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The existence and degeneracies of quantum exceptional, diabolical, and hy-
brid (i.e., diabolically degenerated exceptional) singularities of simple bosonic
systems composed of up to five modes with damping and/or amplification are
analyzed. Their dynamics governed by quadratic non-Hermitian Hamiltonians
is followed using the Heisenberg-Langevin equations. Their dynamical matri-
ces generally exhibit specific structures that allow for an effective reduction
of their dimension by half. This facilitates analytical treatment and enables
efficient spectral analysis based on characteristic second-order diabolical de-
generacies. Conditions for the observation of inherited quantum hybrid points,
observed directly in the dynamics of field operators, having up to third-order
exceptional and second-order diabolical degeneracies are revealed. Surpris-
ingly, exceptional degeneracies of only second and third orders are revealed,
even though the systems with up to five modes are considered. Exceptional
and diabolical genuine points and their degeneracies observed in the dynam-
ics of second-order field-operator moments are also analyzed. Each analyzed
bosonic system exhibits its own unique and complex dynamical behavior.

1 Introduction

Non-Hermitian Hamiltonians had been for a long time considered not being suitable for
describing real physical systems. This opinion has changed after the seminal work by
Bender and Boettcher [1] who showed that the non-Hermitian Hamiltonians endowed
with a parity and time symmetry (P7-symmetry) exhibit real spectra in certain areas of
the system parameter space. This leads to the formulation of new area of physics, i.e.,
non-Hermitian quantum mechanics [2-5], which has already provided numerous models
[6-11] suitable for describing real quantum systems in many areas of physics. Moreover,
non-Hermitian Hamiltonians exhibit new algebraic structures: It has been shown that,
for certain values of parameters, there occur spectral degeneracies accompanied by degen-
eracies of the eigenvectors of a given Hamiltonian. Such points in a system parameter
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space with exceptional degeneracies (EDs) are called exceptional points (EPs) for which
the dimension of the corresponding Hilbert space is reduced. This has interesting physical
consequences and leads to new unexpected physical effects. It allows to enhance the pre-
cision of measurements of suitable physical quantities [12-16]. It also leads to enhanced
nonlinear interactions [17, 18]. For this reason, PT-symmetric systems of different kinds
have been found appealing in many areas of physics including: optical waveguides [19, 20],
optical lattices [21-24], spin lasers [25], optical coupled structures [26-30], coupled optical
microresonators [13, 31-35], quantum-electrodynamics circuits (QED) [36], systems with
complex potentials [37], optomechanical systems [38, 39], photonics molecules [40], among
others. Moreover, schemes for engineering properties of EPs have been suggested (see,
e.g., [41] and references therein).

Subsequent studies have revealed also other features observed in P7T-symmetric sys-
tems in addition to EPs. For example, the spectral degeneracies which are not accompa-
nied by the corresponding eigenvector degeneracies, were observed [42]. Such degeneracies
do not usually lead to the above discussed physical effects and so the corresponding points
in the system parameter space were named diabolical points (DPs). Note that DPs, con-
trary to EPs, can also be observed in Hermitian systems [42]. As pointed out in [43], it
may happen that this DP with its diabolical degeneracy (DD) occurs at an EP. In this
case, ‘independent’ (i.e. with different eigenvectors) multiple spectral and eigenvector de-
generacies are found in systems and we refer to them as hybrid diabolic exceptional points
(HPs). Such systems then naturally exhibit a physical behavior similar to that observed
at EPs. Moreover, new effects originating in diabolical degeneracy may arise. For exam-
ple, the system behavior when encircling an HP has been used to construct a multi-mode
optical switch [44].

Non-Hermitian PT-symmetric optical bosonic systems are especially interesting from
the point of view of their behavior at EPs. Their infinite-dimensional Hilbert space leads
to numerous manifestations of modifications of their dynamics at quantum EPs (QEPs),
i.e. EPs observed in quantum systems [18], including the effect of quantum jumps [45, 46].
The system dynamics may be followed either directly in the Hilbert space [the Liouville
space of statistical operators| or in the complementary space of field-operator moments
(FOMs) of all orders [47, 48]. The studies performed in the moment space of field oper-
ators in multimode bosonic systems described by non-Hermitian quadratic Hamiltonians
revealed different types of degeneracies related to QEPs [43, 49]. Moreover, they allowed
to sort QEPs into three classes: inherited QEPs, genuine QEPs and induced QEPs. The
dynamical equations for the mean values of field operators indicated the presence of inher-
ited QEPs and quantum HPs (QHPs) [43] that represent the core of the studied unusual
behavior. The presence of such inherited QEPs and QHPs then implies the existence of
genuine QEPs and QHPs [43] observed in the dynamics of higher-order FOMs. With the
increasing FOM order, the degeneracies of genuine QEPs and QHPs increase. Moreover,
similar or identical FOMs, as being related by the field commutation relations, arise in the
formal construction of higher-order FOMs. Thus, we can also define induced QEPs and
QHPs [43] that further enlarge the multiplicity of the spectral degeneracies. However, as
these redundant FOMs share their time evolution with the FOMs contributing to genuine
QEPs and QHPs, they do not lead to additional diversity of the system evolution. Thus,
they are not interesting from the point of view of the dynamics of FOMs of a given order.
This dynamics is fully characterized by the corresponding genuine QEPs and QHPs. As
the properties of genuine QEPs and QHPs originate in those of the inherited QEPs and
QHPs, the analysis of the latter is crucial for the understanding of a system evolution.
For this reason, it is important to identify the inherited QEPs and QHPs and their de-
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generacies in simple bosonic systems formed by smaller numbers of bosonic modes. This
analysis may then be exploited for further studies of physical effects in such systems.

The system composed of two mutually interacting modes, one being damped and the
other amplified, was already analyzed from this point of view in Ref. [43]. This analysis
may be considered as the simplest building block useful for investigations of more complex
bosonic systems in which much richer and diverse physical behavior is expected. Here, we
consider systems composed of up to five modes in different configurations promising for the
observation of QEPs and QHPs. Looking for inherited QEPs with higher-order EDs is the
main goal of our investigations. It is motivated by the fact that the higher is the ED order,
the more modified is the system dynamics at a QEP. This then enhances the physical effects
specific to QEPs like improvement in measurement precision or enhancement of nonlinear
effects.

As, surprisingly, we have been able to reveal only up to the third-order ED of QEPs
in the analyzed systems, we continue our analysis in Ref. [50], being the second part
of this paper, in which we pay attention to the spectral degeneracies of non-Hermitian
Hamiltonians observed only in specific subspaces of the systems’ Liouville spaces as well
as non-Hermitian Hamiltonians with unidirectional coupling. In particular, systems with
unidirectional coupling exhibit significantly stronger non-Hermitian features compared to
those analyzed here, enabling the observation of QEPs and QHPs of arbitrary order. In
Ref. [50], we also address numerical identification of QEPs and QHPs, useful in the bosonic
systems with higher dimensions. We also extend the analysis of the genuine and induced
QEPs and QHPs by considering the FOMs of a general order.

At the end of Introduction, we would like to note that while the existence of higher-
order EPs has been discussed previously in the literature, those analyses typically rely on
semiclassical models that neglect quantum fluctuations, that are necessary for quantum
consistency of the models. Moreover, many prior works investigate the spectra of semi-
classical non-Hermitian Hamiltonians, which exhibit infinite (though countable) sets of
eigenfrequencies. In contrast, the physically relevant spectra are those of the correspond-
ing dynamical matrices governing the evolution equations (e.g., the Heisenberg ones in
the Heisenberg picture), which involve only a small number of frequencies. It is precisely
these frequencies that determine the observable behavior of the system. In semiclassical
models, higher-order EPs can often be identified with relative ease. However, the validity
of such models is generally restricted to specific conditions, such as short evolution times
or weak damping/amplification. This raises a critical and largely unexplored question:
What are the spectral degeneracies in PT-symmetric bosonic systems under general con-
ditions, where fluctuating quantum forces - governed by fluctuation-dissipation theorems
- play a non-negligible role?

