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Entanglement potentials are popular measures of the nonclassicality of single-mode optical fields.
These potentials are defined by the amount of entanglement (measured by, e.g., the negativity or
concurrence) of the two-mode field generated by mixing a given single-mode field with the vacuum on
a balanced beam splitter. We generalize this concept to define the potentials for Bell nonlocality and
quantum steering in specific measurement scenarios, in order to quantify single-mode nonclassicality
in a more refined way. Thus, we can study the hierarchy of three types of potentials in close
analogy to the well-known hierarchy of the corresponding two-mode quantum correlations. For
clarity of our presentation, we focus on the analysis of the nonclassicality potentials for arbitrary
vacuum-one-photon superpositions (VOPSs), corresponding to a photon-number qubit. We discuss
experimentally feasible implementations for the generation of single-mode VOPS states, their mixing
with the vacuum on a balanced beam splitter, and their two-mode Wigner-function reconstruction
using homodyne tomography to determine the potentials. We analyze the effects of imperfections,
including phase damping and unbalanced beam splitting on the quality of the reconstructed two-
mode states and nonclassicality potentials. Although we focus on the analysis of VOPS states,
single-mode potentials can also be applied to study the nonclassicality of qudits or continuous-
variable systems.

I. INTRODUCTION

Nonclassical optical states (including entangled,
squeezed, or photon antibunched) are the main resources
for quantum technologies and quantum information pro-
cessing with photons. Thus, testing and quantifying the
nonclassicality (NC) of optical states has been attracting
attention in quantum physics since the pioneering work
of Kennard [1] on squeezed states published almost a cen-
tury ago. It is worth noting that the first truly convincing
experimental demonstration of the nonclassical character
of photons was based on measuring photon antibunch-
ing [2]. Recent experimental optical demonstrations
of quantum advantage include enhanced gravitational-
wave detection with squeezed states [3–5], boson sam-
pling based on entangled and squeezed states [6–8], and
entanglement-based quantum cryptography [9].

In quantum optics, the state of an optical field is
classified as nonclassical (or quantum) if its Glauber-
Sudarshan P function [10, 11] is not positive semidefi-
nite, so it is not a classical probability density [12–14].
This means that only coherent states and their statis-
tical mixtures are considered classical. Extensive at-
tention has been devoted to various forms of nonclassi-

cal correlations, with particular emphasis on their three
distinct types: quantum entanglement (quantum insep-
arability) [15], Einstein-Podolsky-Rosen (EPR) steering
(commonly referred to as quantum steering) [16, 17], and
Bell nonlocality, which manifests through violations of
Bell inequalities [18]. In this paper, we quantify the NC
of single-qubit optical states, which are arbitrary vac-
uum and one-photon superpositions (VOPS), via mea-
sures of two-mode quantum correlations. Testing non-
local quantum correlations of single-photon states, or
more specifically the states, generated by mixing a VOPS
with the vacuum on a balanced beam splitter (BS),
has been attracting considerable interest both theoretical
(see, e.g., [19–22]) and experimental (see, e.g., [23–26]).

Experimental tests whether a given optical state is
nonclassical are usually based on measuring NC wit-
nesses corresponding to demonstrating violations of var-
ious classical inequalities [14, 27–30]. Typical NC wit-
nesses are not universal, which means that they are suf-
ficient but not necessary criteria of NC. Universal wit-
nesses of NC correspond to those criteria which are both
sufficient and necessary of NC. Experimental implemen-
tations of such universal witnesses usually require apply-
ing a complete quantum state tomography (QST). They
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can be used not only as NC tests but also NC measures (if
they satisfy some additional properties). The most popu-
lar NC measures include: nonclassical distance [31], non-
classical depth [32, 33], and entanglement potentials [34].

Nonclassical depth is defined as the minimal amount of
Gaussian noise which transforms a nonpositive semidefi-
nite P function into a positive one. It is equal to 1 for all
non-Gaussian states, and, thus, it is not a useful measure
to quantify the amount of the NC of VOPS states [35],
although it was shown to be useful for quantifying the
NC of Gaussian states, e.g., twin beams [36]. Moreover,
nonclassical distance is defined as the distance (according
to a chosen distance measure including those of Bures or
Kullback-Leibler) of a given nonclassical state to its clos-
est classical state (CCS). Finding a CCS is usually very
hard, even numerically. Of course, if one limits the set
of classical states, then the nonclassical distance can be
calculated effectively; e.g., it can be calculated for VOPS
states if the vacuum is chosen as the CCS, which is rea-
sonable because this is the only classical VOPS state [35].
Of course, the CCS for a given VOPS state might belong
to a wider class of classical states. So, in general, find-
ing a CCS could be difficult even for such simple VOPS
states. Thus, we consider here only entanglement poten-
tials and related NC quantifiers which do not suffer from
the above-mentioned problems of nonclassical depth and
distance.

Non-universal NC witnesses, which are also often used
for quantifying NC, to mention only a few include: (i)
quadrature squeezing variances; (ii) second-order corre-
lation functions to quantify photon antibunching and the
sub-Poissonian photon statistics; (iii) the nonclassical
volume corresponding to the volume of the negative part
of a Wigner function [37]; (iv) the Wigner distinguisha-
bility quantifier [38], which is defined in terms of the dis-
tinguishability of a given state from one with a positive
Wigner function; and (v) quantifiers of two- and multi-
mode quantum correlations, which are the main topic of
this paper, can also be used for estimating the degree
of NC [34, 35, 39–41]. We also mention operational ap-
proaches to quantify the NC of states (see, e.g., [42–44])
including the effect of a measurement setup. For exam-
ple, the negativity of quantumness is defined as the mini-
mum entanglement (quantified by the negativity) that is
created between a given system and a measurement ap-
paratus assuming local measurements performed on sub-
systems [44].

The well-known hierarchy of standard measures of en-
tanglement, EPR steering (in different measurement sce-
narios), and Bell nonlocality has recently been demon-
strated for experimental polarization-qubit states, which
were measured by applying complete [45, 46] or incom-
plete [47] QST. A closely related hierarchy of temporal
quantum correlations, including temporal inseparability,
temporal steering, and macrorealism, has also been stud-
ied [48]. Moreover, considerable research has been de-
voted to the hierarchies of measures or witnesses of NC,
which are limited to specific types of quantum correla-

tions. These include hierarchies of entanglement wit-
nesses [49, 50], steering witnesses [22], Bell inequali-
ties [18, 51]; as well as spatial [52] and spatiotempo-
ral [29, 53] NC witnesses.

In this paper we study theoretically the potentials for
two-qubit correlations to quantify the NC of single-qubit
states defined as (coherent or incoherent) VOPSs. We
focus on analyzing quantifiers of single-qubit NC based
on the above-mentioned three types of quantum correla-
tions, i.e., entanglement, steering, and Bell nonlocality.
More specifically, inspired by the concept of entangle-
ment potentials introduced in Ref. [34] for quantifying
the NC of single-mode optical states, we introduce the
potentials for EPR steering and Bell nonlocality. These
potentials for two-mode quantum correlations can serve
as the quantifiers of single-mode NC correlations. In par-
ticular, they can also enable us to determine the hierar-
chy of single-qubit nonclassical correlations via the corre-
sponding hierarchy of two-qubit nonclassical correlations.

Compared to our former related works on quantify-
ing NC of single-qubit optical states [35, 40], here we
introduce novel types of potentials for two-qubit corre-
lations to study the hierarchy of single-qubit nonclassi-
cality, analogously to the hierarchy of two-qubit corre-
lations, which we studied experimentally in Refs. [45–
47] using polarization-based tomographic methods (see
Refs. [54, 55] for comparative analyses).

In this work, we use photon-number encoding of qubits,
and, thus, we consider Wigner tomographic methods for
their reconstruction. For example, a two-mode state (say
ρ), which is generated by mixing a VOPS state with the
vacuum at a balanced BS, can be reconstructed by homo-
dyne tomography by locally mixing each mode of ρ with
a high-intensity classical beam (i.e., a local oscillator), as
shown in Fig. 1(a). The reconstructed Wigner functions
and, thus, also two-mode density matrices enable the
calculation of any quantifiers of two-qubit correlations
and the corresponding potentials for single-mode VOPS
states. The feasibility of this homodyne-QST-based ap-
proach has already been experimentally demonstrated,
but only in a special case of the input single-photon Fock
state for testing Bell nonlocality [25, 26] and EPR steer-
ing [26].

