
Maximizing temporal quantum correlation by approaching an exceptional point

Chun-Wang Wu,1, 2, 3, ∗ Man-Chao Zhang,1, 2, 3, ∗ Yan-Li Zhou,1, 2, 3 Ting Chen,1, 2, 3 Ran Huang,4 Yi Xie,1, 2, 3

Bao-Quan Ou,1, 2, 3 Wei Wu,1, 2, 3 Adam Miranowicz,5 Jie Zhang,1, 2, 3, † Hui Jing,4, ‡ and Ping-Xing Chen1, 2, 3, §

1Institute for Quantum Science and Technology, College of Science, NUDT, Changsha 410073, Hunan, China
2Hunan Key Laboratory of Quantum Information Mechanism and Technology, NUDT, Changsha 410073, Hunan, China

3Hefei National Laboratory, Hefei 230088, Anhui, China
4Department of Physics and Synergetic Innovation Center for Quantum
Effects and Applications, Hunan Normal University, Changsha, China

5Institute of Spintronics and Quantum Information, Faculty of Physics,
Adam Mickiewicz University, 61-614 Poznań, Poland
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Quantum correlations, both spatial [1] and temporal [2], are the central pillars of quantum me-
chanics. Over the last two decades, a big breakthrough in quantum physics is its complex extension
to the non-Hermitian realm, and dizzying varieties of novel phenomena and applications beyond
the Hermitian framework have been uncovered [3, 4]. However, unique features of non-Hermitian
quantum correlations, especially in the time domain, still remain to be explored. Here, for the first
time, we experimentally achieve this goal by using a parity-time (PT )-symmetric trapped-ion sys-
tem. The upper limit of temporal quantum correlations, known as the algebraic bound, which has
so far not been achieved in the standard measurement scenario, is reached here by approaching the
exceptional point (EP), thus showing the unexpected ability of EPs in tuning temporal quantum
correlation effects. Our study, unveiling the fundamental interplay of non-Hermiticity, nonlinearity,
and temporal quantum correlations, provides the first step towards exploring and utilizing vari-
ous non-Hermitian temporal quantum effects by operating a wide range of EP devices, which are
important for both fundamental studies and applications of quantum EP systems.

Quantum correlations, as the cornerstones of quantum
mechanics, have played an essential role in the emerg-
ing field of quantum information science and technol-
ogy [5, 6]. Among them, quantum correlations between
spatially separated systems, referred as spatial quan-
tum correlations, can be benchmarked by the famous
Bell inequalities [1]. Likewise, those between temporally
separated states of a single system, referred as tempo-
ral quantum correlations, can be benchmarked by the
Leggett-Garg inequalities, usually termed as temporal
Bell inequalities [2]. Recently, temporal quantum cor-
relations have attracted widespread interests because of
their unique applications in harnessing long-lived quan-
tum coherence in biological systems [7–9], discriminating
quantum transport [10, 11], witnessing non-Markovianity
[12], and supplying the beyond-classical power of quan-
tum computation [13, 14], to name only a few. In princi-
ple, there is an upper limit of temporal quantum corre-
lations, known as the algebraic bound, but in practice it
remains a challenge for conventional Hermitian quantum
systems to reach this limit; instead, in the standard mea-
surement scenario, only half of this limit, known as the
Lüders bound, has been achieved till now [15–26]. Hence,
this hinders the deep understanding and further utiliza-
tions of temporal quantum effects beyond the Lüders
bound.
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We also note that, despite extensive studies of non-
Hermitian effects and their unique applications in a wide
range of systems, the experimental observation of tempo-
ral quantum correlations has not been realized till now.
To fill this gap, here, we experimentally study the tem-
poral quantum correlations of a non-Hermitian parity-
time (PT )-symmetric qubit, realized as a submanifold of
a high-dimensional trapped-ion system. We show that
the accelerated dynamics, induced by nonlinear proper-
ties of this system, can induce enhanced temporal quan-
tum correlations beyond the Lüders bound (FIG. 1a).
Especially, by approaching an exceptional point (EP),
the upper limit of the temporal correlations in the stan-
dard measurement scenario is, for the first time ever,
achieved by this work. We further measure the value
of the quantum witness, another indicator of temporal
quantum correlations, which can also break the upper
bound for the Hermitian case. Our work promotes the
experimental study of quantum correlations beyond the
Hermitian realm, and also demonstrates new facets of
non-Hermitian systems from the viewpoint of temporal
correlations, enabling a deeper understanding and a bet-
ter control of this peculiar but utilitarian type of open
systems.

Temporal quantum correlations can be quantified by
the violation extent of the temporal Bell inequality, that
Leggett and Garg proposed in 1985 for the original pur-
pose of detecting macroscopic coherence [2]. For a di-
chotomic observable Q = ±1, the temporal Bell inequal-
ity reads

K3 = C12 + C23 − C13 6 1, (1)
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FIG. 1. Allowed ranges of temporal quantum correlations for different types of physical systems, and the
enhancement mechanism of temporal correlations by non-Hermiticity. a, The temporal quantum correlations for
classical, Hermitian quantum, and non-Hermitian quantum systems are bounded by 1, the Lüders bound (K3 = 1.5), and the
algebraic bound (K3 = 3), respectively. b, A Hermitian quantum coin flips coherently from |−〉 to |+〉 with a uniform speed
in a time period [0, 2T ]. However, a non-Hermitian quantum coin can finish the same flip with an extremely nonuniform flip
speed, which is infinitesimal for times not close to the moment 2T , but infinitely great in the neighborhood of 2T . c, Successive
measurements performed in pairs of time on the non-Hermitian flip dynamics give a counterintuitive combination of the joint
probabilities for measurement outcomes, resulting in the algebraic bound of the temporal quantum correlations K3 = 3.