The paper is organized as follows. A two-mode bosonic system with unequal damp-
ing and/or amplification rates, as the simplest considered model, is analyzed in Sec. II.
Section III brings the analysis of a related three-mode system in the linear configuration.
The corresponding generalized four-mode systems in their linear and circular configura-
tions are investigated in Sec. IV whereas the analysis of the five-mode systems in their
linear and pyramid configurations is found in Sec. V. Section VI brings conclusions. In
Appendix A, the eigenvalues and eigenvectors of the general 2n x 2n dynamical matrices
are summarized. The structure of the second-order FOMs for the analyzed systems is
detailed in the tables provided in Appendix B.
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2 Two-mode bosonic system: Basic building blocks

We begin with the consideration of one of the simplest P7T -symmetric bosonic systems that
is composed of two modes: one being attenuated and the other amplified [for the scheme,
see Fig. 1(a)]. We note that even a one-mode bosonic system may exhibit P7T-symmetric
behavior, as shown in Ref. [51]. We also pay attention only to the systems described by
quadratic Hamiltonians that lead to linear exactly-solvable Heisenberg equations. Though
these Hamiltonians lead to linear dynamical equations, they allow for describing the non-
linear effect of photon-pair generation and annihilation. This effect is commonly used in
various quantum optical systems to generate entangled [52] and squeezed [53, 54| states
of light. PT-symmetry restricts the form of the studied non-Hermitian Hamiltonian such
that the underlying dynamics is described by the dynamical matrix composed of char-
acteristic 2 x 2 submatrices. They are also used to build the matrices of more complex
PT-symmetric bosonic systems. The characteristic block structure — typical of bosonic
systems with quadratic Hamiltonians — forms a critical ingredient of the analytical frame-
work presented below, allowing us to uncover the complex structures of eigenvalues and
their associated eigenvectors of the corresponding dynamical matrices in the space of sys-
tem’s parameters. Moreover, we also consider bosonic systems in which damping and
amplification are not in balance, which is a typical situation of PT-symmetric systems.
In this unbalanced case, relying on the results presented in Ref. [55], we may introduce
a specific interaction picture in which the average damping or amplification dynamics is
projected out and the remaining dynamics exhibits the features found in PT-symmetric
Systems.

Under these conditions, we may write the quadratic Hamiltonian of the considered
two-mode bosonic system in the interaction picture as follows:

Hy = |hea]as + hrards| + He., (1)

where a; (d}) stands for the annihilation (creation) operator of the jth mode, j = 1,2, € is
the linear coupling strength between the modes, and « is the nonlinear coupling strength
between the modes. Symbol H.c. replaces the Hermitian-conjugated terms. Whereas the
linear coupling originates in the spatial overlap of the mode electric-field amplitudes, the
nonlinear coupling arises in the three-mode parametric process with strong pumping [56].
The damping (amplification) of modes occurs as a consequence of the interaction with
the reservoir whose two-level atoms are in the ground (excited) state [43]. Projecting
out the reservoir two-level atoms, we are left with the damping (amplification) rate ~; of
jth damped (amplified) mode and the corresponding Langevin stochastic operator forces,
ﬁj and I:}, in the dynamical Heisenberg-Langevin equations. We note that properties of
the Langevin operator forces differ for the damping and amplification processes and they
have to be chosen such that the field-operator commutation relations are fulfilled. This
results in the corresponding fluctuation-dissipation theorems [47, 57] formulated within
the Heisenberg-Langevin formalism.

Using the two-mode Hamiltonian in Eq. (1), we derive the Heisenberg-Langevin equa-

T
tions written for the vector a = [a1, &2]T = {dl, d{, as, &H of field operators and vector

. i et a T
L= 14, LI, Lo, L; of the Langevin operator forces as follows [58]:

dé )
d—‘; = —iM®a+ L. (2)
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Figure 1. Schematic diagrams of the bosonic systems composed of (a) two, (b) three, (c—e) four,
and (f,g) five modes with typical linear, circular, and pyramid configurations that exhibit quantum
exceptional points (QEPs) and quantum hybrid points (QHPs) with various exceptional degeneracies
(EDs) and diabolical degeneracies (DDs) observed in the dynamics of field-operator moments (FOMs) of
different orders. Strengths € and k characterize, respectively, the linear and nonlinear coupling between
the modes, v, with subscripts indicating the mode number(s), are the damping or amplification rates,
and annihilation operators G identify the mode number via their subscripts, and ~;; indicates that

Vi = Vk-

In Eq. (2), the dynamical matrix M2,

—i71 &

M) >
£ —iv2

is expressed in terms of 2 x 2 submatrices 75, j = 1,2, and £ is defined as:

’vg:[wom 7?/21’ g:lfﬂ _ﬁe] (4)

where «; is the damping or amplification rate of the mode j that is accompanied by the
corresponding Langevin operator forces.

The 2 x 2 matrices, 4; (j = 1,2) and &, given in Eq. (4) can be simultaneously
diagonalized using the diagonalization transformation appropriate to the matrix £ as the
remaining two matrices are linearly proportional to the unity matrix and, thus, are not
modified by the transformation. This diagonalization transformation then decomposes
the 4 x 4 matrix M®) in Eq. (3) into the direct sum of two independent 2 x 2 matrices
belonging to the eigenvalues )é and A5 of the matrix & [see Eq. (7) below]| and having the
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structure of the original 2 x 2 matrix M®):

—im/2 0 A8 0
) 0 0
M® =1 0 —i
1 V2/2 0
0 0

This step is critical to our analytical approach, and it is applied analogously to systems
with a larger number of bosonic modes. It enables an effective reduction in the dimen-
sionality of the diagonalization problem, thereby allowing the derivation of comprehensive
analytical expressions essential for analyzing QEPs and QDPs. Denoting a general eigen-
value of the 2 x 2 matrix £ as £, we may express the eigenfrequencies )\M ) and eigenvectors

M( " of the decomposing 2x 2 matrices of the 4x4 matrix M2 in Eq. (2) in the following

common form:

( .
MEY = —iny T8 (5)
and
@ iv-+8 17
we = [_ ¢ ’1] ’ ()

where 474 = v £ 99 and 32 = €2 — 42
The eigenvalues )\52 and the corresponding eigenvectors yi2 of the matrix £ are simply
derived in the form:

AN, = ¥ (7)
and
ex¢ 17
v = -] )

where ¢ = Ve — k2.

Combing the above two results for the matrix diagonalization, we can express the
eigenvalues AM® of the 4 x 4 matrix M® in Eq. (2) as AM(2> )\M(2) for £ = )é and
A = MY for € = ), e

(2) .
AM = A2 = U+ — 67
AY® =AY = iy + B, (9)

and B = /(2 — 2. We note that, in general, we use capital Greek letters A to denote the
eigenvalues of the dynamical matrices M in their full dimensions, and lowercase Greek
letters A for the eigenvalues in the reduced (half) dimensions. We also note that the
average damping or amplification rate v; = 0 in the usual PT-symmetric systems, that
are, however, only specific cases in our general calculations.