This paper is organized as follows: The concept of en-
tanglement potentials is recalled and the potentials for
EPR steering and Bell nonlocality are introduced and
analyzed in detail in Sec. II assuming ideal experimen-
tal conditions. These concepts are generalized in Sec. III
for realistic experimental conditions by including the ef-
fects of phase damping and unbalanced beam-splitting
(corresponding to amplitude damping). The phase-space
approach to describe nonclassicality using the Wigner
and generalized Wigner functions (i.e., Cahill-Glauber
functions) is given in Sec. IV based on the definitions
summarized in Appendix A. Feasible experimental se-
tups for the generation of the VOPS states and the to-
mographic reconstruction of the corresponding two-qubit
states are described in Sec. V A. In Sec. VB we briefly
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discuss how nonclassicality potentials can be defined and
applied for higher- or even infinite-dimensional systems
using NC witnesses rather than NC measures. We con-
clude in Sec. VI.

II. IDEAL NONCLASSICALITY POTENTIALS

Here, by generalizing the idea of entanglement poten-
tials of Asbóth et al. [34], we define other NC potentials,
i.e., those related to quantum steering and Bell nonlocal-
ity and, then, we use them to classify the NC of single-
qubit optical states. We first analyze these potentials
under ideal conditions assuming no damping and a per-
fectly balanced BS.

We consider single-qubit optical states defined as (co-
herent or incoherent) superpositions of the vacuum |0⟩
and the single-photon Fock state |1⟩, which are (for
brevity) referred to as VOPS states, and given by a gen-
eral density matrix,

σ(p, x) =

1∑
m,n=0

σmn|m⟩⟨n| =
[
1− p x
x∗ p

]
, (1)

where p ∈ [0, 1] is the probability of measuring a single
photon, p = ⟨1|σ|1⟩, and x is a coherence parameter sat-
isfying |x| ∈ [0,

√
p(1− p)]. When referring to the VOPS

encoding of qubit states, the only classical state of σ(p, x)
is for p = 0, corresponding to the vacuum.

A. Entanglement potentials for a single qubit

According to the approach of Ref. [34], a NC measure
of a single optical qubit σ can be defined by the entan-
glement of the output state ρout of an auxiliary lossless
balanced beam-splitter (BS) with the state σ and the
vacuum |0⟩ at the inputs [see Fig. 1(a)], i.e.,

ρout = UBS(σ ⊗ |0⟩⟨0|)U†
BS, (2)

given in terms of the unitary transformation UBS =

exp(−iHθ); with the Hamiltonian H = 1
2 i(a

†
1a2 − a1a

†
2),

where a1,2 (a†1,2) are the annihilation (creation) oper-
ators of the input modes and, for simplicity, we set
ℏ = 1. Moreover, the BS parameter θ defines the reflec-
tion and transmission coefficients, as r = sin(θ/2) and
t = cos(θ/2), respectively.

First, we set θ = π/2 for a balanced BS. Linear trans-
formations (as discussed in greater detail in Sec. IV) do
not change the global NC of an optical field. Thus, the
output state ρout is entangled if and only if the input state
σ is nonclassical. Let us recall that coherent states (so
infinite-dimensional states except the vacuum) and their
statistical mixtures are the only classical states. Thus,
an arbitrary finite-dimensional single-mode optical state
(except the vacuum) is nonclassical and if it is mixed with

- BS

(a) VOPS

BS

ALICE BOBLO
' LO''

BS

-

D1

D2

(no photon) BS2

PS

BS1

single
photon( (

(b)

FIG. 1. (a) Scheme for converting the nonclassicality of a
vacuum-one-photon superposition (VOPS) state σ(p, x) into
a two-mode state ρ(p, x) exhibiting entanglement, and in some
cases EPR steering and Bell nonlocality; ρ(p, x) can be recon-
structed by homodyne state tomography, where LO’ and LO”
stand for local oscillators and BS denotes a beam splitter. (b)
Quantum scissors device for the nonlocal generation of arbi-
trary VOPS, where |in⟩ = |α⟩ is a coherent input state, which
is truncated to a qubit state |out⟩; Di are single-photon pho-
todetectors, and PS denotes a phase shift (0 or π), which is
applied with a specific probability to decohere the state |out⟩,
i.e., to decrease its coherence factor x =

√
p(1− p) to a de-

sired value.

the vacuum on a BS, then the output two-mode state is
entangled.

In a special case, by mixing an arbitrary single-qubit
optical state σ(p, x) with the vacuum on a perfect bal-
anced BS and assuming no phase and amplitude dissipa-
tion, the following state ρout ≡ ρ(p, x) is generated:

ρ(p, x) =


1− p − 1√

2
x 1√

2
x 0

− 1√
2
x∗ 1

2p − 1
2p 0

1√
2
x∗ − 1

2p
1
2p 0

0 0 0 0

 . (3)

To quantify the NC of σ, we consider the entanglement
potential [34]:

CP(σ) = E(ρout), (4)

which is defined by, e.g., the Wootters concurrence [56]:

C(ρ) = Θ
(
2max

j
λj −

∑
j

λj

)
, (5)
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TABLE I. Four regimes of vanishing or nonvanishing two-mode nonclassicality correlation potentials revealing the hierarchy of
the classes of single-qubit correlations in VOPS states, σ(p, x), depending on the single-photon probability p and the coherence
parameter x. Here, xmax =

√
p(1− p), while xS and xB are given in Eqs. (16) and (24), respectively.

Regime Entanglement Steering Bell nonlocality Single-photon Coherence Examples of states
potential potential in three-MS potential probability parameter shown in figures

I NP = 0 SP = 0 BP = 0 p = 0 x = 0 8(a)
II NP > 0 SP = 0 BP = 0 p ∈ (0, 2

3
] |x| ∈ (0, xS ] 5(a), 6(a), 8(b), 8(c)

III NP > 0 SP > 0 BP = 0 p ∈ (0, 2
3
] |x| ∈ (xS , xB ] 5(b), 5(d), 6(b)

& p ∈ ( 2
3
, 1√

2
] |x| ∈ (0, xB ] 8(e)

IV NP > 0 SP > 0 BP > 0 p ∈ (0, 1√
2
] |x| ∈ (xB , xmax] 5(c), 8(d)

& p ∈ ( 1√
2
, 1] |x| ∈ (0, xmax] 5(e), 5(f), 8(f)

given in terms Θ(x) ≡ max(x, 0), λ2j = eig[ρout(σ2 ⊗
σ2)ρ

∗
out(σ2⊗σ2)]j , σ2 is a Pauli operator, and asterisk de-

notes complex conjugation. The concurrence is a mono-
tone of the entanglement of formation [15]. As shown
in [35], the concurrence of ρ(p, x) is given simply by the
single-photon probability p and the coherence parameter
x,

CP[σ(p, x)] = E[ρ(p, x)] = p. (6)

Thus, a single-qubit state σ(p, x) has a nonzero entan-
glement potential, CP[σ(p, x)] > 0 for any p > 0 and
|x| ∈ [0,

√
p(1− p)], i.e., for all allowed values of the pa-

rameters except p = x = 0.
In addition to the concurrence, one can apply the neg-

ativity, which is arguably the most popular measure of
entanglement. The negativity for two qubits in a state
ρout is defined by [15]:

N(ρout) = max
[
0,−2min eig(ρΓout)

]
, (7)

where ρΓout is the partial transpose of ρout with respect
to either qubit. Thus, the negativity potential (NP) of a
single-qubit state σ is defined as the negativity N of the
two-qubit output state ρout, i.e.,

NP(σ) = N(ρout). (8)

The explicit formula for NP for an arbitrary single-qubit
state σ(p, x) reads [35]:

NP[σ(p, x)] =
1

3

[
2Re

(
3

√
2
√
a1 + 2a2

)
+ p− 2

]
, (9)

where

a1 = a22 − 2
[
5(p− 1)p+ 6|x|2 + 2

]3
,

a2 = 14p3 − 21p2 + 15p+ 9(p− 2)|x|2 − 4, (10)

which depends, in general, on the absolute value of the
coherence parameter, |x|, which is not the case for the
concurrence potential. Note that NP[σ(p, x)] > 0 iff
CP[σ(p, x)] > 0, because the negativity and concurrence
are good measures of two-qubit entanglement. For some

classes of states, including pure states and Werner states,
NP[σ(p, x)] and CP[σ(p, x)] are the same, although they
are different in general.

