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Sudden change of the photon output field marks
phase transitions in the quantum Rabi model

Ye-Hong Chen 1238 yyan Qiu2, Adam Miranowicz® 34, Neill Lambert3, Wei Qin3, Roberto Stassi>>,
Yan Xia1'2®, Shi-Biao Zheng1'2 & Franco Nori 3675

The experimental observation of quantum phase transitions predicted by the quantum Rabi
model in quantum critical systems is usually challenging due to the lack of signature
experimental observables associated with them. Here, we describe a method to identify the
dynamical critical phenomenon in the quantum Rabi model consisting of a three-level atom
and a cavity at the quantum phase transition. Such a critical phenomenon manifests itself as a
sudden change of steady-state output photons in the system driven by two classical fields,
when both the atom and the cavity are initially unexcited. The process occurs as the high-
frequency pump field is converted into the low-frequency Stokes field and multiple cavity
photons in the normal phase, while this conversion cannot occur in the superradiant phase.
The sudden change of steady-state output photons is an experimentally accessible measure
to probe quantum phase transitions, as it does not require preparing the equilibrium state.
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physical parameters can lead to drastic changes in the

equilibrium-state properties!~4. An interesting class of quan-
tum critical systems is provided by light-matter interaction
models®>~8, such as the quantum Rabi®!0 and Dicke models!1-18
describing the interaction of single or many two-level atoms
(atomic levels | g> and |e)) with a single-model cavity. The
quantum Dicke model exhibits a superradiant quantum phase
transition (QPT) in the thermodynamic limit of infinite
atoms!!~17. Such a thermodynamic limit leads to some difficulties
in experimentally exploring the superradiant QPTs!9-2%. Instead,
by replacing the thermodynamic limit with a scaling of the system
parameters, the quantum Rabi model described by the Hamilto-
nian (hereafter 7 =1)

I n quantum systems close to critical points, small variations of

Hy =wa'a(le) (el + |g)(g]) + Qle) el

1
—gla+a")(Ig) (el + le)(g]). @

can also exhibit a superradiant QPT%!0, where w (Q) is the
cavity-mode (atomic-transition) frequency, a (a') is the cavity-
mode annihilation (creation) operator, and g is the light-matter
coupling strength. We assume that the level frequency of the
atomic state |g) is zero. This superradiant QPT has been
experimentally observed?”?8 and s attracting increasing
attention?®-34, However, one of the most important critical
phenomena in this system, i.e., a discontinuity of the derivative
for the number of bare photons at the critical point, is hard to
observe.

Unlike classical phase transitions, superradiant QPTs can occur
when changing the system parameters at zero temperature>%19.
Specifically, when g approaches the critical point, it was
predicted!? that the mean photon number in the ground eigen-
state of Hg suddenly increases to infinity. This corresponds to a
QPT from a normal phase (NP), where the ground state of the
cavity field is not occupied, to a superradiant phase (SP), where
the ground state is macroscopically occupied. However, experi-
mentally exploring this critical phenomenon is challenging
because: (i) the time required to prepare this equilibrium state
diverges!0; and (ii) these photons are virtual, so cannot be directly
measured”-8. Especially, the difficulty (i) may make transition-
edge sensing protocols®>~37 not effective in detecting this kind of
phase transitions.

Here we show how to overcome these problems by introducing
additional low-energy levels in the quantum Rabi model and
driving transitions among these levels. We show that the stimu-
lated emission effect of the whole system can directly reflect the
change of the photon-number distributions of the quantum Rabi
Hamiltonian. The process can be interpreted as a multi-photon
down-conversion induced by stimulated Raman transitions (i.e., a
pump photon is converted into a Stokes photon and multiple
cavity photons, as shown in Fig. 1a)38-41, This parametric down-
conversion process changes abruptly when the superradiant QPT
occurs in the quantum Rabi Hamiltonian. Such a change can be
observed by measuring the real photons continuously released
from the cavity. Note that this parametric down-conversion
process was initially studied by Huang et al. in 2014 for photon
emission via vacuum-dressed intermediate states®. We find that
such a photon emission can be useful in observing quantum
critical phenomena. We predict that the steady-state output
photon rate can reach ®%, ~ 4x 107w in the NP, then suddenly
vanishes when tuning the Rabi Hamiltonian into the SP. This
demonstrates a sudden change of the ground eigenstate of the
quantum Rabi Hamiltonian, and indicates the occurrence of the
superradiant QPT.

