neglected the higher-order terms, as justified
under the weak-driving conditions.

When we consider A; =Ap-6=4, §=¢"/o,,
K; = Kp = K, and the condition of C,, = 0, we have

0 = k(25 - 6A - 5A%) + 4A%(2A - 25 - 55A})

+ 4Ap(4AAR - 36A - SAf + A}) - 4/26,
0 = 86A - 12A% + k% + Ap(65 - 20A - 8Ay). (C8)

By eliminating 8, we obtain
asA* + A3 + a4, A2 + 4 A + 2y = 0, (C9)
where
ay = k(4] - 10A%) (% - 8A%) - 2k(k* - 44AF),
a, = -8Ap(6A%k + 10/%k + 3),
a, = -8k(2k* + 6J> + 13A3),
az = -96Agk,
a; = -32k, (C10)
then we find the optimal conditions

ay +sgn(E)WE - VT

opt ~ 444

_ 6')m[Aopt(4Agpt + SKZ) + AF’13]
S =\ 7T 222k 2800

>

(C11)

where
2 = D+ Yz + 3z
11— 5
3
P 2D - 3z - iz + Yz
2= >
3
Ay = 203, - 8A,, Ar - 4AF + 57,
Ay = 1043, + 34, + 24, (C12)
and
1 (£>0),
B =1 <o
-B+ VB -4AC
qp=AD+3———"——,

= D D(YE+ 4B + (5 + ) 34,
A= D*-3F,

B = DF -9E?,

C = F? -3DE?,

D = 343 - 8a4a,,

E = -a3 + 4asaza, - 84’a,,

F = 34y + 164245 - 16a4d3a; + 1642a3a,

- 64 ay. (C13)
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