An entanglement potential can also be defined via the
relative entropy of entanglement (REE) [15], as studied
in, e.g., Refs. [34, 35, 40]. Unfortunately, no analytical
formulas are known for the REE of ρ(p, x) assuming gen-
eral parameters p and x, so here we limit our study of
entanglement potentials to the CP and NP.

B. Ideal steering potentials for a single qubit

EPR steering is a type of quantum nonlocality be-
tween two parties (qubits or modes) that is in general
distinct from both entanglement and Bell nonlocality. In
the original meaning, it describes the ability of one ob-
server to influence another party’s (qubit’s) state via lo-
cal measurements on its system (qubit). According to
Ref. [57], EPR steering arises from the quantum correla-
tions exhibited by quantum systems, enabling the veri-
fication of entanglement even when complete character-
ization of one of the subsystems is lacking. Thus, EPR
steering can be interpreted as a stronger form of entan-
glement such that can be detected even by untrusted de-
tectors in one subsystem. Specifically, by considering the
setup shown in Fig. 1(a), this interpretation could cor-
respond to assuming low- (high-) quality detectors used
by, e.g., Alice (Bob) for their homodyne QST. Inspired by
this interpretation, applications of quantum steering have
been found for quantum cryptography [17] and enhanced
metrology [58, 59]. Moreover, temporal [60, 61] and spa-
tiotemporal [62] analogues of standard (spatial) quan-
tum steering have also been found and applied in quan-
tum cryptography [63], as well as for quantifying non-
Markovianity [64], or witnessing quantum scrambling [65]
and nonclassical correlations in quantum networks [62].

Here, inspired by Ref. [34] entanglement potential for
a single optical mode defined via a two-mode entangle-
ment measure, we propose to define a steering potential
for a single optical qubit (or mode) quantified by a mea-
sure of standard two-qubit (or two-mode) EPR steering.
In the following, for simplicity, we consider the standard
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(a) Ideal NP (b) Lossy NP

(c) Ideal SP (d) Lossy SP

(e) Ideal BP (f) Lossy BP

FIG. 2. Ideal and imperfect nonclassicality potentials for
VOPS states σ(p, x) showing the effects of phase damping
and unbalanced BS for: q = 0, r = 1/

√
2 (first column) and

q = 0.1, r2 = 0.6 (second column): (a,b) negativity potentials
NPqr, (c,d) steering potentials SPqr, and (e,f) Bell nonlocal-
ity potentials BPqr. It is seen that these imperfections have
the smallest effect on NPqr and the largest effect on BPqr. In
panels: (a,b,c,e) the shown potentials for pure states vanish
only for p = 0, while in (d) SPqr = 0 for p ∈ [0, 0.204], and in
(f) BPqr = 0 for p ∈ [0, 0.339].

Costa-Angelo measure of steering [66] for which an ana-
lytical formula can be found. Of course, other measures
of steering can also be used in defining steering potentials,
including the steerable weight [67] and/or the steering ro-
bustness [68]; however, such definitions would be based
on numerical calculations for general single-qubit states
except some simple classes of states.

The steering potential quantified by the Costa-Angelo
measure of steering [66] in a three-measurement scenario

FIG. 3. Effect of mixing two single-qubit states on NC poten-
tials: Ideal (a,b,c) and lossy (d,e,f) NC potentials for single-
qubit states σ′(p, p′), given in Eq. (27), versus the mixing
parameter p′ for chosen values of the probability p equal to:
(a) 0.2, (b) 0.3, and (c–f) 0.4. Unbalanced BS is assumed
only in: (d) for r = 1/2, and (e) for r = 1/4. Phase damping
with q = 1/2 is only assumed in (f). Graphically, the states
σ′(p, p′) lie on the cross sections of Figs. 4(a,b,e) connecting
the points (p, x) = (1, 0) and (p,

√
p(1− p)), for fixed values

of p.

(three-MS), corresponding to measuring the three Pauli
operators on qubits of both parties, can be defined as

SP′(σ) = S
(3)
CA(ρ) =

Θ(
√
TrR− 1)√
3− 1

, (11)

given in terms of the correlation function R = TTT ,
where the elements of the matrix T are the two-qubit
Stokes parameters, Tij = Tr[ρ(σi ⊗ σj)]. Note that
the correlation matrix R, and thus S(3)

CA, can be deter-
mined even experimentally without full QST, as recently
demonstrated in [47]. To show this explicitly, we recall
the Bloch representation of a general two-qubit state ρ:

ρ =
1

4

(
I⊗I+u·σ⊗I+I⊗v·σ+

3∑
n,m=1

Tnm σn⊗σm
)
, (12)

where σ = [σ1, σ2, σ3] are the Pauli matrices. More-
over in Eq. (12), the elements of the Bloch vectors
u = [u1, u2, u3] and v = [v1, v2, v3] are ui = Tr[ρ(σi ⊗ I)]
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(a) r = 1√
2
, q = 0 (b) r = 1

4
, q = 0

(c) r = 1√
2
, q = 0.1 (d) r = 1

4
, q = 0.1

(e) r = 1√
2
, q = 0.5 (f) r = 1

4
, q = 0.5

FIG. 4. Hierarchy of quantum correlations of VOPS states
σ(p, x) versus probability p = ⟨1|σ|1⟩ and coherence param-
eter |x| = |⟨0|σ|1⟩| ∈ [0,

√
p(1− p)] for given values of the

beam-splitter reflection (r) and dephasing (q) parameters.
Red, green, and blue regions mark the states for which it
holds: (i) BP = 0, SP = 0,CP > 0; (ii) BP = 0,SP >
0,CP > 0; and (iii) BP > 0,SP > 0,CP > 0, respectively.
The only VOPS state with BP = SP = CP = 0 is for
p = x = 0. The arrows in (a,b) indicate pure states for
which BP = SP = CP > 0, except for one point. Note that
the transitions between the three regimes occur in panel (a)
at p = 2/3 and 1/

√
2, if x = 0.

and vi = Tr[ρ(I ⊗ σi)], respectively, and I is the single-
qubit identity operator. Thus, the reconstruction of the
correlation matrix R = TTT of ρ, without reconstruct-
ing the Bloch vectors u and v, enables the calculation
of the steering and nonlocality measures and, thus, the
corresponding potentials discussed below.

The steering potential can be defined in a modified
way:

SP(σ) = S(3)(ρ) =
√

1
2Θ(TrR− 1), (13)

(a) CP > SP = BP = 0 (b) CP > SP > BP = 0

(c) CP = SP = BP = 1
2 (d) CP > SP > BP = 0

(e) CP = SP = BP = 7
10 (f) CP = SP = BP = 1

FIG. 5. Wigner functions W (α) for single-qubit states σ(p, x),
for chosen values of the single-photon probability p and
the coherence parameter x showing the hierarchy of poten-
tials for quantum correlations, which are summarized in Ta-
ble I. Wigner functions for: (a) σ(0.5, 0), (b) σ(0.5, 0.37), (c)
σ(0.5, 0.5), (d) σ(0.7, 0), (e) σ[p,

√
p(1− p)] with p = 0.7, and

(f) σ(1, 0). The darker red, the larger positive values of the
Wigner functions; while the darker blue, the more negative
values; white color corresponds to W (α) = 0. W (α) varies in
the ranges: (a) [0, 0.23], (b) [−0.14, 0.50], (c) [−0.23, 0.60], (d)
[−0.25, 0.25], (e) [−0.39, 0.54], and (f) [−0.64, 0.28]. The neg-
ative regions (marked by blue) of the Wigner functions clearly
show the nonclassicality of the represented states. Note that
the state shown in (a) is nonclassical, although its Wigner
function is nonnegative. We did not show here the trivial
case of the Gaussian Wigner function for the vacuum state
when CP = SP = BP = 0.

which corresponds to the three-MS steering measure ap-
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(a) CP > SP = BP = 0 (b) CP > SP > BP = 0