Similarly as the eigenvalues, we obtain the eigenvectors along the formulas

o) (2) (2) T
M = €= A0k i (€= XS
for 7 =1,2,
(2) (2) (2) T
M = 7€ =25 0wl udh T (€= N 0us )
for j =3,4, (10)
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Figure 2: Schematic diagram of the structure of eigenvalues A;Vf(") and the corresponding eigenvectors

YjM(n), j=1,...,2n, of a general dynamical 2n x 2n matrix M (™ built from the eigenvalues )\{CV[(")

and the corresponding eigenvectors y,ZcVI("), k=1,...,n, of the matrix M (™ considered as an n x n

matrix composed of 2 X 2 submatrices at the positions of its elements; n = 2,3,.... The eigenvalues
)\52 and the corresponding eigenvectors yiz belong to the submatrix &.

in the form:

M® [ (FetOx () T
Y1,2 - |: KC ) i%v Tk 1 ] )
M@ FeC)y* * T
vt = [ B sy g9 ) (1)
where x = i7y_ + 8. The structure of eigenvalues and eigenvectors of a general dynamical
2n x 2n matrix M (™ formed by the eigenvalues )\Q/I ™ and eigenvectors y,]cw ™ of the n xn

matrix M (™) expressed using 2 x 2 submatrices and the eigenvalues )\32 and eigenvectors
of the submatrix £ is shown in Fig. 2.

The formula in Eq. (9) provides the two pairs of coinciding eigenvalues. However,
Eq. (11) for the corresponding eigenvectors reveal no eigenvector degeneracy in general.

YM(2) M2

On the other hand, x is purely imaginary for 8 = 0, which leads to Y7 =Y3 and

Y M @ — M (2), while having all the eigenvalues the same. So we observe the second-
order degeneration in the Hilbert space that is formed by two second-order QEPs with
identical eigenvalues. We, thus, have a QHP with second-order DD and ED in this case.
The condition § = 0 implies that the eigenvalues and eigenvectors of the 2 x 2 matrix
M@ given in Egs. (5) and (6) coincide. The second-order ED, thus, originates in the
2 x 2 form of matrix M(?). We note that this degeneracy can be verified by transforming

the matrix M3 for 8 = 0 into its Jordan form

—i 1
Ty = [ J+ i, ] . (12)

On the other hand, the eigenvalues of 2 x 2 submatrix £ written in Eq. (7) point out at
the origin of DD: They differ just by the sign, but they lead to the same value of 3, i.e.,
to the same eigenvalue )\{\{2(2) of the 2 x 2 matrix M(®. DD is then implied by the fact

that the eigenvectors yiz of 2 x 2 submatrix & in Eq. (8) differ for ¢ # 0.

These findings about the structure of the matrices describing the dynamical equations
have their counterpart in the structure of the analyzed two-mode P7T-symmetric system.
The 2 x 2 matrix &, defined in Eq. (4), connects pairs of the annihilation and creation
operators of different modes. As such it forms the basic building block of more complex
PT-symmetric systems, together with the damping and/or amplification matrices 4; in
Eq. (4). In more complex PT-symmetric systems, the dependencies of the eigenvalues
of the dynamical n x n matrices M ™) (n = 2,3,...) on the eigenvalues )\32 of the &
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matrix are typically quadratic. This, thus, results in the observation of second-order DD
in the dynamical features of the matrices M (™). In this case, the eigenvalue analysis of
the considered systems considerably simplifies and we may restrict our attention to only
the n x n matrices M (™ with their elements in the form of 2 x 2 submatrices, when a
detailed eigenvalue analysis is performed. The consequences of the eigenvalue analysis are
then combined with the above second-order DD.

The condition f = 0 for observing QHPs can be analyzed in the space of system
parameters (e, &, 71,72) as follows. The quadratic Hamiltonian H®) in Eq. (1) provides
the linear Heisenberg-Langevin equations that allow for the temporal rescaling €t, i.e., only
the relative parameters (k/€,7v1/€,72/€) suffice in characterizing the system dynamics.
Moreover, the structure of the analyzed systems is such that the average damping or
amplification rate v influences equally only the eigenvalues, but it does not modify the
eigenvectors. This makes the space of the system parameters effectively two-dimensional
with the spanning parameters (k/e,v—/€). Using these parameters, the condition 8 = 0 is
expressed as follows: ) )

K il

S+ %2 ~1. (13)
Thus, the QHPs form a circle with the unit radius in the space (k/e,v_/¢€), as shown by
the red dashed curve in Fig. 3(a). We note that, at this circle, there is a specific point at
~v— = 0 in which all four eigenvectors, given in Eq. (10), are the same which gives raise to
the fourth-order QEP. However, this corresponds to the system in which both modes are
equally damped or amplified. It is worth noting that the eigenvectors of both matrices
M@ given in Eq. (3), and £, in Eq. (4), are degenerated at this point.

Deeper insight into the structure of higher-order FOMs, as well as the system dynamics,
can be obtained once we transform the Heisenberg-Langevin equations (2) into the form
in which the dynamical matrix has the diagonal form. Using the transformation matrix

P= { M@y M@ 3M(2), 4M(2)] formed from the eigenvectors in Eq. (10), we define

. n n oap T N
the corresponding field operators b = [bl, ba, bJ{, b;] , the Langevin operator forces K =

v ot )T - - o A(2)
{Kl, Ky, K, KQ} , and the diagonal dynamical matrix A'4):

A(Z) — P_lM(z)P, B: P_1d7 K = P_li/. (14)

We note that the order of elements in the operator vector b (and similarly in the vector K
of the accompanying Langevin operator forces) is given by the numbering of the eigenvalues
in Eq. (9) and the corresponding diagonalization transform.

In the transformed basis, the Heisenberg-Langevin equations take the form:
db I
- = —iA®b+ K. (15)

We note that the positions of the newly-defined annihilation and creation operators in the
vector IS, as well as the positions of the accompanying Langevin operator forces in the
vector K, differ from those in the original vectors & and L defined above Eq. (2). The
solution to Eq. (15) is expressed as:

b(t) = exp(—iA@1)b(0)
b [ el in®( - @) (16
0
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Figure 3: Real parts A" of the eigenvalues (a) )\%(2) of the matrix M(?), given in Eq. (5), for the

two-mode bosonic system, (b) )\{‘/[2(33) of the matrix M), given in Eq. (23), for the three-mode

. . M® MY . (4) (4); . .
linear bosonic system, (c) [(d)] A; " 4 [A1 4] of the matrix My~ [M);”], given in Eq. (30) [(34)]
for the four-mode linear bosonic system with neighbor modes having equal [different] damping and/or

()

amplification rates, (e) /\i\{‘f?A of the matrix Mc(f), given in Eq. (40), for the four-mode circular bosonic
(5)
system with neighbor modes having equal damping and/or amplification rates, (f) Aé\{lﬂs of the matrix
(5)

Ml(s), given by Eq. (47), for the five-mode linear bosonic system, and (g,h) )\é\?,s of the matrix M;(,s),
given in Eq. (54), for the five-mode pyramid bosonic system assuming (g) 81 = 0 and (h) 52 = 0. The
eigenvalues are drawn in the parameter space (k/¢€,v_/€), where ¢ (&) is the linear (nonlinear) coupling
strength and ~_ the difference of the damping/amplification rates in individual models. Dashed red
curves indicate the positions of the QHPs given by (a,e,g) Eq. (13), (b) Eq. (25), (c) Eq. (32), (d)
Eq. (36), (f) Eq. (49), and (h) Eq. (56).
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Using the inverse transformation, we arrive at the solution for the operators a, which
reads:

a(t) = Pexp(—iA@ )P 1a(0)
+ /0 t dt' P exp[—iA® (t — )| PTLL(t). (17)

The solution in Eq. (17) of the Heisenberg-Langevin equations in the diagonal form
together with the assumption of the Gaussian Markovian character of the Langevin op-
erator forces allows us to follow the dynamics of FOMs of an arbitrary order. We note
that, from the point of view of eigenfrequencies, the FOMs of a given order form a closed
dynamical system [43]. In this dynamics, we observe the genuine QEPs and QHPs that
are derived from the inherited QEPs and QHPs discussed above. In general, the higher
is the FOM order, the higher are the observed EDs and DDs at QEPs and QHPs. These
degeneracies were systematically studied in Ref. [43] up to fourth-order FOMs. They form
intricate structures within FOM spaces of defined order, where specific QEPs and QHPs
emerge. Such spaces and structures can be effectively utilized to simulate various physi-
cal phenomena [49, 51]. In Appendix B, we systematically summarize these degeneracies
for up to second-order FOMs, providing a comparative overview of the QEP and QHP
degeneracies observed in the first- and second-order FOM dynamics.