where Cij = 〈Q(ti)Q(tj)〉 is the two-time correlation
function at times ti and tj . The allowed ranges of the
Leggett-Garg parameter K3 for classical, Hermitian, and
non-Hermitian quantum systems are shown in FIG. 1a.
It should be noted that, in the Hermitian quantum case,
K3 beyond the Lüders bound can be observed by devising
delicate modifications to the standard Leggett-Garg test
scenario, such as introducing multi-time correlation func-
tions [27], or using multi-projector measurements [28–32].
Here, in the framework of the standard test scenario, we
focus on the non-Hermitian enhancement of the temporal
quantum correlations.

The enhancement mechanism of temporal quantum
correlations due to non-Hermiticity can be illustrated
by comparing the Hermitian and non-Hermitian dynam-
ics [33, 34] [FIG. 1(b, c)]. Suppose we have a quan-
tum coin, which can be in the superposition state |ψ〉 =
cos
(
δ
2

)
|−〉+ sin

(
δ
2

)
|+〉, and the measurement will make

it collapse to |−〉, |+〉 with probabilities p− = cos2( δ2 ),

p+ = sin2( δ2 ), meanwhile obtaining the observed values
Q = −1, Q = +1, respectively. In the Hermitian case,
without measurement, the coin flips coherently from |−〉
to |+〉 with a uniform speed in a time period [0, 2T ]
(FIG. 1b). However, in the non-Hermitian case, the

coin can finish the same flip with an extremely nonuni-
form speed, which is infinitesimal in most of the times
t < 2T but infinitely great in the neighborhood of 2T .
A measurement performed at the time t < 2T on the
non-Hermitian coin will destroy the little coherence ac-
cumulated and collapses the quantum state to |−〉 with a
probability close to 1, leading to a reset of the quantum
flip process to the start. To implement the Leggett-Garg
test, we choose t1 = 0, t2 = T , and t3 = 2T , and de-
fine pij(Qi, Qj) as the joint probability for the outcomes
Qi, Qj of quantum measurements performed at times
ti and tj , respectively. Then, successive measurements
performed in pairs on the non-Hermitian flip dynamics
give p12(−,−) ∼ 1, p23(−,−) ∼ 1, and p13(−,+) ∼ 1,
resulting in the maximal temporal quantum correlation
corresponding to K3 = 3 (FIG. 1c). The acceleration
dynamics of the non-Hermitian quantum coin imply that
its evolution speed is extremely sensitive to the param-
eter δ, which is a behavior easy to appear in nonlinear
dynamics.

The quantum nonlinear properties donot appear in
general Hermitian systems, but may be found in non-
Hermitian systems. Consider a simple non-Hermitian
system, which consists of two quantum energy levels
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FIG. 2. Experimental overview. a, b, Our experiment uses Zeeman sublevels in S1/2 and D5/2 manifolds of a single 40Ca+

ion, trapped in a linear Paul trap, to construct a 4-dimensional Hilbert space embedding the parity-time (PT )-symmetric qubit.
The narrow-linewidth laser at 729 nm can be used to realize equatorial rotations on any S−D transition. The state-dependent
fluorescence, observed using a photo-multiplier (PMT), while driving S1/2 − P1/2 transition with 397 nm laser, is used for the
post-selection procedure. c, The normalized PT dynamics is realized via enforcing a unitary operation U on the directed sum
space HS

⊕
HA, with HS and HA expanded by {|1〉 , |2〉} and {|3〉 , |4〉} respectively, followed by a post-selection procedure

which discards the cases where HA is occupied. d, e, The post-selection probability psuc, and the normalized population of
the state |1〉, denoted as pn1 , are measured versus the scaled time τ for various values of Γ/J , which verify the quantum power
oscillation phenomenon in the unbroken PT -symmetry zone and the nonlinear dynamics of Eq. (3).

{|1〉 , |2〉}, coupled with the rate J , and has a balanced
gain (on |1〉) and loss (on |2〉), with the rate Γ. This
system can be described by an effective non-Hermitian
Hamiltonian with PT symmetry

ĤPT = Jσ̂x + iΓσ̂z, (2)

where σ̂x = |1〉 〈2| + |2〉 〈1| and σ̂z = |1〉 〈1| − |2〉 〈2| are

the Pauli operators, and ĤPT commutes with the parity-
time-reversal operator P̂T̂ , i. e. [ĤPT, P̂T̂ ] = 0. In the
case of J > Γ, i. e. the PT -symmetric unbroken region

(PTS), its time evolution operator ÛPT = exp
(
−iĤPTt

)
gives rise to dynamics very similar to the Hermitian case,
and the populations of |1〉 and |2〉, denoted as p1 and
p2, will exhibit Rabi-like oscillations with the frequency
Ω =

√
J2 − Γ2. However, quite unlike the Hermitian

case, the total population p = p1 + p2 also exhibits pe-
riodic oscillatory behavior, which can be understood as
a quantum version of the power oscillation phenomenon
in classical PT -symmetric systems [35]. After normal-
ization, the density operator ρ̂(t) of this system satisfies

the nonlinear equation [36]

˙̂ρ = −iJ [σ̂x, ρ̂] + Γ{σ̂z, ρ̂} −2Γρ̂[Tr(σ̂zρ̂)]︸ ︷︷ ︸
the nonlinear term

. (3)

The nonlinear term in Eq. (3) can lead to an uneven
speed of flip up and down, which cannot be found in the
linear Hermitian dynamics.