FIG. 6. Cahill-Glauber function W (1/2)(α) for the single-
qubit states (a) σ(0.5, 0) and (b) σ(0.5, 0.37) revealing the
hierarchy of NC potentials. The states are the same as in the
corresponding panels (a,b) in Fig. 5 for the Wigner function
W (0)(α). W 1/2(α) changes over the ranges: (a) [−1.27, 0.57]
and (b) [−1.49, 1.17], which correspond, respectively, to the
ranges: (a) [0, 0.23] and (b) [−0.14, 0.50] for W (0)(α). The
negative values of W (1/2)(α) clearly show the NC character
of the states, even if the corresponding W (0)(α) is nonnegative
in the entire phase space.

plied in Refs. [47, 69, 70]). Note that S(3)
CA and S(3) are

both measures of the violation of the steering inequal-
ity derived by Cavalcanti, Jones, Wiseman, and Reid
(CJWR) in the three-MS [71]. The two steering poten-
tials are monotonically related for arbitrary single-qubit
states σ by

SP′(σ) =

√
2[SP(σ)]2 + 1− 1√

3− 1
≤ SP(σ). (14)

in analogy to the corresponding relation for the steering
measures [47]. In this paper we focus on SP(σ) because
it reduces to the entanglement potential for any two-
qubit pure states, σ[p,

√
p(1− p)] ≡ |ψ⟩⟨ψ|. On the other

hand, SP′(σ) calculated for experimentally reconstructed
states gives usually a better agreement with theoretical
predictions (see Ref. [47] for comparison of experimen-
tally determined S

(3)
CA and S(3) for Werner-like states).

Thus, we present both definitions.
We find that the steering potential in the three-MS for

a single-qubit state σ(p, x) is given by

SP(σ) =
√
Θ(3p2 − 2p+ 2|x|2), (15)

clearly depending on the coherence parameter |x|, which
is not the case for CP(σ). Thus, we find that a given state
σ(p, x) has a nonzero steering potential, SP[σ(p, x)] > 0

for: (i) p ∈ (0, 2/3] if |x| ∈ (xS(p),
√
p(1− p)], where

xS(p) =
√
p(1− 3p/2), (16)

and (ii) p ∈ (2/3, 1] if |x| ∈ [0,
√
p(1− p)].

To explain a rapid decrease and vanishing of the SP
by introducing even a slight decoherence of a pure state

(a) (b)

(c) (d)

FIG. 7. Marginal distributions of two-mode Wigner func-
tions W (α1, α2), i.e.: (a) W (X1, Y1), (b) W (X2, Y2), (c)
W (X1, X2), and (d) W (Y1, Y2), where Xi = Re(αi) and
Yi = Im(αi), for single-photon two-mode states ρ(p, x) as-
suming p = 0.5 and x = 0.37. This state is steerable in the
three-MS, but Bell local (so unsteerable in the two-MS), and
it corresponds to σ(p, x) shown in Fig. 5(b). The maximum
values of these non-negative Wigner functions are: (a,b) 0.50,
(c) 0.67, and (d) 0.39.

σ[p,
√
p(1− p)] for small p, as seen in Figs. 2(c), 3(a),

and 3(b), we introduce a decoherence factor κ ∈ [0, 1],
such that x = κ

√
p(1− p). By analyzing Eq. (15), one

readily finds that the decoherence factor should satisfy

κ > κ0 =
2− 3p

2− 2p
, (17)

to guarantee that SP(σ) > 0. Thus, we see that the
steering potential is nonzero for any value of κ (and so
x) if p > 2/3. However, if p = 0.1 (0.2), SP(σ) > 0
for κ > 0.94 (> 0.875). This clearly explains a rapid
disappearance of the steering potential shown by the thin
curve on the left-hand side of Fig. 2(c). Moreover, even
a more rapid loss of the nonlocality potential can be seen
in Fig. 2(e), because a vanishing SP implies a vanishing
BP.
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(a) CP = SP = BP = 0 (b) CP > SP = BP = 0 (c) CP > SP = BP = 0 (d) CP = SP = BP = 1
2

(e) CP > SP > BP = 0 (f) CP = SP = BP = 1 (g) CPqr = SPqr = BPqr = 1
2 (h) CPqr = SPqr = BPqr = .48

FIG. 8. Angular-momentum probability surfaces (AMPSs) for chosen two-mode states ρqr(p, x), given in Eq. (30) corresponding
to a qutrit, revealing the hierarchy of the ideal (a-f) and lossy (g,h) potentials for entanglement (CP and CPqr), steering (SP
and SPqr), and Bell nonlocality (BP and BPqr), respectively. In the ideal cases the BS is balanced (r = 1/

√
2) and no phase

damping occurs (q = 0); while for the non-ideal cases we set: (g) phase damping with q = 1/2 for a balanced BS; and (h)
unbalanced BS with r = 1/4 and no phase damping. The chosen two-mode states are: (a) ρ(0, 0) = |0⟩⟨0|, (b) ρ(0.1, 0), (c)
ρ( 1

2
, 0), (d) ρ( 1

2
, 1
2
), (e) ρ(0.7, 0), and (f,g,h) ρ(1, 0) = |1⟩⟨1|. In (h), a more precise value of the three potentials is 0.4841.

C. Bell nonlocality potentials for a single qubit

Single-qubit Bell nonlocality potentials can be intro-
duced via Bell nonlocality measures of a given two-qubit
state ρ quantifying the violation of the Bell inequality in
the Clauser-Horne-Shimony-Holt form (denoted as Bell-
CHSH) [72]:

|⟨B⟩ρ| ≡
∣∣〈a·σ⊗(b+b′)·σ+a′·σ⊗(b−b′)·σ

〉
ρ

∣∣ ≤ 2, (18)

given in terms of the Bell-CHSH operator B, where
a,a′, b, b′ ∈ R3 are unit vectors describing measure-
ment settings. As described by Horodecki et al. [73],
the maximum possible violation of the Bell-CHSH in-
equality in Eq. (18) considered over all measurement set-
tings, can be used as a Bell nonlocality measure, i.e.,
maxν⟨B⟩ρ = 2

√
M(ρ), where M(ρ) is the sum of the two

largest eigenvalues of the correlation matrix R(ρ). The
Bell-CHSH inequality is satisfied if and only if M(ρ) ≤ 1.
To make our comparison of various types of quantum cor-
relations consistent, as based on measures and potentials
defined in the range [0,1], the Bell nonlocality measure of
Ref. [73] is often rescaled as B(ρ) =

√
Θ[M(ρ)− 1] (see,

e.g., Refs. [70, 74, 75]). Thus, we define a Bell nonlocality
potential as

BP(σ) = B(ρ) =
√
Θ[M(ρ)− 1]

=
√
Θ
{
TrR−min[eig(R)]− 1

}
. (19)

This measure is monotonically related to the Costa-
Angelo measure of steering [66] defined in the two-
measurement scenario (two-MS), which corresponds to
measuring two Pauli operators on qubits of both par-
ties [66]. Specifically, the related nonlocality potential
reads

BP′(σ) = S
(2)
CA(ρ) =

Θ
{√

TrR−min[eig(R)]− 1
}

√
2− 1

,(20)

which is simply related to BP(σ) as

BP′(σ) =

√
[BP(σ)]2 + 1− 1√

2− 1
≤ BP(σ). (21)
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Note that B,B′,BP,BP′ ∈ [0, 1] for arbitrary two-qubit
states. We find that

min[eig(R)] =
1

2

(
1 + p(5p− 4) + 4|x|2

−(1− p)
√
(1− 3p)2 + 8|x|2

)
,

TrR = 1− 4p+ 6p2 + 4x2, (22)

so the Bell nonlocality potential BP for a general state
σ(p, x) with p ∈ [0, 1] and x ∈ [0,

√
p(1− p)] becomes

BP[σ(p, x)] =
{
Θ
[1
2

(
7p2 + (1− p)

√
(1− 3p)2 + 8|x|2

−4p+ 4|x|2 − 1
)]}1/2

. (23)

We find that a given state σ(p, x) has a nonzero nonlo-
cality potential, BP[σ(p, x)] > 0 for: (i) p ∈ (0, 1√

2
] with

|x| ∈ (xB(p),
√
p(1− p)], where

xB(p) =
1√
2

√
1 + p− 3p2 − (1− p)

√
1− p2, (24)

and (ii) p ∈ ( 1√
2
, 1] with |x| ∈ [0,

√
p(1− p)].