We note that the quadratic form of Hamiltonian E[Q, in Eq. (1), is not the most
general one. It can be extended by considering additional terms describing local squeezing
in modes 1 and 2 described by a constant g, as it was done in Ref. [43]:

Hy = |healas + hrinas + Y hgal?/2| + He. (18)
=12

However, the structure of the dynamical matrix M () built from the 2 x 2 submatrices,
is broken for nonzero values of the constant g. This results in the loss of the second-order
DD that follows from the structure of the £ and 4; matrices written in Eq. (4). As a
consequence, only second-order inherited QEPs occur for g # 0 in the parameter space
(k/€,v—/€,g/€). Detailed analysis of the positions of inherited QEPs, as well as EDs and
DDs of QEPs and QHPs observed in the FOMs dynamics was provided in Ref. [43]. Similar
reduction of eigenvalue and eigenvector degeneracies in the Hilbert space after including
these terms was observed in more complex bosonic systems. We further pay attention
only to the systems described by quadratic Hamiltonians without these terms.

3 Three-mode bosonic system

The above-analyzed two-mode system provided QHPs with second-order ED and DD.
Whereas the DD originates in the mutual coupling between the two modes (described by
the strengths € and k), the ED arises from different strengths of damping and amplification
of the modes and a given system configuration. Bosonic systems composed of more than
two modes give a promise for revealing QHPs with a larger number of EDs and DDs and
various configurations of the coexistence of several QHPs with different EDs and DDs.
However, the question is how to choose a suitable configuration of interactions among
the modes and their damping and/or amplification rates. Whereas the parity symmetry
is useful in seeking promising geometries, the temporal symmetry allows to define suit-
able relations among the damping and amplification rates. In this section, we begin our
investigation by considering three-mode bosonic systems in the linear configuration, and
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define specific conditions under which QHPs occur. In the following sections, we extend
our analysis to the four- and five-mode systems. The geometries together with their char-
acteristic parameters are schematically shown in Fig. 1. We also identify the positions
of QHPs in the corresponding parameter spaces. Moreover, we analyze the occurrence of
genuine QEPs and QHPs and determine their EDs and DDs from the point of view of the
dynamics of second-order FOMs.

Among the bosonic systems with three modes we succeeded in identifying QHPs in
the linear configuration that is shown in Fig. 1(b). We note that a linear non-Hermitian
Hamiltonian (i.e. semiclassical) system in a similar configuration was experimentally re-
alized in Ref. [59] and used for higher-order exceptional-point enhanced sensing. We note
that a QEP with third-order ED was identified in Ref. [60] in an optomechanical system
of three interacting bosonic modes. Hamiltonian Hj of such a system can be written as
follows:

Hy = [heai@ + heabas + hrayas + hnaQag} fHe
(19)

Using the 2 x 2 submatrices 7;, j = 1,2, 3, describing mode damping or amplification,
and & defined in Eq. (4), we derive the Heisenberg-Langevin equations in the form

da

bl V74 G ) P
o iM™a+ L, (20)
where
—iv1 € 0
M® = & —ive & |, (21)

0 £ —ivs
. . N N A ~ 1T T
and 0 denotes the 2 x 2 null matrix, while @ = [a1, a2, as]” = {al, ay, Go, Ay, a3, a3} and
S S A b
L= [Ll,Ll,Lg,LQ,Lg,Lg] :

The condition
2o =m+3 (22)

is required to have the eigenvalues )\5-‘4 © (j = 1,2,3) of the dynamical 3 x 3 matrix M) in
Eq. (21) with a common damping or amplification rate 4. This is necessary for observing
possible spectral exceptional and diabolical degeneracies.

We note that condition in Eq. (22) also encompasses passive (v; > 0 for j = 1,2,3)
and active y; < 0 for j = 1,2,3 PT-symmetric systems. Under this condition we may
write

M®3)

3) . .
AP = iy Ayg = —iv+ F 5, (23)

using 4+ = v1 73 and B2 = 2¢2 — 42 ¢ being an eigenvalue of the matrix £ in Eq. (4).
The eigenvectors corresponding to the eigenvalues )\;V[ “ in Eq. (23) are derived in the
form:

: T
yi\l@) = |:_17 _&7 1:| 3
3
i (i i T
%(3) — |:1+ Z’Y (ZZQ 18)7_17 § B,l ) (24)
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Provided that 8 = 0, the three eigenvalues )\?/[(3) for j =1,2,3 in Eq. (23), as well as
the corresponding eigenvectors in Eq. (24), are equal and, thus, third-order QEPs of the
3 x 3 matrix M® are found. Taking into account the structure of the submatrices of the
6 x 6 matrix M®) these QEPs are in fact QHPs with second-order DD. Substituting for
the eigenvalues ¢ of matrix & from Eq. (7), the condition 3 = {/2¢2 — 42 = 0 for having
a QHP attains the form: ) ,

K ol

2tz = 1. (25)
This condition is visualized by the red dashed curve in Fig. 3(b) that shows the real parts
of the eigenvalues A;-VI(S) as they vary in the parameter space (k/€,vy_/€).

The analysis of QEPs and QHPs appropriate for the FOM dynamics requires the
construction of eigenvalues and eigenvectors of the matrix M®) in its full 6 x 6 space
combining the eigenvalues and eigenvectors in Egs. (23) and (24) with those of the matrix
& given in Egs. (7) and (8) using the general scheme shown in Fig. 2. The eigenvalues
and eigenvectors are written in Appendix A. The obtained eigenvectors then allow us to

N Y o
introduce new field operators b = {bl, b{, b, b3, b;, b;} in which the dynamical 6 x 6 matrix

M®) of the Heisenberg-Langevin equations attains its diagonal form A®), similarly as
it was done in Sec. 2 in the case of the two-mode system. This then allows to reveal
the spectral degeneracies in higher-order FOMs. The QEPs and QHPs predicted in the
dynamics of the first- and second-order FOMs are summarized in Appendix B using Tab. 2.

4 Four-mode bosonic systems

Let us move to the investigations of four-mode bosonic systems, in which we revealed
QEPs and QHPs in two arrangements: linear and circular. In the linear arrangement, we
consider two configurations that differ by the damping and/or amplification rates assigned
to the modes: Either the neighbor modes share their damping and/or amplification rates
or their rates differ. On the other hand, equal damping and/or amplification rates of the
neighbor modes are needed in the circular arrangement to reveal QEPs and QHPs.