In our experiment, the high-dimensional Hilbert space,
embedding the PT -symmetric qubit, is realized using
a single 40Ca+ ion, trapped in a blade-shaped lin-
ear Paul trap [FIG. 2(a, b)]. The Zeeman sublevels
S1/2(mJ = −1/2), D5/2(mJ = −1/2), S1/2(mJ =
1/2) and D5/2(mJ = 1/2) in a magnetic field of 5.3
G are chosen as quantum states |1〉, |2〉, |3〉, and
|4〉, respectively. The equatorial rotations R(θ, φ) =
exp
[
−iθ(cos(φ)σmx + sin(φ)σmy )/2

]
on any S − D tran-

sition can be realized by resonantly driving the corre-
sponding transition line using a narrow-linewidth laser
at 729 nm, where θ is the rotation angle, φ is the laser
phase, and σmx , σmy are Pauli matrices. Using the digital
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quantum simulation method, the state preparation and
arbitrary unitary operation can be decomposed into ap-
propriate sequences of S − D equatorial rotations. The
states in the S manifold can be identified via state-
dependent fluorescence observed using a photomultiplier
tube (PMT) [37], while coupling the S1/2 state to the
short-lived state P1/2 (with a lifetime 7.1 ns) by a laser
field at 397 nm. With the help of appropriate S−D rota-
tions, this photon fluorescence detection method enables
us to access populations p1 and p2, and post-select the ex-
perimental sequences, where the PT -symmetric dynam-
ics is successfully performed. A more detailed description
of the experimental setup and model derivation can be
found in Supplementary Material.

Using the dilation method [38], we embed the PT -
symmetric dynamics into a directed sum of two 2-
dimensional Hilbert spaces HS and HA, where HS and
HA are expanded by {|1〉 , |2〉} and {|3〉 , |4〉}, respec-
tively (FIG. 2c). We first prepare the total system into
the initial state |Ψ(τ = 0)〉 = N(|ψ〉0 ⊕ η |ψ〉0), where

η = 1
Ω [J,−iΓ; iΓ, J ] is the metric operator for ĤPT satis-

fying η = η† and ηĤPT = Ĥ†PTη, and N is the normal-
ization factor. The unitary operation

U =

(
F G
−G F

)
(4)

is then enforced on the composite spaceHS
⊕
HA, where

the block matrices are F = cos(τ)Im2 − iΩ
J sin(τ)σmx and

G = Γ
J sin(τ)σmz ; Im2 is the 2-dimensional identity matrix,

and σmx and σmz are usual Pauli matrices. After the de-
sired evolution, a post-selection procedure is performed
to discard the cases where the space HA is occupied. Fi-
nally, we achieve the PT -symmetric dynamics ÛPT |ψ〉0
in HS . The probability of the successful post-selection
can be obtained as

psuc = Tr[N2ÛPT |ψ〉00 〈ψ| Û
†
PT]. (5)

In FIG. 2d, we experimentally verify the nonlinear dy-
namics described by Eq. (3). The post-selection prob-
ability psuc, and the normalized population of the state
|1〉, denoted as pn1 , are plotted versus the scaled time
τ = Ωt, with Γ/J = 0, 0.5 and 0.95. The quantum power
oscillation phenomenon can be observed in the periodic
oscillatory behavior of the probabilities of the successful
post-selection. And it is shown from the measured results
of pn1 that, as the ratio Γ/J becomes larger, the uneven
flip speed caused by the nonlinear term becomes more
pronounced.

To realize the accelerated dynamics in the one-way
flip via the nonlinear term of Eq. (3), similar to the
non-Hermitian coin in FIG. 1b, we need to drive the
PT -symmetric qubit from the appropriate superposi-
tion state. Based on a tomography technique, we ex-
perimentally study the flip dynamics of the qubit from
|−〉y = 1√

2
(|1〉 − i |2〉) to |+〉y = 1√

2
(|1〉 + i |2〉) with

Γ/J = 0, 0.5 and 0.95 [FIG. 3(a-c)]. The time intervals
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FIG. 3. Accelerated dynamics manifested by the PT -
symmetric qubit. a-c, The Bloch vector (left) and its com-
ponents (right) versus time τ for Γ/J = 0 (a), Γ/J = 0.5
(b) and Γ/J = 0.95 (c), when driving the qubit from |−〉y to

|+〉y. Both the dense-to-sparse behavior of the Bloch vector

data and the asymmetric features in the 〈σ̂y〉 and 〈σ̂z〉 com-
ponents indicate the accelerated dynamics when Γ/J > 0.
d, The distance s from the initial state, defined as half the
geodesic distance on the Bloch sphere, is experimentally mea-
sured versus τ for various Γ/J , which shows a nonuniform flip
speed in the non-Hermitian realm. When Γ/J → 1, i. e. close
to the exceptional point (EP), the flip dynamics similar to the
non-Hermitian case in FIG. 1b occurs.