Superadiant quantum phase transitions

Note that the theory of the superradiant phase transition in the
quantum Rabi model was developed first in 2013° and then in
201510, For clarity, we first review the theory of the superradiant
phase transition in the quantum Rabi model. In the limit of Q/
w — oo, following refs. *19, we can solve the Hamiltonian Hy in
Eq. (1) using a Schrieffer-Wolff transformation’»2:

Usw = exp[(£) (a+a") (le)igl - lghtel)]. )

For the transformed Hamiltonian, the transitions between the
ground- and excited-qubit-state subspaces {|n)|g)} and {|n)|e)}
are negligible. Thus, we perform a projection (g|UgWH rUswlg)s
resulting in

H =wada

2
- - “’fc (a+a")’ + 0gw/Q), 3)

where

8. = 2g/VwQ,

is the normalized coupling strength and O(g?w/Q) denotes
negligible higher-order terms. The excitation energy of H,,, is

Epp = W4/ 1 _g?V

which is real only for g, < 1 and vanishes at g, =1, i.e, in the
NP0, The ground eigenstate of Hyy, is |E,) = S(r,,,)|0), with

S(ryp) = exp {%" (a™ - aZ)} and 7, = —:llln(l ~ &)

4)
For g.>1 and
1 /Q
=—1/— (¢ —g?) =0 €
44 2 ) (gc gc ) ) )
after displacing the cavity field with displacement operators
D(ioc):exp[ioc(a*—a)], 6)

we can employ the same procedure in deriving H,, to obtain the
Hamiltonian in the SP:

w 2 Q
HspwwaTa—rg?<a+a+) +5(1—g3) + wa. )

The excitation energy of H, is &g, = w,/1 — g;* and the ground
eigenstate of Hy, is S(ry,)|0), with

1 -4
rSP:_Zln(l_gc )- ©)]
Thus, in the lab frame, Hy has two degenerate ground eigenstates
|Ey) = D(£@)S(rg IO)|4), . )

where ’¢> , are the ground eigenstates of
H, = Qle) (el F 2ga(le) (g + Ig) (el)- (10)

This is because two different displacement parameters + « result
in an indentical spectrum?®.

Demonstrating the critical phenomenon

The sudden change of 71, = (E,|a’a|E,) at the critical point g. = 1
is the most important benchmark of the superradiant QPT.
Specifically, when Q/w — oo, the derivative dn,/dg, is dis-
continuous at the critical point g, =1 (see Fig. 2a), indicating the
occurrence of the superradiant QPT. However, observing this
critical phenomenon is still challenging in experiments mainly
because: (i) it is difficult to prepare the ground state |E0> at the
critical point; (ii) one cannot adiabatically tune control para-
meters across the critical point?7-28 since the energy gap mostly
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Fig. 1 Sketch and atomic level structure of the protocol. a Sketch of the parametric down-conversion process in an atom-cavity system. A pump pulse of
frequency w, is converted into a Stokes pulse of frequency ws and multiple cavity photons of frequency w. b Level structure of the atom. The upper two
atomic levels |g) and |e) are ultrastrongly coupled to the cavity mode with strength g. The lower two levels |g) and };4) are off-resonantly driven by a
composite pulse of two frequencies (w, and ws) and two amplitudes (€, and Q).

(@)

SP

312 NP i
~ 1
C: |
S 0.8

[72] .Or

= Q/w

S 102
_§0.4— —— 104

> —10°

IS

=

o

<
®
—

Jge = 29/VQw

1.2

(b)1

O NP SP
©

2

= — |co]
£

© == |&
=

% ........... |C4|
‘g" Sl == el

Pl
a - |cg]

asess™®
L gy

o

7 sl

- & o

[ - .»""./: /II
e

1.1

o
©

Jge =29/VOw

Fig. 2 Sudden change of photon number distribution. a Derivative dn, /dg, of the virtual cavity excitation number fiy = (Eqla’alE,) calculated for different
frequency rate Q/w. b Probability amplitudes |cy| of the states |2k)|g) in the eigenstate ‘Eo> of Hg in Eg. (1) when Q = 108w approximatively satisfying the
condition Q/w — e°. The green- and blue-shaded areas denote the normal phase (NP) and the superradiant phase (SP), respectively.

closes at the critical point; and (iii) the photons in the ground
eigenstate ’E0> are virtual and cannot be directly measured”-8.