4.1 Linear configurations

In the linear configuration, the quadratic Hamiltonian }AI471 of four-mode system is ex-
pressed in the form

Hiy = |healas + heabas + healas + hraras + hrisas + hragas) +He.  (26)
The corresponding Heisenberg-Langevin equations are derived as follows:
da .
07? = —iMPa+1L, (27)

Using the 2 x 2 submatrices defined in Eq. (4) we write the dynamical 4 x 4 matrix M1(4):
- € 0 0
g~ 0
M@ _ 3 2§ , 28
1 0 & i ¢ 2%)
0 0 £ —174
The vectors @ of field operators and L of the Langevin operator forces in Eq. (27) are given
T . O A
as @ = a1, a, a3, aa]" = 41,4}, 49,0}, a5,0}, a4,0}]" and L = Ly, L], Lo, LY, Ls, L§, Lo, L] .
QEPs and QHPs have been found in the following two configurations:
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4.1.1 Linear configuration with equal damping and/or amplification rates of neighbor modes

In this configuration schematically shown in Fig. 1(c) we assume equal damping and/or
amplification rates in modes 1 and 2, and also modes 3 and 4:

Y1 = Y2 = Y12, Y3 = Y4 = V34- (29)

In this case, diagonalization of the dynamical 4 x 4 matrix M1(14 ) in Eq. (28) provides the
eigenvalues

MY .
Ayt =~y oo,
(4)
M, .
/\3,i1 = —iy+ oy, (30)

and the corresponding eigenvectors

* *2 * T
M1(14) _ - 6:|: XF 1 Xx 1
y1,3 - 2€37 52 ) f ’ ’
2 T
M - 5i Xz _ 1 X% 4
y2,4 2537 62 I f 9 .

(31)

where 0+ = £2(=2iy_ + x5) £ 2ux, X+ = —iv+ + s, of = B2 £ p, B2 =3¢2/2 — 42,
and p? = 4€%(562/16 — 42) using 4v+ = Y12 + Y34.
If w = 0 then oy = a_ and x4 = x—. The eigenvalues in Eq. (30) are doubly
M o M o)
degenerated: A} " = A3 and Ay, "' = A, " . The same holds also for their eigenvectors

given in Eq. (31) and we have two QEPs with second-order ED. Similarly as in the case

of three-mode bosonic system, the inclusion of the structure of submatrices in the 8 x 8

matrix M1(14) gives the second-order DD to these QEPs and we, thus, have two QHPs.

They are localized at the ellipse , )

K 162

ot sz = 1 (32)

M@

defined in the parameter space (r/€,7—/€). Real parts of the eigenvalues A" for j =

1,...,4 are drawn in this space in Fig. 3(c); their coinciding values for the condition (32)
are plotted by the red dashed curves.

The eigenvalues and eigenvectors of the 8 x 8 matrix M1(14) obtained by merging those

written in Egs. (30) and (31) and Egs. (7) and (8) for the matrix £ (for details, see

Appendix A) using the scheme in Fig. 2 define the transformation into the new field

. B A
operators b = [bl, ba, bJ{, b;, bs, by, bg, bH in which the Heisenberg-Langevin equations have
the diagonal form. This reveals the spectral degeneracies in higher-order FOMs that are
summarized in Tab. 3 in Appendix B considering the first- and second-order FOMs.

4.1.2 Linear configuration with different damping and/or amplification rates for neighbor
modes

We assume the equal damping and/or amplification rates in modes 1 and 3 and also in
modes 2 and 4:

=73 =713, 0 Y2 = 74 =24 (33)
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In this configuration, which is schematically depicted in Fig. 1(e), the eigenvalues of the
4 x 4 dynamical matrix M1(24) are obtained as follows:

M) .
)\17212 = —iv+ oy,
M .
A3l = iy Eac. (34)

The corresponding eigenvectors are reached in the form:

(4) _ * T
M, K X+
yl,312 = |: S:Fa'%ivfal] )
MY KX+ x+ 17
y2,412 = |: :FE y K4, _?7 1 )

(35)

where ke = (£v5+1)/2, x4 = —ivy +ax, ot = BEpu, f=362/2—~%, and pu = /562 /2
using 4vx = 713 + y24.
(4) MW (4) M@

Provided that ay = 0 [a— = 0] the eigenvalues )\iw” and A, [/\QJ12 and Ay "2 |
U@ M® @ M@
in Eq. (34) and the eigenvectors y; * and y, ? [ys3 2 and y, ? | in Eq. (35) are

equal to each other and we have a QEP with second-order ED. This means that, for the

8 X 8 dynamical matrix M1(24), we predict a QHP with second-order ED and DD observed
either for ay = 0 or a— = 0. These conditions define two ellipses in the parameter space

(k/€,v-/¢€),
K2 272

6—2+m:1. (36)

(4)
They are shown in Fig. 3(d) where the real parts of the eigenvalues )\;\/[12 forj=1,...,4

are plotted; they are drawn by the red dashed curves for the condition in Eq. (36).

The eigenvalues and eigenvectors of the 8 x 8 matrix M1(24), given in Appendix A,
determine the transformation that leaves the Heisenberg-Langevin equations in their di-

. fn ap ot oa A ar a1 T
agonal form. Thus, we define the new field operators b = |:b1,b2,b1i,b£7b3,b4,b;,bi} ,
whose evolution allows to identify the QEPs and QHPs in the first- and second-order
FOM dynamics. They are given in Tab. 4 of Appendix B.

4.2  Circular configuration
In the circular configuration, the Hamiltonian ﬁ47c of four-mode system is expressed as
Hy. = |hedlag + heabas + healay + healhar + hrayas
+hkagas + hrkasay + hragar] + H.c. (37)

Whereas the Heisenberg-Langevin equations keep the form of Eq. (27), the original dy-

namical 4 x 4 matrix M1(4) of the linear configuration in Eq. (28) is modified into the
form

—iy1 & 0 13

4 & —iv2 £ 0

Me™ =\ o & -5 e | (38)
13 0 £ 1Y
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We derive the eigenvalues of the 4 x 4 matrix Mc(4) under the condition of the equal
damping and/or amplification rates of the neighbor modes valid for the configuration
plotted in Fig. 1(d); i.e.,

M =Y2 =712, V3= V4= Y34 (39)

We obtain the following eigenvalues

(4)
M ,
Mgt = S A
(a)
M ,
A3it = —iytax (40)

M { X X T
Y > = 7:l:7:|:171:| )
1,2 f f
(4) * * T
yMcl — X77:FX7,:|:1,1 . 41
34 SIS

The symbols introduced in Eqs. (40) and (41) are defined as x = iy4 + 3, ax = £ &,
B% =€ —~2, and 4y = Y12 £ Y34
. . VAU V5ey
For 8 = 0, we have oy = —a_ and x* = —x. This leads to the relations A} ' = A3
) M@ M@ M@
and Ay ' = A" . Also the corresponding eigenvectors coincide: y; ' = yg °* and
M@ M@
cl
Y2 = Yy
means that the two QHPs with second-order EDs and DDs for the 8 x 8 matrix Méf ) are
formed. These QHPs occur under the condition specified in Eq. (13) that identifies the
(4)
QHPs in the analyzed two-mode bosonic system. The real values of the eigenvalues )\;-V[“

for j =1,...,4 are plotted in Fig. 3(e) together with the condition for the QHPs; the red
dashed curves give the coinciding values under the condition in Eq. (13).

. As a consequence, the two QEPs with second-order EDs occur. This

Using the eigenvalues and eigenvectors of the 4 x 4 matrix Mc(f ) and the 2 x 2 matrix
& given in Egs. (40), (41), (7), and (8), we arrive at the system dynamical matrix in its
diagonal form (for details, see Appendix A). This brings us the new field operators b=
{51, 132, lA);E), ZA)L 133, 134, I;J{, 5;} g suitable for revealing QEPs and QHPs found in the dynamics of
FOMs. As the structure of eigenvalues and eigenvectors is the same as that characterizing
the four-mode linear system with equal damping and/or amplification rates of neighbor
modes, the appropriate QEPs and QHPs are given in Tab. 3 in Appendix B.