between adjacent data points of the Bloch vector [left
of FIG. 3(a-c)] and its components [right of FIG. 3(a-c)]
are equal. The initial state and Hamiltonian confine the
evolution to the y − z plane of the Bloch sphere. With
the increase of Γ/J , the accelerated dynamics becomes
visible, which can be reflected by the dense-to-sparse be-
havior of the Bloch vector data points. The Bloch vector
components versus time, plotted for different values of
Γ/J , show a good agreement with our theoretical predic-
tions, and the asymmetric features in the curves of y and
z components when Γ/J > 0 also demonstrate the accel-
eration properties. By introducing the Fubini-Study met-
ric s = arccos | 〈ψ|φ〉 |, as the distance between quantum
states |ψ〉 and |φ〉 [39], we can indirectly study the charac-
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FIG. 4. Leggett-Garg parameter K3 and quantum witness for the PT -symmetric qubit. a-d, The measured
correlation functions C12 (a), C23 (b), C13 (c), and the Leggett-Garg parameter K3 (d) are plotted versus the measurement
time interval T for Γ/J = 0, 0.5 and 0.95. It shows that, K3 asymptotically approaches its algebraic bound of 3 when close
to the EP. e, The maximal temporal quantum correlations Kmax

3 , obtained by theoretical optimization, in both PT -symmetric
unbroken (PTS) and broken (PTB) regions. f, The experimentally measured quantum witness for various values of Γ/J , which
also asymptotically approaches its algebraic bound of 1 when close to the EP.

teristics of the evolution speed ν = ds
dτ in the flip process

(FIG. 3d). For the qubit, the distance s is geometrically
half the geodesic distance on the Bloch sphere between
|ψ〉 and |φ〉. It is shown that, when Γ/J = 0, s increases
linearly and the Hermitian qubit evolves with a uniform
speed. In the non-Hermitian realm with Γ/J > 0, the
slopes in the plots of s show increasing trends of the evo-
lution speed with increasing τ . An interesting result is
that, when Γ/J → 1, i. e. close to the EP, the flip process
similar to the non-Hermitian coin in FIG. 1b occurs.

Using the above accelerated evolution characteristics
manifested in such a PT -symmetric qubit, we can achieve
the temporal quantum correlation beyond the Lüders
bound. In our experiment, the two-time correlation
functions are indirectly computed via the experimentally
measured conditional probability pτ (Q

′ |Q), for observ-

ing the measurement outcome Q
′

at the scaled time τ
given that we deterministically initialize the qubit in the
eigenstate |Q〉. For testing the temporal Bell inequal-
ity, we prepare the qubit in |−〉y, choose the three scaled
time instants as τ1 = 0, τ2 = T , and τ3 = 2T , and set
the Pauli operator σ̂y as the physical observable, then

the two-time correlation functions can be given by


C12 = −p

T
(+|−) + p

T
(−|−),

C13 = −p
2T

(+|−) + p
2T

(−|−),
C23 = p

T
(+|−)p

T
(+|+)− p

T
(+|−)p

T
(−|+)

−p
T

(−|−)p
T

(+|−) + p
T

(−|−)p
T

(−|−).
(6)

The experimental results for C12, C13 and C23 as func-
tions of the scaled time interval T ∈ [0, π4 ] for Γ/J = 0,
0.5 and 0.95 are given in FIG. 4(a-c). Because the non-
Hermiticity can cause the slow flip speed of the qubit at
the beginning, a larger Γ

J can make the qubit states at
times τ1 and τ2 more positively correlated, and eventually
leads to a larger correlation function C12 (FIG. 4a). The
measurement performed at time τ2 collapses the superpo-
sition state into a mixture of |+〉y and |−〉y, making the
subsequent evolution as slow as the initial time, so the
plot of C23 has a similar behavior as C12 (FIG. 4b). How-
ever, without performing such a measurement, the qubit
always finishes a complete flip in the time period [0, π2 ] in-

dependent of Γ
J . Therefore, the plots C13 converge to −1

when T = π
4 (FIG. 4c). Based on these data of the two-

time correlation functions, the Leggett-Garg parameter
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K3 is plotted in FIG. 4d. It is seen that, in the Hermi-
tian regime ( Γ

J = 0), K3 is bounded by the Lüders bound

of 1.5. However, in the non-Hermitian regime ( Γ
J > 0),

K3 obviously breaks this upper bound. For Γ
J = 0.95,

we experimentally observe the Leggett-Garg parameter
as large as K3 = 2.57± 0.08.

Note that the dilation method [38] used here cannot
experimentally reach the PT -symmetric broken region
(PTB). However, in FIG. 4e, we give the values of the
maximal temporal quantum correlation Kmax

3 in both the
PTS and PTB regions, obtained by theoretically maxi-
mizing K3 when varying the measurement interval T in
our measurement model (see Supplementary Material for
details). It is shown that, Kmax

3 suddenly drops from the
algebraic bound of 3 to about 1 at the EP, which is due
to the abrupt transition from the oscillatory dynamics to
the decay dynamics when crossing the PTS-PTB region
boundary.