D. Hierarchy of nonclassicality potentials

Single-qubit correlations, as quantified by the NC po-
tentials, satisfy the following hierarchy:

BP(σ) ≤ SP(σ) ≤ NP(σ) ≤ CP(σ), (25)

for an arbitrary state σ(p, x). This hierarchy is in close
analogy to that for the corresponding two-qubit corre-
lation measures (see, e.g., [47]). For single-qubit pure
states σ(p,

√
p(1− p)) = |ψ⟩⟨ψ|, the potentials become

the same,

BP(|ψ⟩) = SP(|ψ⟩) = NP(|ψ⟩) = CP(|ψ⟩) = p. (26)

Figure 4(a) shows the hierarchy of ideal NC potentials,
i.e., assuming a lossless and balanced BS. In addition to
the vacuum (for p = x = 0), which is the only separable
VOPS state, this hierarchy includes the states with the
potentials for: (i) non-steerable entangled states (corre-
sponding to the red region), (ii) steerable states but Bell
local (in the green region), and (iii) Bell nonlocal states
(in the blue region). We can see in this figure that a
VOPS state has nonvanishing SP or BP if either p is suf-
ficiently large (and then independent of x) or if smaller
values of p are accompanied by a sufficiently large x. The
same conclusion can be drawn by analyzing Figs. 2(c,e)
and Eqs. (16), (17), and (24).

Figures 3(a,b,c) show the ideal NC potentials and their
hierarchy for the mixed states defined as

σ′(p, p′) = p′|1⟩⟨1|+ (1− p′)|ψp⟩⟨ψp|, (27)

where |ψp⟩ =
√
p|1⟩ +

√
1− p|0⟩. These states lie on

the cross sections of some graphs in Fig. 4 as explained
in detail in the caption of Fig. 3. In particular, a very
narrow region, which close to p′ = 0 with nonzero BP
and SP, is shown in Fig. 3(a) for p = 0.2.

III. REALISTIC NONCLASSICALITY
POTENTIALS

We stress that the standard entanglement potentials
of Ref. [34] are based solely on the special case of ρout
for a balanced (50/50) BS assuming no dissipation. Now
we analyze how experimental imperfections can affect the
two-qubit states generated from single-qubit states given
in Eq. (1).

We first consider the effect of phase damping. Specif-
ically, the Kraus operators for a single-qubit phase-
damping channel (PDC) read [76]:

E0(qi) = |0⟩⟨0|+
√

1− qi|1⟩⟨1|, E1(qi) =
√
qi|1⟩⟨1|,

(28)
where qi (with i = 1, 2) are phase-damping coefficients
(rates), and the Kraus operators satisfy the normaliza-
tion relation

∑
n=0,1E

†
n(qi)En(qi) = I. Two-qubit phase

damping transforms a given two-mode state ρin to

ρPDC =
∑
i,j

[Ei(q1)⊗ Ej(q2)]ρin[E
†
i (q1)⊗ E†

j (q2)]. (29)

For simplicity, we analyze the same phase damping rate
in both qubits, so we set q ≡ q1 = q2.

We also consider the effect of an unbalanced BS on
the generation of two-mode states, as given by Eq. (2)
for r ̸= t =

√
1− r2. By the inclusion of these effects,

we find that the output state ρout, given in Eq. (2), now
generalizes to

ρqr(p, x) =


1− p −Qrx Qtx 0

−Qrx∗ pr2 −pQ2rt 0

Qtx∗ −pQ2rt pt2 0

0 0 0 0

 , (30)

where Q =
√
1− q for the phase damping parameter q.

Equation (30) reduces to Eq. (3) for r = t = 1/
√
2 and

q = 0.
Thus, by considering these imperfections, we can ana-

lyze the entanglement, steering, and Bell nonlocality gen-
eralized potentials corresponding to more realistic exper-
imental situations, as defined, respectively, by

CPqr(σ) = C(ρqr), (31)
NPqr(σ) = N(ρqr), (32)

SPqr(σ) = S(3)(ρqr), (33)
BPqr(σ) = B(ρqr), (34)

and analogously to the related potentials based on
S
(3)
CA(ρqr) and S

(2)
CA(ρqr). The hierarchy relations, given
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in Eq. (25) for the ideal potentials, simply generalize for
the realistic (i.e., lossy) NC potentials to

BPqr(σ) ≤ SPqr(σ) ≤ NPqr(σ) ≤ CPqr(σ). (35)

We find that the concurrence generalized potential
reads

CPqr[σ(p, x)] = C[ρqr(p, x)] = 2p(1−q)rt = p(1−q) sin θ,
(36)

where the BS parameter θ is defined below Eq. (2).
One can define other entanglement generalized poten-
tials based on, e.g., the universal witness of entanglement
(UWE) can be defined by det ρΓ [77] or Θ(−det ρΓ) to
be consistent with the definitions of other nonclassicality
quantifiers applied in this paper. Note that an effective
experimental method for measuring the UWE without
full QST was described in [78] (although the method has
not been implemented experimentally yet). The mea-
surement of the concurrence of a two-qubit state requires
usually its full QST. The UWE and the corresponding
entanglement generalized potential UWEPqr for the θ-
dependent BS output state reads

UWEPqr ≡ Θ[−det ρΓqr(p, x)] = (12p sin θ)
4(1−q)2, (37)

being independent of x, which is the same as for the con-
currence potential CPqr, but contrary to the negativity
potential NPqr. Anyway, it holds

UWEPqr(σ) > 0 ⇔ CPqr(σ) > 0 ⇔ NPqr(σ) > 0, (38)

for any x. Note that the analytical expression for NPqr,
which generalizes Eq. (9), is quite lengthy, so it is not
presented here.

We stress that all the nonclassicality measures and
quantifiers considered in this paper, are independent of
the phase of x, although the R matrix depends. So, to
have compact formulas for the R matrix, let us set in
the following equations that the coherence parameter x
is real. Then the correlation matrix R reads

R =

 4Zp2 + 4Q2r2x2 0 Y

0 4p2Z 0

Y 0 (1− 2p)2 + 4Q2t2x2

 ,
(39)

where

Y = 2Qr
(
−2pQ2t2 + 2p− 1

)
x,

Z = Q4r2t2 = 1
4 (1− q)2 sin2 θ. (40)

The eigenvalues of R are found as:

e1,2 =
1

2

(
1 + 4

[
Q2x2 + p2(Z + 1)− p

]
±
√
fe

)
,

e3 = 4p2Z = [p(1− q) sin θ]2, (41)

where

fe =
(
TrR− 4p2Z

)2 − 16Z
(
2p2 + 2x2 − p

)2
. (42)

Thus, we have

TrR =
∑

ei = 4p(2pZ + p− 1) + 4Q2x2 + 1, (43)

min[eig(R)] = min(e2, e3), (44)

which enable the calculation of the generalized potentials
for SPqr and BPqr.

The hierarchy of the lossy NC potentials is plotted in
Figs. 4(b-f) in comparison to the ideal NC potentials
shown in Fig. 4(a). The red, green, and blue regions
show, respectively, the regimes II, III, and IV listed in
Table I; while the point (p, x) = (0, 0) indicates the only
separable VOPS state (i.e., the vacuum), which belongs
to the regime I. It is clearly seen that dephasing and
unbalanced beam splitting considerably decrease the re-
gions of the nonvanishing steering and nonlocality poten-
tials.

IV. PHASE-SPACE AND
ANGULAR-MOMENTUM DESCRIPTIONS OF

NONCLASSICALITY

A. Wigner and Cahill-Glauber quasiprobability
distributions

To visualize the nonclassicality of the analyzed single-
and two-mode states, we here apply the standard Wigner
functions and their generalizations.

It is well known that linear transformations (including
that of a BS) do not change the global nonclassicality
of states. This can be convincingly demonstrated using
the Cahill-Glauber s-parametrized quasiprobability dis-
tribution (QPD), which is defined for any s ∈ [−1, 1] in
Appendix A. Note that the s-parametrized QPD reduces
in special cases to the standard Wigner (W = W(0)) and
Husimi (W = W(−1)) functions, which can be measured
experimentally, and to the Glauber-Sudarshan function
(P = W(1)), which is used in the definition of the non-
classicality of optical fields, but usually cannot be mea-
sured experimentally, because of its singularity (except
very special nonclassical fields).