5 Five-mode bosonic systems

The largest bosonic systems in our investigations consist of five bosonic modes. Among
them, QEPs and QHPs were identified in two configurations: linear and pyramid.

5.1 Linear configuration

A five-mode bosonic system in its linear configuration is depicted in Fig. 1(f). Its Hamil-
tonian Hs is given as follows:

Hs) = |healas + heabas + healas + heajas + hria

)

+hkaga3 + hkasas + hragas| + H.c. (42)
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Defini N N a A A T Ta At oA At oA At oA At oA A1
efining the vectors @ = [a1, a2, a3, G4, a5 = [al,al,ag,%,a3,a3,a4,a4,a5,a5} of field
. f st a at oa aroa ar a2 T
operators and L = [Ll, LJ{, Lo, L;, Ls, Lg, Ly, LL Ls, LH of the Langevin operator forces,
we obtain the following Heisenberg-Langevin equations:
@ _ _imM®a+i 1

The dynamical 10 x 10 matrix Ml(s) introduced in Eq. (43) is written with the help of
2 x 2 submatrices introduced in Eq. (4) as

—iy1 & 0 0 0
s £ -2 £ 0 0
M 0 ¢ —ijs & 0 (44)
0 0 £ —iva £
0 0 0 € —iFs
Motivated by P7T symmetry we assume:
71 =72 =72, Y4 =75 = V45- (45)

Moreover, inspired by the condition in Eq. (22) derived for the three-mode linear system,
we additionally assume:
273 = M2 + 5. (46)

(5)
Then, diagonalization of the 5 x 5 matrix MI(S) results in the following eigenvalues )\j-wl

AR .
>‘1 ! = U+,
M .
Aoy = —iyxEa,
M .
Ay = s oy (47)

The corresponding eigenvectors are derived as follows:

oo . T
N B Y =
1 i ) 5 ) 52 ’ 5 ’ ’
- T
M® ng  mz _ 2Bxg X4 X
y2,éi = _1:':7:';7_7;::!: 2:':7%_ 7j71 )
T e T ¢
- T
M® ny my | 28¢5 XF Xx
Ys,5 - -1+ 37 ¢3 + 2 )¢9 -1,—=1 ’
i 48°° ¢ & ¢ 3
(48)
where ny = (28 F ©)[(28 F €)% — dir-az], my = (& + €9), x& = —i7s + ax,
af = B2+ T[4+ 26¢, 7 = €2 /4 — 42, and 4y = Y12 £ Va5
(5) (5)
If 8 =0 then a4 = a— and x4+ = x—. Under these conditions, we have )\éwl = )\i\/ll
(5) (5) (5) (5) (5) (5)
and yé\/l o= yiwl . We also have )\5]3\4‘ = )\é\/jl and yéwl = yéVII . Thus, we observe

two QEPs with second-order EDs that give rise to two QHPs with second-order EDs and
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DDs when the 10 x 10 matrix Ml(s) is analyzed. In the parameter space (k/€,y_/€), these
QHPs are localized at the positions obeying the condition

K2 492

5
The real parts of the eigenvalues )\;-Wl( ) forming QHPs (j = 2,...,5) are plotted in Fig. 3(f)
where their coinciding values for the condition in Eq. (49) are indicated by the red dashed
curves.

The eigenvalues and eigenvectors of the 10 x 10 matrix M1(5) constructed from the
formulas given in Eqgs. (47) and (48) together with those in Egs. (7) and (8) (for details, see
Appendix A) allow us to describe the system dynamics via a diagonal dynamical matrix.
The appropriate operators b = [31,3];,52,33,55,3;,54,35,31,52}T then reveal QEPs and
QHPs found in the dynamics of FOMs of different orders. For the first- and second-order
FOMs they are written in Tab. 5 of Appendix B.

5.2 Pyramid configuration

Second-order QEPs and QHPs can also be identified in the pyramid configuration [the only
considered non-planar configuration, see Fig. 1(g)] described by the following Hamiltonian
ﬁ57p:

Hs, = |healay + healay + healas + healas + healas + healas + healas

+hedlas + hraiag + hkaidy + hragas + hragds + hragas
+hrasay + hkazas + hragas) + Hec. (50)

The Hamiltonian }AI57p given in Eq. (50) leads to the Heisenberg-Langevin equations

(43) in which the dynamical 10 x 10 matrix MI(,S) attains the form using the 2 x 2 sub-
matrices introduced in Eq. (4):

- £ 0 3 3
o ¢ —F € 0 ¢
Mp™ = 0 £ -3 £ 3 (51)
3 0 § —iya ¢
3 3 3 £ —s
Motivated by the PT symmetry we assume:
71 =72 =712, Y3 = V4= Y34 (52)

Moreover, inspired by the condition (22) derived for the three-mode linear bosonic system,
we additionally assume:
275 = 2 + 34- (53)

Under these conditions, diagonalization of the 5 x5 matrix Mr(>5) leaves us the following

. M)
five eigenvalues A; " :

)\{\4(5)p = —i+
M) )
/\2,?? = U+ _giﬁh
M) )
Ay =~y +EE B (54)
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The corresponding eigenvectors are obtained as follows:

P = = N
! R
(5) I T
yéwp = %7_21’ 17170:| 3
(5) * * T
yéwp = _%7%a_17170 )
M® . . T
Yu i = [U+’0+70+7U+71] ’

(5)
yév‘rp = [Ui,a*_,a_,a_,l]T

(55)

where 04 = (§ + X2)/(4‘£>7 6% = 52 - 73’ 522 = 552 - Vza X1,2 = 61,2 - i7—7 and 47:& -

Y12 £ Y34 e
Contrary to the eigenvalues of the models discussed above, the eigenvalues /\ for

j =2,...,5in Eq. (55) exhibit the linear dependence on £. This means that the DD

inherited to all the above-discussed models is removed in this model. It remains only for
the eigenvalue )\1 ;7 that, however, has no ability to form EDs.

Provided that 8; = 0, we have )\2 My = )\3 My and yév‘r‘gS) = y3 My . Thus, we have the
QEP with second-order ED. When the 10 x 10 matrix Mlg ) is analyzed, there occur one
second-order QEP for £ = ( and one second-order QEP for £ = —(. These QEPs occur in

the parameter space (k/¢,v—/€) under the condition written in Eq. (13).
. : , MO M MO u®
Moreover, in parallel, if 82 = 0, it holds that A\, * = A5'® and y4 =1vys © . Thus,

similarly as above, we observe the QEP with second-order ED for the 5 x 5 matrix Mp (5),
There occur one second-order QEP for ¢ = ¢ and one second-order QEP for £ = —( for
the 10 x 10 matrix Mé‘r’). These QEPs are localized in the parameter space (k/e,v_/¢)
at the points fulfilling the condition:

ol
=1. 56
+ F o (56)

The real parts of the eigenvalues )\j 7 forming QEPs (j = 2,...,5) are drawn in Fig. 3(g,h);
the coinciding values occurring for the condition in Eq. (1 ) [( 6)] are plotted in Fig. 3(g)
[(h)] as red dashed curves.

We note that for £ = 0 (i.e., = = 0, kK = €) we have a specific QHP with ten-fold
frequency degeneracy that belongs to four doubly-degenerate eigenvectors and another
two eigenvectors.