The quantum witness W [40], which is another indi-
cator of temporal quantum correlations, is also tested in
our experiment. It is defined as

W = |p′(Q)− p(Q)|, (7)

where p′(Q) and p(Q) are the probabilities for observ-
ing the measurement outcome Q after a period of sys-
tem’s evolution in the presence and absence of an ear-
lier measurement performed on the initial state, re-
spectively. Here, p′(Q) can be computed as p′(Q) =∑
Q0=±1 p(Q|Q0)p(Q0), where p(Q0) is the probability

of obtaining an outcome Q0 for the initial measurement,
and p(Q|Q0) is the probability of finding an outcome Q
for the later measurement conditional on the initial out-
come Q0. For a macrorealistic system, the initial mea-
surement should not disturb the outcomes of the later
measurement, which leads to W ≡ 0. For a Hermitian
quantum system, the quantum witness is bounded by

0 ≤W ≤ 1− 1

D
, (8)

where D is the dimension of the Hilbert space of the
system. Therefore, W can be used as an effective di-
mensional witness for the quantum systems. Specially,
W ≤ 1

2 holds for a Hermitian qubit. In the experi-

ment, we initialize the qubit in |ψ〉0 = (−
√
J − Γ |+〉y +√

J + Γ |−〉y)/
√

2J , choose the observable σ̂y, set the

scaled evolution time prior to the later measurement as
π
4 , and compare the probabilities of obtaining the out-
come Q = +1 in the two measurement scenarios. Then,
the quantum witness W for different values of Γ

J is plot-
ted in FIG. 4f. It is shown that, in the Hermitian realm
( Γ
J = 0), we experimentally obtain the upper bound of

the quantum witness determined by Eq. (8). When
Γ
J > 0, the introduced non-Hermiticity can help to break
the upper bound for the Hermitian case. More inter-
estingly, when we get close to the EP ( Γ

J → 1), the
quantum witness asymptotically approaches its algebraic
maximum of 1 which is otherwise observed for a Hermi-
tian system with infinite dimensional Hilbert space.

In conclusion, this work constitutes the first experi-
mental characterization of the temporal correlation fea-
tures in non-Hermitian quantum systems. For both the
Leggett-Garg parameter and the quantum witness, we
have observed a clear breakthrough of the upper bounds
for the Hermitian case, and experimentally approached
their algebraic bounds near the exceptional point of a
PT -symmetric qubit, which have never been reached pre-
viously in the standard measurement scenario. We elu-
cidate a direct connection between the non-Hermiticity-
induced nonlinear dynamics and the enhanced tempo-
ral quantum correlation. Due to the fundamental im-
portance of correlation properties in quantum mechan-
ics, our study motivates a new perspective to re-examine
the core issues and intriguing phenomena related to non-
Hermitian quantum systems. Furthermore, our success-
ful demonstration of nonlinear dynamics in the simple
atomic system may serve as a tool to explore many fun-
damental questions in quantum mechanics, such as quan-
tum chaos [41], nonequilibrium dynamics in few-body
quantum systems [42], and quantum speed limits [39].
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SUPPLEMENT

In the Supplementary Material, we describe our experimental setup and used techniques in more detail, and also
give the theoretical analysis for quantum temporal correlations in our parity-time (PT )-symmetric model.

A. Experimental setup

All the relevant energy levels involved in this experiment are shown in Fig. S.1(a). Four of the Zeeman sublevels
(labeled |1〉, |2〉, |3〉 and |4〉) in S1/2 and D5/2 states of a single trapped 40Ca+ ion are used to simulate the active parity-
time (PT )-symmetric dynamics, and the transitions between these sublevels have least sensitivity to the fluctuations
of the magnetic field, which makes these energy levels to have a coherence time of several milliseconds. The coherent
couplings between these states are realized by applying a narrow-linewidth 729 nm laser beam with its wavevector
along the axial direction of the linear Paul trap. Although only carrier transitions are used in this experiment, we
still use the Doppler cooling and electromagnetically induced transparency (EIT) cooling methods [1] to prepare
the motional degree of the freedom to the ground state, which guarantees high-fidelity operations of the single PT -
symmetric qubit. Laser frequencies for different transitions are reached by tuning the driving frequency of a single-pass
acousto-optical modulator (AOM), which is labeled AOM 1 in Fig. S.1(b). The 397 nm laser is used for Doppler
cooling, EIT cooling, and fluorescence detection. The 866 nm and 854 nm lasers are used to pumping the ion out
from D states. To reduce the influence of the ac Stark effect, the Rabi frequency of each transition is set to about
2π× 10 kHz, which induces an estimated ac Stark shift of less than 50 Hz in the experiment. In this case, we can
ignore the influence from the ac Stark shift.

1

2

3

4
32D5/2

42S1/2

42P1/2 

-1/2

1/2

1/2

40Ca+

-1/2
397 nm 729 nm

42P /2 3

854 nm

32D3/2

866 nm

blade trap

PBS

AWG

λ/2

λ/4
f=200 mm

B

AO
M

 1
AO

M
 2

270 MHz

729 nm f=158 mm f=100 mm

f=200 mm

f=200 mm f=300 mm f=50 mm

a b

collimator

FIG. S.1. (a) Relevant energy levels used in our experiment. The coherent coupling between the S and D states is realized by
using a narrow-linewidth 729 nm laser beam, while the 397 nm laser is used for cooling and detection processes. (b) Optical
setup for the 729 nm laser, which is modulated by two acousto-optical modulators (AOMs) with a single pass and a double
pass configurations, respectively. The single-pass AOM (labeled AOM1) is driven by an arbitrary wave generator (AWG) to
control the intensity, frequency, and phase of the laser pulses, while the double-pass AOM (labeled AOM2) is used to shift the
laser frequency close to the resonance of S −D transition. The 729-nm laser beam finally enters the blade linear Paul trap by
passing through two hollow end-cap electrodes with an angle of 0◦ to the axial direction.