For example, a perfect BS transformation, which is
given by the unitary transformation UBS, given below
Eq. (2), of an arbitrary input state ρin (of any dimen-
sion) resulting in the two-mode output state ρout, can
equivalently be described by the evolution in a two-mode
phase space of the corresponding QPD given by [79]

W(s)
out(α1, α2) = W(s)

in (tα1 + rα2, rα1 − tα2). (45)

This equation implies that the initial QPD is displaced,
without changing its form, along a trajectory in the phase
space spanned by the canonical position (Xi ≡ Reαi for
i = 1, 2) and (Yi ≡ Imαi) momentum operators. The
trajectory is given by the solution of the corresponding
classical equations of motion. Thus, the global nonclas-
sicality of the state is unchanged during this evolution.
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In this paper we are mainly interested in a special case
of the BS transformation assuming a VOPS state σ in
one input ports and the vacuum in another port. Then,
Eq. (45) reduces to

W(s)
out(α1, α2) = W(s)

vops(tα1+ rα2)W(s)
vac(rα1− tα2), (46)

where W(s)
vac is the single-mode-vacuum QPD given by

W(s)
vac(α) =

1

π
T

(s)
00 (α) =

2

π(1− s)
exp

(
− 2

1− s
|α|2

)
,

(47)
and W(s)

vops(α) is the QPD for an arbitrary single-mode
state σ(p, x):

W(s)
vops(α) =

1

π

[
(1− p)T

(s)
00 (α) + pT

(s)
11 (α)

+xT
(s)
10 (α) + x∗T

(s)
01 (α)

]
, (48)

with the functions T (s)
nm(α) given explicitly in Eq. (A9).

Note that Eq. (47) is a special case of Eq. (48). An-
other important special case of that formula is the QPD
W(s)

1ph(α) = T
(s)
11 (α)/π for the single-photon Fock state:

W(s)
1ph(α) =

2(4|α|2 + s2 − 1)

π(1− s)3
exp

(
− 2

1− s
|α|2

)
, (49)

which in the limit s→ 1 becomes a derivative of Dirac’s
δ-function [14]:

P1ph(α) ≡ W(1)
1ph(α) =

(
1 +

∂

∂α

∂

∂α∗

)
δ(α), (50)

which can be easily shown by representing δ(α) as the
limit of the sequence of zero-centered normal distribu-
tions, i.e., W(s)

vac(α). Equation (50), and thus also Eq. (48)
for s = 1, clearly show a nonclassical character of any
VOPS state (except the vacuum), as these P -functions
are more singular than that for a coherent state |α⟩, i.e.,
Pcoh(α) = δ(α).

The Wigner function for an arbitrary VOPS state
σ(p, x), which can be obtained from Eq. (48), reads

Wvops(α) =
2

π

[
(1− p) + p(4|α|2 − 1)

+2Re(xα)
]
exp

(
−2|α|2

)
. (51)

Examples of the single-mode Wigner and Cahill-Glauber
distribution for a chosen σ state are plotted in Figs. 5
and 6, respectively.

Experimentally reconstructed two-mode Wigner
functions W (α1, α2) are usually shown graph-
ically (see, e.g., [80]) via their marginal func-
tions of four different quadrature pairs, i.e.:
W (X1, X2) =

∫
W (α1, α2)dY1dY2, and analogously

W (Y1, Y2), W (X1, Y1), and W (Y2, X2). As an example,
we show such four marginal distributions in Fig. 7 for
ρ(p = 0.5, x = 0.37).

The Cahill-Glauber QPD, W (1/2)(α), was calculated
using Eq. (A7), while the Wigner functions were calcu-
lated from: (i) the simple formulas in Eqs. (46), (47), and
(51) for the model without phase damping, i.e., for the
BS output state in Eq. (3); and (ii) the general definition
of the two-mode Wigner function, given in Eq. (48), for
two-mode states affected by phase damping according to
Eq. (30).

B. Angular-momentum probability surfaces

Because the studied two-mode states are limited to
two qubits or even formally to a single qutrit, as im-
plied Eq. (30), we can visualize their properties more
compactly using angular-momentum probability surfaces
(AMPS) or, equivalently, angular-momentum Wigner
functions. As defined in [81–83], an AMPS [say ρJJ(θ, ϕ)]
for a given (2J + 1)× (2J + 1) state ρ (which can be in-
terpreted as an angular-momentum state for any J) is
a three-dimensional closed surface, where the distance
from the origin in a specific direction corresponds to the
probability of the maximum projection of ρ along that
direction. An AMPS ρJJ(θ, ϕ) can be given as a linear
combination of spherical harmonics with the coefficients
corresponding to the moments of a polarization operator,
and the Clebsch-Gordan coefficients (see [82] for details).

A one-to-one correspondence between a given ρ and
ρJJ(θ, ϕ) can be easily shown by recalling the orthonor-
mality of the spherical harmonics. Alternatively, one
can apply the angular-momentum Wigner functions in-
troduced by Agarwal [84] (see also [85]), which are also
simply related to the AMPS [83]. Thus, the AMPS, and
the above-mentioned standard and generalized Wigner
functions can be interchangeably used as complete rep-
resentations of the studied state ρ.

In our case, we encode the Fock basis states |00⟩, |01⟩,
and |10⟩ into, respectively, the angular momentum states
|J,−1⟩, |J, 0⟩, and |J, 1⟩, where J = 1 corresponds to a
qutrit. We note that other encodings can also be applied.
We have shown in Fig. 8, the AMPS for chosen states,
which reveal different relations between the NC poten-
tials corresponding to all the hierarchy regimes listed in
Table I.

V. DISCUSSION

A. Experimental feasibility

1. Generation of arbitrary vacuum-one-photon
superpositions

A number of methods for generating superpositions
of Fock states, including the studied VOPS states, have
been proposed and implemented experimentally with op-
tical [24, 86–89] or microwave [90] photons.
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In particular, VOPS can be generated from a coherent
state by generalized conditional quantum teleportation
and projective synthesis using a quantum scissors device,
as shown schematically in Fig. 1(b). The method was
proposed in [91], its experimental feasibility was analyzed
in detail in [92, 93], and it was experimentally imple-
mented in [88]. The device comprises two balanced beam
splitters BS1 and BS2. A single-photon state |1⟩ is mixed
with the vacuum |0⟩ on BS1, and the generated entangled
state at one of the BS1 outputs is mixed with a coherent
state |α⟩ (with a complex amplitude α) at BS2. To gen-
erate a desired pure state σ[p,

√
p(1− p)] = |ψ⟩⟨ψ|, the

amplitude α should satisfy the condition p/(1−p) = |α|2,
so |ψ⟩ ∼ (|0⟩ + α|1⟩). The projection synthesis of |ψ⟩ is
realized by conditional measurements at the two single-
photon detectors, D1 and D2. A proper generation of |ψ⟩
at the second output port of BS1 occurs if the detector
D1 registers a single photon and D2 does not register any
(or vice versa). In case of other measurement results, the
generation (and qubit teleportation) is unsuccessful, so
the procedure should be repeated. Note that a VOPS
state is generated via quantum state truncation (which
can be considered a measurement-induced photon block-
ade process) and via the conditional teleportation of the
truncated state.

To generate an incoherent VOPS state σ(p, x) with a
coherence factor |x| <

√
p(1− p), a phase shifter can

be applied (with a specific probability), as shown in
Fig. 1(b). For example, by using random 0 or π phase
shifts with a given probability, one can decohere a given
pure-state superposition to an arbitrary degree. A phase
shifter can be replaced by two kinds of mirrors changing
the phase of a state during its reflection by either 0 or
π. Let us assume that the state |ψ0⟩ = N (|0⟩+ α|1⟩) for
ϕ = 0 was generated n0 times, and |ψ1⟩ = N (|0⟩ − α|1⟩)
for ϕ = π was produced n1 times, where N is the nor-
malization constant. In fact, the state |ψ1⟩ is gener-
ated in the scheme if a single photon is detected by
D2 instead of D1; thus, no phase shifter is required for
generating |ψ1⟩. The corresponding mixed state reads
σ′ =

∑
i=0,1 ni|ψi⟩⟨ψi|/(n0 + n1); so, if n1 = n0 then

x = 0, and if n1 = 0 then x =
√
p(1− p). Thus, by

choosing properly n1 compared to n0, one can obtain
any value of |x| ∈ [0,

√
p(1− p)].