Instead, in this manuscript, we propose to measure the sudden
change of the photon number distributions of |E,), ie. the
probability amplitudes ¢,(g,) = < g’(k|EO). This is equivalent to
measuring the change of (Eg|ata|E,) because it can be calculated
using the photon number distributions. In the Q/w — oo limit, it
is expected that @ — oo and rg, # 0 when g > 1. Thus, when g is
tuned across the critical point, there is a sudden change in the
amplitude cy:

[— tanh(rnp)} T
0,
2kl [cosh(r,,) i

+ |(tanh rsp)k exp [— “72 (1 + tanh rsp)}

=1
|52k(gc)| g_)
2k, /(2k)! cosh T

g.=1"
|62k(gc)| -

H (x)|—>0,

(11)

where H,,(x) are the Hermite polynomials with

o exp(rsp)

x = .
1 /sinh ZrSP (12)

Such a change is obvious when k is small, because |c;x(g. — 17)|
is significant as shown in Fig. 2b. Especially, for k <5, the com-
ponents of the few-photon states in the eigenstate |E0> of Hg
suddenly vanish when g, is tuned across the critical point (see
Fig. 2b). This coincides with the sudden changes of the photon
number 7, and its derivative dn,/dg, (see the red-solid curve in
Fig. 2a).

To demonstrate the sudden change of ¢y, following the idea
in ref. %, we introduce a third low-energy level |u) with
level frequency w, <0 for the atom (see Fig. 1b). We assu-
me that |w,|>w, so that the state ﬁl> is far off-
resonance to the cavity bare frequency. The atom-cavity inter-
action becomes

H,=Hp+ wﬂ‘y>(y| + waTa|y)<[4

; (13)

whose eigenstates |Ej) can be separated into: (i) the noninteracting
sectors |u,) = |n)|u) with eigenvalues nw + w,; and (ii) the
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Fig. 3 Critical phenomenon. Theoretical prediction of the maximum photon number of the system after a finite-time evolution, according to Egs. (16) and
(17). For E > 0, we impose t =10%/w when /2 — oo, to avoid an infinite evolution time in the coherent dynamics. Parameters are: Q = 106w,
w, =Eq — [Z(nd -N+ O.25] w, Q,=0.005(E; — Eo), and Q= 2Q,,. For simplicity, we choose ng=2+ 1/ in the simulation.

eigenstates |E,,) of Hy with eigenvalues E,, (n,m=0,1,2,...).
The ground state of the whole system becomes |y,), which is the
initial state for the system dynamics hereafter.

Then, as shown in Fig. 1, we employ a composite pulse to drive
the atomic transition ‘ py < ! g):

Hp = [QP cos(w,t) + O cos(wst)} (|/,t>(g| +1g) </,¢|)7 (14)

where Q, () and w,, () are the driving amplitude and frequency,
respectively. Focusing on the changes of few-photon components
(k<5), we choose w,=E;—w, and w;=E,— w, — 2w, for
I=1,2,..., resulting in the resonant transitions |u,) <> |E;) <
ltty) in the subspace {|£j)}. Specifically, for weak drivings
Q) < |E;, — Eg|, the system dynamics is understood as the
Raman transitions described by the effective Hamiltonian

1
He =2 [Con|#o> + C2195|#21>} (Eo| +h.c., (15)

which is obtained by performing efo!Hpe~fo! and neglecting
fast-oscillating terms under the rotating-wave approximation (see
Supplementary Note 1 for more details). Hereafter, we omit the
explicit g. dependence of all the probability amplitudes ¢, for
simplicity. The dynamics governed by H.g can be interpreted as a
multi-photon down-conversion process (see Fig. la), with an
efficiency controllable by the coefficients ¢y and c,. When the
initial state is ’ Uy ), the probability amplitude of the state ’ Uy at
time ¢ reads

[ ON10)
Py = %[COS(EJ’) —1], with &2

] (16)

=3 |:(COQP)2 + (62103)2} .

Choosing t=n/E, the probability amplitudeP,; and the mean
photon number of the system both reach their maximum values.
Then, as long as Q,# 0 and Q,#0, P, is measurable because ¢,
and ¢y, are significant. Accordingly, the theoretical prediction of
the maximum photon number of the system after a finite-time

evolution is
PLNONETION

e = 20|Py (1) = 2l|—— 222
(@) + ()

max

(wheret = 7/E)

(17)

However, when g, is tuned across the critical point, the needed
evolution time to achieve the maximum photon number tends
infinite due to 2 — 0. To avoid such an infinite-time evolution,
we impose ¢ < 10%w in this protocol when E — 0. In this limit, we
obtain P, — 0 because cos(8tf) — 1 according to Eq. (16).
Therefore, as shown in Fig. 3, we theoretically predict a sudden
change of the mean photon number when g. — 1, indicating the
occurrence of the superradiant QPT.