B. Experimental techniques

1. Initial state preparation and evolution operator decomposition

The resonant coupling between each pair of the four Zeeman sublevels, as shown in Fig. S.1(a), can be described
by the equatorial rotations

Rij(θ, φ) = exp
{
− iθ[cos(φ)σmx + sin(φ)σmy ]/2

}
, (S.1)
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where i and j indicate the addressed transition, σmx , σmy are the Pauli x, y matrices, and θ is the rotation angle. The
rotation phase φ is the laser phase when |i〉 is in the S manifold, but we need to add a negative sign when |j〉 is S
state.

Taking advantage of above elementary operations and the decomposition method described in Ref. [2], the initial
state preparation and unitary evolutionary operation in our experiment can be realized via applying an appropriate
series of S −D equatorial rotations. All the state preparation starts from the same state |1〉 = (1, 0, 0, 0)T . Now, we

introduce the metric operator η = 1
Ω [J,−iΓ; iΓ, J ] for ĤPT [3], where J and Γ are the coupling and loss (gain) rates of

our PT -symmetric system, Ω =
√
J2 − Γ2 denotes the effective oscillation frequency. To simplify the mathematical

expressions, we define the parameter sin(α) = Γ/J . The initial states used in our experiment and their preparation
sequences are summarized in the following Table S.1, where η means the metric operator we have introduced (a more
detailed construction process of η is elaborated in Sec. E 2).

TABLE S.1. Target initial states and the corresponding preparation sequences.

Unnormalized target initial state Preparation sequence State in figures

 0

1

 ⊕ η

 0

1


R34(θ2, π) ·R23(θ1, 0) ·R12(π, 0)

θ2 = 2 arccos

(
tan(α)√

sec(α)2+tan(α)2

)
θ1 = 2 arccos

(
cos(α)√

2

) Fig. 2(e)

 1

−i

 ⊕ η

 1

−i


R34(θ2, π) ·R12(θ1, 0) ·R14(θ0, 0)

θ2 = π/2

θ1 = π/2

θ0 = 2 arcsec
(√

1 + (sec(α)− tan(α))2
)

Fig. 3

Fig. 4(a-d)

 1

i

 ⊕ η

 1

i


R34(θ2, 0) ·R12(θ1, π) ·R14(θ0, π)

θ2 = π/2

θ1 = π/2

θ0 = 2 arctan(tan(α) + sec(α))

Fig. 4(a-d)

 cos(γ)− sin(γ)

−i cos(γ)− i sin(γ)

 ⊕ η

 cos(γ)− sin(γ)

−i cos(γ)− i sin(γ)



R34(θ2, π) ·R12(θ1, 0) ·R14(θ0, 0)

θ2 = 2 arcsin

(
cos(γ)−sin(γ)−sin(α)(cos(γ)+sin(γ))√

3−cos(2α)−4 cos(2γ) sin(α)

)
θ1 = 2 arccos

(
cos(γ)−sin(γ)√

2

)
θ0 = 2 arccos

(
cos(α)√

2−2 cos(2γ) sin(α)

)
γ = arcsin

(√
J−Γ
2J

)
Fig. 4(f)

The dynamic evolution after the state preparation is described by a unitary operator U(α, τ), which can be decom-
posed into four equatorial rotations in the experiment. Theoretical construction process of U(α, τ) is introduced in
Sec. E 1. Its concrete form and experimental execution sequence can be written as

U(α, τ) =

 cos(τ) −i cos(α) sin(τ) sin(τ) sin(α) 0
−i cos(α) sin(τ) cos(τ) 0 − sin(τ) sin(α)
− sin(τ) sin(α) 0 cos(τ) −i cos(α) sin(τ)

0 sin(τ) sin(α) −i cos(α) sin(τ) cos(τ)

 (S.2)

= R23(2α, 0)R12(2τ, 0)R34(2τ, 0)R23(2α, π),
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where τ = Ωt is the scaled time.

2. State detection and population normalization

In the detection process, we only need to extract the populations of the states |1〉 and |2〉, which are labeled as
p1 and p2. However, populations may distributed in four states in the evolution. Two equatorial rotations and two
fluorescence detection processes are employed to distinguish the states |1〉 and |2〉 from the subspace consisting of
|3〉 and |4〉. The first step includes a π-pulse rotation R14(π, 0) and a following fluorescence detection, then another
R14(π, 0) is used to swap the states back and the fluorescence detection is applied again in the second step. For
the results obtained in above steps, the bright state in the first step denotes the population out of the subspace
HS = {|1〉 , |2〉}, the dark state in the first step combined with the bright state in the second step gives the population
p1, and the dark states in both steps give the result for p2.

In the experiment, the total population p = p1+p2 for HS exhibits periodic oscillatory behavior, which is a quantum
version of the power oscillation phenomenon in classical PT -symmetric system. By introducing the normalized
populations pn1 = p1

p1+p2
and pn2 = p2

p1+p2
, we can experimentally obtain the normalized dynamics of a PT -symmetric

qubit described by Eq. (3) of the main text .

3. Quantum state tomography

To manifest accelerated dynamics shown in Fig. 3, a quantum state tomography technique is used to study
the dynamic evolution of the PT -symmetric qubit, which can obtain the full information of the Bloch vector at
each moment. The z component of the Bloch vector, denoted as 〈σ̂z〉, can be directly extracted by experimentally
measuring the difference of the normalized populations pn1 and pn2 . The x (y) component, denoted as 〈σ̂x〉 (〈σ̂y〉),
can be obtained by the combination of an extra equatorial rotation R12(3π/2, π/2) [R12(π/2, 0)] and the following
detection procedure of 〈σ̂z〉. Finally, the maximum likelihood estimation method is utilized to reduce the statistical
and systematic errors.