VOPS states can also be generated conditionally (via
postselection) using other linear-optical schemes, e.g.,
via: quantum-optical catalysis [24], spontaneous para-
metric down-conversion [86], or a single-photon linear
amplification with finite gain [94].

We focus here on freely propagating VOPS states gen-
erated in a linear-optical system. We note that the gener-
ation and control of arbitrary superpositions of harmonic-
oscillator states were experimentally demonstrated also
in various other systems, which include microwave res-
onators [90, 95–97] and optical cavities [98], or even ion
traps, where superpositions of motional states of trapped
ions were generated [99]. Thus, our classification of NC
is not limited to VOPS states, but also applies to other

bosonic excitations.

2. Two-mode state tomography

Once a desired VOPS state is generated, it is mixed
with the vacuum on a balanced BS and than a two-mode
Wigner function can be reconstructed using, e.g., homo-
dyne QST as shown in Fig. 1(a). It should be noted that
from the experimental point of view, it is much more chal-
lenging to perform optical tomography on qubit states
implemented as VOPS states compared to such tomo-
graphic measurements of optical qubits implemented in
other ways, including photon polarization. Anyway, a
number of experiments reported the generation of VOPS
states and their tomographic reconstruction via homo-
dyne detection [24–26, 88, 89]. Homodyne tomographic
measurements of the joint detection probabilities for test-
ing Bell nonlocality were first considered on correlated
optical beams at the output of a nondegenerate para-
metric amplifier in Ref. [100].

Thus, a typical setup of two-mode homodyne QST,
as schematically shown in Fig. 1(a), can be applied for
reconstructing a two-qubit Wigner function W (α1, α2)
from which the corresponding density matrix ρexp can
be calculated by Eq. (A6). To find the corresponding
single-qubit state σ(p, x), one can numerically find the
closest state ρqr(p, x), given in Eq. (30), maximizing the
Uhlmann-Jozsa fidelity (or, equivalently, minimizing the
Bures distance),

Fmax = max
p,x,q,r

F [ρexp, ρqr(p, x)]

≡ max
p,x,q,r

[
Tr

(√√
ρexpρqr(p, x)

√
ρexp

)]2
. (52)

Homodyne QST for reconstructing two-mode Wigner
function can be replaced by the Lutterbach-Davidovich
QST [101] based on performing proper displacements in
a phase space and parity measurements using the Cahill-
Glauber formula, given in Eq. (A6). The single-mode
QST method was experimentally applied in, e.g., [90]
for reconstructing single-mode Wigner functions of Fock-
state superpositions (including VOPS states) in a su-
perconducting resonator. The Lutterbach-Davidovich
method can be readily applied for reconstructing also
two-mode Wigner functions (as experimentally imple-
mented in, e.g., [102]), in the same spirit as single-
mode homodyne QST was generalized to two-mode
QST [see Fig. 1(a)]. Moreover, a modified Lutterbach-
Davidovich method can be applied for reconstructing also
the single- and two-mode Cahill-Glauber s-parametrized
QPDs given in Eqs. (A1) and (A4) for s not too close 1.

The NC of experimental VOPS states can be tested
by applying various NC witnesses, including a Vogel cri-
terion [14] as applied in [24], or negative Wigner func-
tions [89]. The NC of single-photon Fock states was ex-
perimentally tested via violating a Bell inequality calcu-
lated from a two-mode density matrix reconstructed via
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homodyne detection in [25, 26]; those results can be con-
sidered as a special case of our nonlocality potential for
a single-photon Fock-like state generated experimentally,
and other σ(p, x) states were not studied there.

At the end of this section we would like to stress the im-
portance of applying quantum state tomography in this
study. Specifically, we are interested not only in test-
ing whether a single-mode state exhibits a given type of
quantum correlations, but our goal is to quantify the NC
of the state via measures of two-mode quantum corre-
lations, and finally to demonstrate the related hierarchy
of such NC quantifiers. This is a much harder prob-
lem especially to determine an entanglement measure of
a general two-qubit state without a full two-qubit QST.
For a related discussion and references we refer to [45],
where the hierarchy of entanglement, steering, and Bell
nonlocality of experimental two polarization qubit states
was demonstrated via a full QST. Actually such a method
which enables the determination of an entanglement mea-
sure without full QST of two polarization qubits has been
proposed [78], but it is quite complicated and, thus, has
not been implemented experimentally yet. The deter-
mination of the Costa-Angolo steering measures S(2)

CA(ρ)

and S(3)
CA(ρ) (and, thus, the corresponding Bell nonlocal-

ity and steering potentials) without full QST is possible,
but the method has been so far developed only for po-
larization qubits [75]. To our knowledge, the only ex-
perimental work showing the hierarchy of entanglement,
steering, and Bell nonlocality measures without full QST
has been reported very recently in Ref. [47], but only
for some specific classes of two-polarization qubits (i.e.,
Werner and Werner-like states). In the present paper, we
study an analogous hierarchy of quantum correlations,
but for single-qubit states. These states, after mixing
with the vacuum on a balanced or unbalanced BS and
subjected to phase damping result in two-qubit states be-
longing to much broader classes of states than the Werner
and Werner-like states.

B. Nonclassical potentials for higher-dimensional
single-mode optical states

One can apply NC potentials not only for VOPS states,
but also for single-mode optical states of higher dimen-
sions, and (at least for some classes of) continuous-
variable (CV) states. We can interpret such potentials
in close analogy to those for single-qubit states by ap-
plying the Wiseman et al. interpretation of the corre-
sponding two-mode NC correlations [57]. Specifically, an
EPR steering potential describes the quantum correla-
tions exhibited by a single-mode bosonic field, enabling
the verification of two-mode entanglement, generated by
a linear coupling of the single-mode field with the vac-
uum, even when complete characterization of one of the
generated modes is lacking. While the Bell nonlocality
(entanglement) potentials describe single-mode nonclas-
sical correlations in the case when complete characteri-

zation of both generated modes is lacking (available).
The calculation of steering and Bell nonlocality poten-

tials based on measures of the corresponding two-mode
correlations would be very challenging numerically, ex-
cept low-dimensional qudits or specific classes of CV
states (like Gaussian states). In particular, the calcu-
lation of steering potentials based on two-mode steering
measures for two qutrits can be effectively performed by
applying semidefinite programming [16]. Anyway, such a
measure-based approach becomes numerically demand-
ing already for two quartits. Thus, it is much more
practical to analyze single-mode steering and nonlocal-
ity potentials for qudits and CV systems based on nec-
essary and sufficient criteria, corresponding to violations
of some classical inequalities for observing two-mode cor-
relations, instead of analyzing their measures. Thus, the
hierarchies of criteria of steering and nonlocality poten-
tials for single-mode fields can be determined via the hier-
archies of sufficient or necessary conditions for observing,
respectively, two-mode steering (e.g., [22]) and nonlocal-
ity (e.g., [51]).

The calculations of steering and Bell nonlocality po-
tentials can usually be much simplified by limiting the
number of measurements from infinite to finite, as we
have assumed even in our analysis of single-qubit states.
A variety of powerful Bell and steering inequalities, which
can be readily applied for calculating the corresponding
potentials beyond the VOPS states and beyond the ap-
plied measurement scenarios, are reviewed in Refs. [18]
and [16, 17], respectively. Steering witnesses for CV
systems can be based on the variances of some observ-
ables [103] or entropic uncertainty relations [104, 105].
We also note that Bell inequalities, which can be the ba-
sis for defining the nonlocality potentials for CV systems,
have been studied even for the infinite number of mea-
surement settings of each party [106, 107] and for contin-
uous sets of values of the measurement outputs [108, 109].