The eigenvalues and eigenvectors of the 10 x 10 matrix M,§5) formed from the expres-
sions given in Egs. (54) and (55) and also in Egs. (7) and (8) (for details, see Appendix A)
using the scheme in Fig. 2 allow us to analyze the system dynamics via a diagonal dynam-

N R &
ical matrix. The appropriate operators b = {bl, b{, by, b3, b;, b;, by, bs, bg, bﬂ then allow
to identify the QEPs and QHPs observed in the dynamics of FOMs of different orders.
For the first- and second-order FOMs, they are explicitly given in Tab. 6 in Appendix B.
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6 Conclusions

We have analyzed the dynamics of simple bosonic systems described by quadratic non-
Hermitian Hamiltonians from the point of view of the occurrence of quantum exceptional,
diabolical, and hybrid points. Non-Hermiticity of the considered systems, composed of
from two to five coupled modes, originated in their damping and/or amplification, that
are accompanied by the corresponding Langevin fluctuating forces to assure the physically
consistent behavior. We have identified specific configurations defined by two-mode cou-
plings and conditions for the damping and amplification rates of the modes at which the
inherited quantum exceptional and diabolical points occur. Surprisingly, in these phys-
ically consistent models, we have found only second- and third-order inherited quantum
exceptional points including their doubling due to second-order diabolical degeneracies.
On the other hand, doubled second-order inherited quantum exceptional points have been
observed. We have shown that the analyzed bosonic systems naturally exhibit the second-
order diabolical degeneracies. Nevertheless, we have found an exception from this behavior
in which no diabolical degeneracy occurs.

The exceptional and diabolical degeneracies of inherited quantum hybrid points have
then been used to construct higher-order degeneracies observed in the dynamics of second-
order field-operator moments. The corresponding quantum exceptional and hybrid points
are summarized in tables that demonstrate richness of the evolution of the general-order
field-operator moments and serve for future studies of the related physical effects.

The investigations have revealed the need for further looking for the bosonic systems
exhibiting higher-order inherited quantum exceptional and hybrid points by considering
more general bosonic systems. In Ref. [50] we extend our investigations to the systems
with partial PT-symmetry like dynamics (nonconventional PT-symmetry) as well as non-
Hermitian bosonic systems with unidirectional coupling.

We may conclude in general that the performed analysis opens the door for further
detailed investigations of the role of exceptional and diabolical degeneracies responsible
for inducing unusual physical effects observed in physically well-behaved systems at ex-
ceptional, diabolical, and hybrid points.
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A Eigenvalues and eigenvectors of three-, four- and five-mode bosonic
systems
In this Appendix, we present the eigenvalues and eigenvectors of the dynamical matrices

of the Heisenberg-Langevin equations for the three-, four-, and five-mode bosonic systems
in configurations depicted in Fig. 1.
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A.1 General n-mode bosonic systems
The eigenvalues of the 2n x 2n dynamical matrix M) belonging to a system with n
modes (n = 2,3,...) are constructed from the eigenvalues )\éw (n), j=1,...,n, derived for

the form of the dynamical matrix containing 2 x 2 submatrices and the eigenvalues )\§,
j = 1,2, of the matrix & given in Eq. (7) as follows:

(n) (n)
AM<n) = )\;;'\/I(n) (f - )\3)7 ] = 17 27 BN (2 (57)

Similarly, using the corresponding eigenvectors y;-‘/[ ™ of the n x n matrix M ™ formed

by submatrices and the eigenvectors yﬁl,

j = 1,2, of the matrix £ in Eq. (8), we arrive
at the following eigenvectors of the 2n x 2n matrix M (™ associated with the eigenvalues

given in Eq. (57):

(n) T
yM( )(5 = Xy
Y2];'/[—(711) = yJ2 (g:)\ﬁ)yﬁ ;
s
M7 (€= 2D |
Y T
ijl( >(£: )\é)yé
n M =
PUARII E=X)ys | 1. . (58)
(n)
P (€ = 5)u |

A.2  Three-mode bosonic system

In the three-mode system (n = 3) assuming 3 = /2(2 — 42 = 0, we find a QHP with
third-order ED and second-order DD. All the eigenvalues in Eq. (57) are the same in this
case and the eigenvectors in Eq. (58) obey the relations Y{™ @ = M @ — YM ® and
YM(3) _ YM(3) yM (3)

2 = ¥4 =Yg

A.3 Four-mode bosonic systems

In the four-mode system (n = 4) in the linear configuration with equal damping and/or

amplification rates of neighbor modes and assuming pu = 2\/ C2(5¢2/16 —~%) = 0, we
(4)
observe two QHPs with second-order ED and second-order DD. The eigenvalues A1 256
(4)
and also the eigenvalues A3 A7s in Eq. (57) coincide. The eigenvectors in Eq. (58) obey
(4) M@

the relations Y YH_Z for j=1,...,4.

In the four- mode system (n = 4) in the linear configuration with different damping
and/or amplification rates in neighbor modes and assuming a4 = 0 [a— = 0], ax =
\/(3 +1/5)¢2/2 —92) = 0, we find a single QHP with second-order ED and DD. The

(4) (4)
eigenvalues Aiwzlg 4 [Aé\@m] in Eq. (57) are equal. The eigenvectors in Eq. (58) fulfil:
(4) ) (4) (4) (4) (4) 4) (4)
v =y and v = v (v = v and v e = v ).

In the four mode system (n = 4) in the circular conﬁguratlon with equal damping
and/or amplification rates of neighbor modes and assuming 3 = /(2 — 72 = 0, we have
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two QHPs with second-order EDs and second-order DDs. The eigenvalues and eigenvectors
in this case behave analogous to those given above for the four-mode system in the linear
configuration with equal damping and/or amplification rates of neighbor modes.

A.4  Five-mode bosonic systems

In the five-mode system (n = 5) in the linear configuration and assuming 8 = ,/¢2/4 — 42 =

0, we have two QHPs with second-order EDs and second-order DDs. The eigenvalues
5 (5)

Agﬁ,?,s and also the eigenvalues Aé‘%,gjlo in Eq. (57) are the same. The eigenvectors in

(5) (5) (5) (5) (5) (5)
: M M, M, M, M, M
Eq. (58) fulfill the relations: Y3 ' =Y, ' Y, ' =Yg ' , Y, ' =Y, ' ,and
M® M®
Y ! =Yy
In the five-mode system (n = 5) in the pyramid configuration and assuming 3; =
(5)
\/C2—~% = 0, we have two QEPs with second-order ED. The eigenvalues Aéw" and
M) . . o M M
A5 " together with their accompanying eigenvectors Y3 ® =Yg ® coincide. The same
. . M) M ) M M .
is true for eigenvalues A, * and Ag” and eigenvectors Y, ® and Yy ® . Provided that
(5)
Bo = 1/5(2 —~% =0, we reveal two QEPs with second-order ED. The eigenvalues Aé\/lp
M . : o M M
and Ay " together with their accompanying eigenvectors Y, ® and Yy ° are the same.
(5) (5) M(s)

M)
10

Similarly, the eigenvalues Ag" and A and eigenvectors YSMp and Y;,° equal.

B QEPs and QHPs in first- and second-order field-operator-moments
spaces: Comparison

Here, we present tables that summarize the QEPs and QHPs, along with their degen-
eracies, as observed in the first- and second-order FOM spaces for the bosonic systems
analyzed in the main text. This analysis follows the methodology developed in Ref. [43],
which derives the genuine and induced QEPs and QHPs — together with their degen-
eracies — from the inherited QEPs and QHPs identified in the dynamics of first-order
FOMs.

The genuine QEPs can be viewed as analogues of the inherited QEPs in the dynami-
cal matrix of first-order FOMs, now extended to the dynamical matrices of higher-order
FOMs. However, a crucial distinction arises due to the structure of higher-order FOMs,
which are constructed as products of a fixed number of field operators, incorporating all
combinations of annihilation and creation operators. These combinations include terms
that are mutually related by commutation relations. Since such terms contribute to the
system dynamics only once, only one representative term should be considered when an-
alyzing spectral degeneracies — this yields the genuine QEPs.