C. Measurement of the correlation functions

Our test of the temporal Bell inequality chooses three scaled time instants, labeled as τ1 = 0, τ2 = T and τ3 = 2T .
The two-time correlation functions, C12, C13, and C23, can be indirectly measured via the conditional probability
pτ (Q

′ |Q), for observing the measurement outcome Q
′

at the scaled time τ given that we deterministically initialize
the qubit in the eigenstate |Q〉. In the experiment, p

T
(+|−) [p

2T
(+|−)] is measured by preparing the initial state in

|−〉y, then applying the evolution operation U(α, T ) [U(α, 2T )], and finally measuring the probability distribution of

the physical observable σ̂y. The conditional probabilities p
T

(−|−) and p
2T

(−|−) can be obtained by the normalization
relations p

T
(+|−)+p

T
(−|−) = 1 and p

2T
(+|−)+p

2T
(−|−) = 1, respectively. Similar procedure is performed to obtain

the conditional probabilities p
T

(+|+) and p
T

(−|+). Based on the above experimental data, C12, C13, and C23 can be
obtained using Eq. (6) in the main text. In Fig. S.2, we show our experimental results for the obtained conditional
probabilities and the correlation functions, and the error bars are calculated by the binomial distributions of pn1 and
pn2 .

D. Measurement of the quantum witness W

To measure the quantum witness

W = |p′(Q)− p(Q)| (S.3)

experimentally, p′(Q) and p(Q) should be addressed separately. The probability p(Q), which indicates the probability
for observing the outcome Q without earlier measurement, can be obtained by preparing the initial state

|ψ〉0 = −
√
J − Γ√

2J
|+〉y +

√
J + Γ√

2J
|−〉y , (S.4)
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FIG. S.2. (a-c) Measurement results of the conditional probabilities pT (+|+) (a), pT (+|−) (b), and p2T (+|−) (c) versus the
measurement time interval T for Γ/J = 0, 0.5 and 0.95. (d-f) Correlation functions C12 (d), C23 (e), and C13 (f) versus the
measurement time interval T for Γ/J = 0, 0.5 and 0.95.

then applying the evolution operation U(α, τ = π/4), and finally measuring the normalized population pny+ =
〈σ̂y〉+1

2 ,
where we have chosen Q = 1. However, obtaining the probability

p′(Q) =
∑

Q0=±1

p(Q|Q0)p(Q0) (S.5)

with an earlier measurement applied to the initial state requires several different measurement processes. The prob-

ability p(Q0 = +1) [p(Q0 = −1)] is obtained by measuring pny+ =
〈σ̂y〉+1

2 (pny− =
1−〈σ̂y〉

2 ) right after the initial state
|ψ〉0 is prepared. The conditional probability p(Q = 1|Q0 = +1) [p(Q = 1|Q0 = −1)] requires the measurement of
pny+ for the initial state |+〉y (|−〉y) followed by the unitary evolution operator U(α, τ = π/4) given in Sec. B 1.

Experimental results for p(Q), p(Q0) = ±1, and p(Q = 1|Q0 = ±1) are shown in Fig. S.3. The quantum witness W
can be obtained using Eq. (7) in the main text.
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E. Construction of the PT -symmetric system

1. Theoretical construction of the unitary operator U(α, τ)

According to the theory in Ref. [3], a PT -symmetric system can be reinterpreted as a subsystem of a Hermitian
system with higher dimension. In our experiment, we use two 2-dimensional subsystems HS and HA, which are
expanded by {|1〉 , |2〉} and {|3〉 , |4〉} as shown in Fig. S.1(a), to construct a 4-dimensional Hilbert space HS ⊕HA.
The unitary operator U(α, τ) in Eq. (S.2) for the 4-dimensional space can be constructed by the Naimark dilation
method as [3]

U =

(
F G
−G F

)
, (S.6)

where

F = cos(τ)Im2 − i
Ω

J
sin(τ)σmx , (S.7)

G =
Γ

J
sin(τ)σmz , (S.8)

Im2 denotes the 2-dimensional identity matrix, and σmx,y,z are the Pauli matrices.

2. Theoretical construction of the metric operator η

Based on the definition of the metric operator η, it should meet the condition

ηĤPT − Ĥ†PTη = 0, (S.9)

where Ĥ†PT is the self-adjoint Hamiltonian of ĤPT in Eq. (2) of the main text. According to Refs. [3, 4], the metric

operator can be easily constructed by taking advantage of the eigenvectors (labeled as |E+〉 and |E−〉) of ĤPT and
has the form of η = (ΨΨ†)−1, where Ψ = [|E+〉 , |E−〉] is the constructed matrix by arranging the two eigenvectors as
columns.

F. Theoretical derivation of the evolution speed and the correlation functions

1. Dynamics of the nonlinear von Neumann equation

Non-Hermitian systems have exhibited excellent ability of the acceleration of the quantum state evolution [5]. Such
acceleration effect can be theoretically explored using the Bloch equations. Consider a two-level system governing by
the PT -symmetric Hamilton

ĤPT = Jσ̂x + iΓσ̂z, (S.10)

where J > Γ indicates the PT -symmetric unbroken region. Starting from an initial state, the dynamics of the
normalized density matrix ρ̂ can be described by the following nonlinear von Neumann equation [6]

˙̂ρ = −iJ [σ̂x, ρ̂] + Γ{σ̂z, ρ̂} − 2Γρ̂[Tr(σ̂zρ̂)]. (S.11)

Express the density matrix ρ̂ as ρ̂ = (Î + ~r · ~̂σ)/2, where the Bloch vector ~r = (rx, ry, rz) = (〈σ̂x〉 , 〈σ̂y〉 , 〈σ̂z〉). Then
based on Eq. (S.11), the Bloch equations can be derived as:

ṙx = −2Γrxrz,

ṙy = −2(Jrz + Γryrz),

ṙz = 2(Jry − Γr2
z + Γ).