This demonstration can be interpreted as a partial quantum
process tomography, which starts at preparing the initial
state |u,) and fixing g. to a specific value, e.g., g.=0.999. Then,
turning on the drivings, one can detect the system dynamics
(see the example in Fig. 4a). After the detection, the drives are
turned off and the system is prepared to the state ’ Uy ). The next
step is tuning g, to another value (e.g, g =1.001) through
adjusting the frequencies Q) and w. Thus, after the energy
spectrum of the system stabilizes, one can turn on the drivings
again and detect the system dynamics (see the example in
Fig. 4b). By repeating these processes, we can know the system
dynamics for an arbitrary g. and demonstrate the critical phe-
nomenon as shown in Fig. 4c, which shows the maximum value
A Of the mean photon number of the system in the
evolution. Note that the mean photon number is no longer
#i = (a'a), but n= (X"X*), where X+ (X7) is the positive
(negative) frequency component of the quadrature operator
X=a+at784243 Otherwise, because of (EglatalEy)#0, an
observation of the stream of photons in the eigenstate |E0> of the
Rabi model would give rise to a perpetuum mobile behavior3842,
Because these photons can be emitted and detected in a dis-
sipative dynamics, a measurement of the population dynamics is
not necessary.

Using the corresponding input-output theory3®43, we apply

Xt =3 (a+a")1E)1E) (&, (18)
JJ
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Fig. 4 Dynamics of the model. Populations of the ground state |/40> and the four-photon state |y4> in (@) the normal phase (NP, green-shaded area) for
g.=0.999, and (b) the superradiant phase (SP, blue-shaded area) for g. =1.001, calculated for the total Hamiltonian Hiot = Ho + Hp. € Maximum value
(Nax at the time t =7/8) over time of the mean photon number in the evolution governed by Hiq for =1, 2, 3, 4. Parameters are the same as those in
Fig. 3. Here, ny > is used to tune the driving frequencies w, and w; and for simplicity, we choose ny = 2 4 I in the simulation. The eigenvalues Eq and E; can
be numerically calculated. The level frequency w, is chosen so that the state }EO> is the highest level in the dynamical evolution and the state |y> is off-
resonant to the cavity bare frequency. Thus, the system only has real cavity photons contributed by the state |[42,>.

and X~ = (X1)" with 7' <j. Here, Eq. (18) describes that a photon
emission from the cavity is associated with the transition from a
high-energy eigenstate |£j) to a low-energy eigenstate Ifjf) of H,,.
Note that in the subspace {|u,)}, we can obtain
Sl (U1 X2 1) (#,,] = |1) {p] @ a. That is, the photons in
the states |u,;) are real cavity photons, thus,

(19)

Therefore, the system has maximum real photons at the
time t=mn/E, when the state |u,) is maximally populated
according to Eq. (16). Figure 4c shows that 7, reaches a
maximum when g, — 17, indicating a rapid increase of the mean
photon number near the critical point. Then, when g, is tuned
across the critical point, the photons suddenly vanish. The inset
of Fig. 4 shows such changes more clearly, where we can see that
7,,.« changes sharply when slightly increasing g, from g, =1 to
g.= (1 +10~4), demonstrating a sudden change of the photon-
number distributions in |E0> (see also Supplementary Note 1).
Obviously, the actual dynamics of the system shown in Fig. 4c

XX uy) = u)(ul ® a'aluy) = a’al2])|u).
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coincides very well with the effective one shown in Fig. 3. As
an example for =2, when g.=0.99999, the theoretical predic-
tion of the maximum photon number is #f, =~ 3.89, and
the actual number is 7, ~ 3.93. When we change g. to
g.=1.0003, the theoretical prediction becomes
e . = 0.0018n"maxe~0.0018 and the actual number is
Amax = 0.04. Both close to zero, indicating a sudden change of the
mean photon number at the critical point. The sudden change in
Tax €an be easily detected experimentally by measuring the rate
of photons transmitted out of the cavity. Note that numerical
results for actual dynamical evolution in this manuscript are
obtained using the total Hamiltonian H,,, = H,+ Hp without
approximations.

Output photon rate
A proper generalized input-output relation in the ultrastrong-
coupling regime determines the output cavity photon rate383° by

Q. = «Tr[X~X*p]. (20)
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s¢)/dg. at g.— 1. The blue, black, and red curves are

plotted using frequency ratios ©/w =102, Q/w =104, and ©/w = 108, respectively. Other parameters are the same as those in Fig. 4.