Such an analysis of NC potentials for CV states, can
be much simplified by limiting the interest to Gaussian
states, i.e., displaced squeezed thermal states. Actually,
an entanglement potential based on the logarithmic nega-
tivity was applied to Gaussian states already in the first
paper on NC potentials [34]. The convertibility (via a
BS) of locally squeezed Gaussian states and entangle-
ment was considered in Ref. [110]. Concerning steering
potentials, one can use a computable measure of steering
for arbitrary bipartite Gaussian states proposed in [111].
Nonlocality potentials for Gaussian states can be con-
sidered via Bell’s inequality violations using homodyne
detection, as studied in, e.g., [112].

VI. CONCLUSIONS

We have studied theoretically measures of various
types of single-qubit quantum correlations related to two-
qubit correlations via a linear transformation. Thus, we
have generalized the concept of entanglement potentials
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of Asbóth et al. [34], as measures of single-mode NC, by
proposing the Bell nonlocality and steering potentials.
Analogously to the Wiseman et al. standard interpreta-
tion of entanglement, steering, and Bell nonlocality of
two-party systems [57], one can interpret NC correla-
tions of single-qubit states with nonvanishing potentials
via trusted or untrusted detectors used for measuring the
two-qubit states, which are generated via balanced beam-
splitting on the single-qubit ones.

We have applied this approach for quantifying the non-
classicality of VOPS states by mixing them with the vac-
uum on a balanced BS and then to determine various
measures of two-qubit (two-mode) nonclassical correla-
tions. Specifically, we have applied here: (i) the nega-
tivity and concurrence as examples of entanglement po-
tentials; (ii) quantum steering potentials based on the
Costa-Angelo measures [66] of two-qubit steering in the
three-measurement scenario via the maximal violation
of a CJWR inequality. We have chosen these specific
steering potentials as they can be calculated analytically
for any two-qubit states. We note that steering poten-
tials can be defined and applied (at least numerically)
via other popular steering measures, like the steerable
weight [67] and the steering robustness [68], which also
might be applied for studying steering potentials for two
qudit states. Moreover, we have defined a Bell nonlo-
cality potential via the Horodecki measure [73] of two-
qubit Bell nonlocality quantifying the maximal violation
of the Bell-CHSH inequality. We note that this potential
is monotonically related to the steering potential based
on the Costa-Angelo measure in the two-measurement
scenario [66]. Thus, with the help of these potentials, we
could reveal the hierarchy of single-qubit nonclassical cor-
relations in analogy to the hierarchy of the corresponding
two-qubit correlations [45, 47]. We have discussed vari-
ous methods for the generation of VOPS states and the
homodyne tomographic reconstruction of the resulting
two-mode states and the calculation of realistic potentials
assuming system imperfections including phase damping
and unbalanced beam splitting.

The studied hierarchy of single-qubit potentials for
generating two-qubit entanglement, steering, and Bell
nonlocality can also be useful for estimating the de-
gree of one type of quantum correlation from another,
e.g., estimating the Bell nonlocality or steering poten-
tials from an entanglement potential (or vice versa), in
the spirit of such estimations for the corresponding two-
qubit quantum-correlation measures (see, e.g., [113] and
references therein).

Apart from a fundamental interest in single-photon en-
tanglement and VOPS states, these have been experi-
mentally used for quantum information tasks, including
quantum teleportation [23, 88] and EPR steering [26].
Moreover, one can subject a VOPS to a non-demolition
photon presence detection gate and to partially erase this
information [114]. Thus, we believe that a deeper study
NC correlations of VOPS states can find further applica-
tions for quantum technologies.

We also stress that the studied NC potentials are not
limited to Fock-state superpositions. Indeed, the results
of this paper can be experimentally implemented with
qubits encoded in, e.g., photon polarization, as reported
in Ref. [115]. Thus, we believe that our work can stimu-
late further research in quantifying and utilizing the NC
of single-mode optical fields in close analogy to various
types of intermode quantum correlations with applica-
tions for quantum information processing.
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Appendix A: Cahill-Glauber s-parametrized
quasiprobability distributions

Here we recall some basic formulas of the Cahill-
Glauber formalism of quasiprobability distributions
(QPD) [116], which are phase-space representations of
single- or multimode states. These are generalizations of
the standard Wigner, Husimi, and Glauber-Sudarshan
functions.

For a multimode optical state ρ, the Cahill-Glauber
s-parametrized QPD is defined as

W(s)({αk}) =
1

πM
⟨T (s)({αk})⟩ =

1

πM
Tr

[
ρ
∏
k

T (s)(αk)
]
,

(A1)
where s ∈ [−1, 1], {αk} = (α1, ..., αM ) (for the studied
states ρout, the number of modes is M = 2), αk are
complex numbers, and the kth-mode operator T (s)(αk)
is defined by

T (s)(αk) =

∫
D(s)(βk) exp(αkβ

∗
k − α∗

kβk)
d2βk
π

, (A2)

which is the Fourier transform of the s-parametrized dis-
placement operator,

D(s)(βk) = exp
(
βka

†
k − β∗

kak +
s

2
|βk|2

)
, (A3)

where ak (a†k) is the kth-mode annihilation (creation)
operator. The multimode operator T (s)({αk}) is just a
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product of single-mode operators T (s)(αk), which can be
equivalently defined as

T (s)(αk) =
2

1− s
D(αk)

(
s+ 1

1− s

)a†
kak

D−1(αk), (A4)

where D(αk) = D(0)(αk) is the standard displacement
operator. In the three special cases of s = −1, 0, 1, the s-
parameterized QPD, W(s)(α1, α2), reduces, respectively,
to the Husimi Q, Wigner W , and Glauber-Sudarshan P
functions corresponding to the antinormal, symmetric,
and normal orderings of the creation and annihilation
operators. After substituting Eq. (A4) to Eq. (A1) for
s = 0, one arrives at

W ({αk}) ≡ W (0)({αk}) (A5)

=
2

πM
Tr

[
ρ
∏
k

D(αk)P(ak)D
−1(αk)

]
,

where P(ak) = (−1)a
†
kak is the photon-number parity

operator. The Cahill-Glauber formula in Eq. (A6) is
the basis for a direct experimental measurement of the
single-mode [90, 101] and multimode Wigner functions
just by performing proper displacements D(αk) in the
phase space and the measurements of the parity opera-
tor P(ak).

The QPD for any s contains a full information about
a given state ρ, as implied by the formula

ρ =

∫
W(s)({αk}) T (−s)({αk}) d2{αk}, (A6)

where d2{αk/π} = d2α1 · · · d2αM . For numerical calcu-
lations of a QPD (practically for any s, which is not too
close to 1), it is useful to use its Fock-state representa-

tion,

W(s)({αk}) =
1

πM

N0∑
{mk}=0

N0∑
{nk}=0

M∏
k=1

⟨nk|T (s)(αk)|mk⟩,

×⟨{nk}|ρ|{mk}, ⟩ (A7)

where

⟨nk|T (s)(αk)|mk⟩ =
√
nk!

mk!

(
−sm
sp

)nk

sδk+1
m (α∗

k)
δk

×L(δk)
nk

(
spsm|αk|2

)
exp

(
−sm|αk|2

)
, (A8)

for mk ≥ nk; other elements can be found from the
property ⟨nk|T (s)(αk)|mk⟩ = ⟨mk|T (s)(α∗

k)|nk⟩. Here
δk = mk − nk, sp = 2/(1 + s), sm = 2/(1 − s), and
L
(δk)
nk (x) are the associated Laguerre polynomials. To

calculate the QPD for a given s < 1, we can directly
apply the density matrices given in Eqs. (3) and (30) to
Eq. (A8). The formula in Eq. (A8) can be applied even
in the limit s → 1, but the limit should be taken very
carefully.

We note that for the VOPS states σ and the BS-
transformed states ρout, it is enough to analyze the
two special cases of the polynomials: L(δk)

0 (x) = 1 and
L
(δk)
1 (x) = 1+δk−x, because N0 = 1. Thus, by denoting

T
(s)
nm(α) = ⟨n|T (s)(α)|m⟩, we have

T
(s)
00 (α) =

2

1− s
exp

(
− 2

1− s
|α|2

)
,

T
(s)
10 (α) = [T

(s)
01 (α)]∗ =

4α

(1− s)2
exp

(
− 2

1− s
|α|2

)
,

T
(s)
11 (α) =

2(4|α|2 + s2 − 1)

(1− s)3
exp

(
− 2

1− s
|α|2

)
. (A9)
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