(S.12)
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In the PT -symmetric unbroken region, when the initial state is chosen as |−〉y, the analytical solution for the above
Bloch equations can be found as:

rx = 0,

ry = −Γ + J cos(2τ)

J + Γ cos(2τ)
,

rz = −
√
J − Γ

√
J + Γ sin(2τ)

J + Γ cos(2τ)
,

(S.13)

where τ = t
√
J2 − Γ2 is the scaled time. And when the initial state is |+〉y, the analytical solution has the form of:

rx = 0,

ry =
Γ− J cos(2τ)

−J + Γ cos(2τ)
,

rz =

√
J − Γ

√
J + Γ sin(2τ)

J − Γ cos(2τ)
.

(S.14)

The dynamics of the Bloch vector described by Eq. (S.13) manifests the acceleration effect of the PT -symmetric
qubit as shown in Fig. 3.

G. Evolution speed of the PT -symmetric qubit

For two pure qubit states |ψ〉 and |φ〉, the Fubini-Study metric is defined as

s = arccos(|〈ψ|φ〉|). (S.15)

When preparing the initial state in |−〉y, the normalized quantum state governed by the PT -symmetric Hamiltonian

ĤPT can be written as

|ψ(τ)〉 = −
√
J − Γ sin(τ)√
J + Γ cos(2τ)

|+〉y +

√
J + Γ cos(τ)√
J + Γ cos(2τ)

|−〉y . (S.16)

Using s = arccos(|〈ψ(τ)|−〉y|), the evolution speed can be derived as

v =
ds

dτ
=

∣∣J2 − Γ2
∣∣∣∣√J2 − Γ2(J + Γ cos(2τ))

∣∣ . (S.17)

In the experiment, the obtained states usually are mixed. In this case, the Fubini-Study metric for two density
matrices ρ1 and ρ2 are computed as

s = arccos

(
Tr
√√

ρ1ρ2
√
ρ1

)
, (S.18)

as shown in Fig. 3d of the main text.
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1. Analytical forms of the correlation functions

Using the results of Eqs. (S.13) and (S.14), the analytical forms for the conditional probabilities in Sec. C can be
expressed as:

p
T

(+|+) =
(J − Γ) cos2(τ)

J − Γ cos(2τ)
,

p
T

(−|+) =
(J + Γ) sin2(τ)

J − Γ cos(2τ)
,

p
T

(+|−) =
(J − Γ) sin2(τ)

J + Γ cos(2τ)
,

p
T

(−|−) =
(J + Γ) cos2(τ)

J + Γ cos(2τ)
,

p
2T

(+|−) =
(J − Γ) sin2(2τ)

J + Γ cos(4τ)
,

p
2T

(−|−) =
(J + Γ) cos2(2τ)

J + Γ cos(4τ)
.

(S.19)

Then the two-time correlation functions can be obtained as

C12 = −p
T

(+|−) + p
T

(−|−) =
Γ + J cos(2τ)

J + Γ cos(2τ)
,

C13 = −p
2T

(+|−) + p
2T

(−|−) =
Γ + J cos(4τ)

J + Γ cos(4τ)
,

C23 = p
T

(+|−)p
T

(+|+)− p
T

(+|−)p
T

(−|+)− p
T

(−|−)p
T

(+|−) + p
T

(−|−)p
T

(−|−)

=
JΓ2 + cos(2τ)

{
J(J2 + JΓ− Γ2)− Γ cos(2τ)

[
− J2 + JΓ + Γ2 + J2 cos(2τ)

]}
[
J − Γ cos(2τ)

][
J + Γ cos(2τ)

]2 .

(S.20)

Finally, the Leggett-Garg parameter is computed as

K3 = C12 + C23 − C13. (S.21)

The results of Eq. (S.20) apply to the PT -symmetric unbroken region. In the broken region, by solving the Bloch
equations Eq. (S.12), under the condition of J 6 Γ, we can obtain the analytical two-time correlation functions as:

C12 =
Γ + J cosh(2τ)

J + Γ cosh(2τ)
,

C13 =
Γ + J cosh(4τ)

J + Γ cosh(4τ)
,

C23 =
JΓ2 + cosh(2τ)

{
J(J2 + JΓ− Γ2)− Γ cosh(2τ)

[
− J2 + JΓ + Γ2 + J2 cosh(2τ)

]}
[
J − Γ cosh(2τ)

][
J + Γ cosh(2τ)

]2 .

(S.22)

The maximal temporal quantum correlation in our model can be found by numerically maximizing K3 when varying
the measurement interval τ in both the PT -symmetric unbroken and broken regions, as shown in Fig. 4e of the main
text.

Besides the above results, based on Eqs. (S.13) and (S.14), we can also derive the analytical form of the quantum
witness in the unbroken region,

W =
J + Γ

2J
, (S.23)
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which is shown in Fig. 4f of the main text.
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