Here, « is the cavity decay rate and p is the density matrix obeying
the following master equation at zero temperature”>8,

3
P (v) , )
p=ilpHal + X 2 I{DIEE) @
where H,,; = Hy + Hp is the total Hamiltonian and
1
Dlolp = opo’ — 5 (ofop + po'o), (22)

is the Lindblad superoperator. The relaxation coefficients 1";-;:) can
be written in compact forms as

I =y, 166 () gl + ) WDIEH,
I =y, 108 (lgh el + le) (g IE) .
F](ﬁ) = (& |(a+ah)IE))’,

where y; 5y is the spontaneous emission rate of the transition
1g) — 1) (le) — Ig))-

The steady-state output field can remain unchanged for a long
time. This can reduce the difficulties in experiments to measure
the emitted photons. Taking /=2 as an example, in Fig. 5a, we
show the steady-state output photon rates @5 = & .|, .,
which is independent of the initial state. Focusing on Q/w = 10*
(the black-solid curve in Fig. 5a), the peak value of steady-state
output photon rate can reach @ > 4x 10w in the NP near the
critical point when the dissipation rates are x = y; =y, = 0.01w.
We can choose w ~2mx5MHz and Q ~2m x50 GHz*%, the
cavity can transmit ~ 1.25 x 10> photons per second, which is
detectable in cavity- and circuit-QED systems. The coupling
strength is g~2mx250 MHz, and the driving amplitudes are
Q,22mx0.5 kHz and Q.2 27x 1 kHz, which are feasible in
current experiments’-846-49. When the parameter g, crosses the
critical point, suddenly there is no photon released from the
cavity. This indicates the drastic change of the photon number
distributions and the occurrence of the QPT. The curves in Fig. 5a
coincide well with those in Fig. 2a, proving that the steady-state
output field is a good signature of the superradiant QPT.

(23)

Finite-frequency effect

As mentioned above, for finite frequencies of Q and w, the
higher-order terms O(wg?/Q) cannot be ideally neglected but
modify the eigenvalues and eigenstates of Hp near the critical
point. The influence of this finite-frequency effect is shown in
Fig. 5. The first-order derivatives of @5  versus g, are shown in
Fig. 5b. For Q/w=10* (black-solid curve in Fig. 5b) and Q/
w =10 (red-solid curve in Fig. 5b), we can see deep thin dips
near the critical point of g. = 1, indicating the sudden changes of
output photon rates. For Q/w =102, the phenomenon becomes
less pronounced (see the blue-solid curve in Fig. 5b).

Discussion

Our protocol does not need to control a parameter to adiabati-
cally approach the critical point. Also, we do not need to prepare
the equilibrium state, which is challenging in experiments because
the time required diverges!®3>. The critical phenomenon can be
translated to a sudden change of the output photon rate, which
can be easily detected in experiments. Thus, our protocol could be
efficient to observe the critical phenomenon of the sudden change
of photon number distributions in a superradiant QPT. More-
over, unlike dissipative phase transitions!®-24-2520-52_ the drivings
and dissipation in this manuscript are only used for quantum
measurements and do not affect the QPT.

Our protocol could be implemented with superconducting
circuits, which have realized the ultra- and deep-strong couplings
between a single atom and a single-mode cavity*44>°3-57, One
can couple, e.g, a flux qubit’340-49, with a lumped-element
resonator via Josephson junctions to reach a coupling strength of
g/27m~ 1 GHz**4>, To reduce the cavity frequency to w =27 x5
MHz, one can use an array of dc superconducting quantum
interference devices®® instead of the lumped-element resonator
(see Supplementary Note 2). The level structure of the atom can
be realized by adjusting the external magnetic flux through the
qubit loop?839°9,  Moreover, simulated quantum Rabi
models”-8:60-6>, which work in the rotating frames of the Jaynes-
Cummings models, can be another possible implementation of
our protocol (see also Supplementary Note 3).
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Conclusion

We have investigated a method to observe quantum critical
phenomena: a sudden change of photon number distributions in
a quantum phase transition exhibited by the quantum Rabi
model. We can interpret the system dynamics as a multi-photon
down-conversion process and study the outputs near the critical
point. When the normalized coupling strength g, is tuned across
the critical point, the output of the system changes abruptly. This
reflects a sudden change of the eigenstate ’Eo> of the quantum
Rabi model. Specifically, for the Rabi Hamiltonian in the NP, a
pump pulse can be converted into a Stokes pulse and multiple
cavity photons, while in the SP, it cannot. One can observe such a
change by measuring the photons emitted out of the cavity
continuously in the steady state. Moreover, for finite frequencies,
we demonstrate that a small frequency ratio (2/w may lead to the
disappearance of the critical phenomenon. We expect that our
method can provide a useful tool to study various critical phe-
nomena exhibited by quantum phase transitions without pre-
paring their equilibrium states.
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