In contrast, if all such terms are retained in the analysis, without accounting for
redundancy due to commutation relations, the resulting degeneracies are referred to as
induced QEPs. The same distinction applies to QHPs, leading to the identification of
both genuine and induced QHPs [43]. Different configurations of QEPs and QHPs emerge
across different models, highlighting the rich variety of spectral degeneracy structures and
their implications for diverse physical phenomena.

For the two-mode bosonic system with its dynamical matrix M) given in Eq. (3),
we summarize the corresponding degeneracies up to second-order FOMs in Tab. 1. This
provides a direct comparison of the QEP and QHP degeneracies observed in the dynamics
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A;- A; Moments Moment | Genuine and | Genuine QHPs
induced QHPs

deg. Partial| Partial | Partial| Partial
QDP | QDP | QDP | QDP
X X X X
QEP | QEP | QEP | QEP
deg. deg. deg. deg.
v | 8 | (1), () (By) 1 1x2 [ 2x2  [1x2 | 2x2
(by), (b)) (B3) 1 1x2 1x2
vyl T28 | (biby), (b1BL) | (B1Bs) | 2 x4 | 4x4 | Ix4 | 1x4
85 | (Blb2) 2 +
B—B | (bibh) 2
268 | (83), (b1%) (B?) 1 1x4 1x3 | 2x3
B—p | (blb) 2
26 | (83), (OF) (B3) 1 1x4 1x3
B—B | (Bibo) 2

Table 1: Real and imaginary parts of the complex eigenfrequencies A% —iA}; of the matrix M@ given

in Eq. (3) for the two-mode bosonic system derived from the equations for the FOMs up to second
order. The corresponding moments in the ‘diagonalized’ field operators are written together with their
degeneracies (deg.) coming from different positions of the field operators. The DDs of QHPs (partial
DDs) derived from the indicated FOMs and the EDs of the constituting QEPs are given. Both genuine
and induced QEPs and QHPs are considered. The operator vectors Bj for j = 1,2 are defined in the

rows written for A; = v, devoted to the first-order FOMs, i.e. ﬁj = [13],(3;] for j = 1,2. Symbol
BjBk, 4,k = 1,2, stands for the tensorial product that provides four terms explicitly written in the

rows for A;- = 274, the terms derived from those explicitly written by using the commutation relations
are omitted.

of first- and second-order FOMs. Notably, we identify genuine QEPs with a fourth-order
ED in the second-order FOM dynamics, in contrast to the inherited QEPs exhibiting only
second-order EDs in the first-order FOM dynamics.

It is instructive to compare the QEP and QHP degeneracies listed in Tab. 1 with
those observed in systems featuring larger numbers of modes, as presented below. This
comparison highlights how the spectral degeneracy structures in first-order FOMs evolve
when extended to second-order FOMs. Notably, characteristic features emerge that can
be generalized to spectral degeneracies of arbitrary-order FOMs, as discussed in Ref. [43].
For instance, one can infer the maximal EDs and maximal DDs occurring in the dynamics
of FOMs of a given order.

Considering the linear three-mode bosonic system with its dynamical matrix M)
given in Eq. (21) under the condition given in Eq. (22), the QEPs and QHPs predicted in
the dynamics of first- and second-order FOMs are summarized in Tab. 2. As shown there,
the inherited QEPs with a third-order ED give rise to genuine QEPs with a ninth-order
ED when analyzing the dynamics of second-order FOMs.

In the linear four-mode bosonic system described by the dynamical matrix M1(4) given
in Eq. (28), which features equal damping and/or amplification rates for neighboring modes
[see Eq. (29)], the QEPs and QHPs in the dynamics of first- and second-order FOMs
are summarized in Tab. 3. These results also apply to the circular four-mode bosonic
system with dynamical matrix MC(4) shown in Eq. (38), assuming equal damping and/or
amplification rates of neighboring modes [see Eq. (39]. According to Tab. 3, the inherited
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A} A; Moments Moment | Genuine and | Genuine QHPs
induced QHPs
deg. Partial| Partial | Partial| Partial
QDP | QDP | QDP | QDP
X X X X
QEP | QEP | QEP | QEP
deg. deg. deg. deg.
v | 0, 78 | (), (Bo), B)) | (By) 1 1x3 | 2x3 1x3 | 2x3
0, 78 | (b1), (b3), (b}) | (Ba2) 1 1x3 1x3
2741 0 (b3) (B?) 1 1x9 | 4x9 1x6 | 2x6
T8 (b1ba), (b1b}) 2 +
28 | (03), (B 1
B—B | (blbs) 2
0 (blby) (B2By) | 2 2x9 1x9 | 1x9
T8 | (blba), (B]bL) 2
¥4 (bsby), (bb1) 2
F28 | (bsha), (B1BY) 2
B-5 | (bsbh), (blbo) 2
0 (1% (B32) 1 1x9 1x6
F8 | (bjbs), (B]bL) 2
F28 | (B3), (BF) 1
B—B | (Bibs) 2

Table 2: Real and imaginary parts of the complex eigenfrequencies A} —iA;- of the matrix M ()| given
in Eq. (21), for the linear three-mode bosonic system derived from the equations for the FOMs up to

second order. We have B = [ZA)l, bo, B;] and By = [IAJL bs, ZA)E] and more details are given in the caption
to Tab. 1.

QEPs with doubled second-order ED give rise to genuine QEPs exhibiting fourth-order
ED and sixth-order DD when analyzing second-order FOM dynamics.

On the other hand, for the linear four-mode bosonic system described by the dynam-
ical matrix Ml(4) given in Eq. (28), with varying damping and/or amplification rates of
neighboring modes [see Eq. (33)], the QEPs and QHPs observed in the dynamics of first-
and second-order FOMs are summarized in Tab. 4. The spectral structure of first-order
FOMs, featuring two inherited QEPs with second-order EDs, evolves into a more complex
second-order FOM structure that includes genuine QEPs with second-, third-, and fourth-
order EDs. Notably, the genuine QHPs with second-order ED exhibit a sixteenth-order
DD.

In the linear five-mode bosonic system described by the dynamical matrix Ml(s) given
in Eq. (44), with damping and/or amplification rates satisfying the conditions in Eqgs. (45)
and (46), the QEPs and QHPs observed in the dynamics of first- and second-order FOMs
are summarized in Tab. 5. Notably, two inherited QEPs with second-order EDs give rise to
genuine QEPs exhibiting second-, third-, and fourth-order EDs in various configurations
within the spectral structure of second-order FOMs.

Finally, for the five-mode bosonic system in the pyramid configuration, described by
the dynamical matrix M1§5) given in Eq. (51) with damping and/or amplification rates
satisfying the conditions in Egs. (52) and (53), the QEPs and QHPs identified in the
dynamics of first- and second-order FOMs are systematically summarized in Tab. 6. Gen-

Accepted in {Yuantum 2025-12-07, click title to verify. Published under CC-BY 4.0. 23



Al A;’- Moments Moment | Genuine and | Genuine QHPs
induced QHPs
deg. Partial| Partial | Partial| Partial
QDP | QDP | QDP | QDP
X X X X
QEP | QEP | QEP | QEP
deg. deg. deg. deg.
Y+ | ax (b1), (bs) ( 1 2x2 4x2 2x2 4x2
(ba), (b2) ( 1
—as (o), (L) ( 1 2x2 2x2
(b]), (bh) ( 1
2v4l 204 (b3), (b3) { 1 1x4 16x4 | 1x3 4x3
o +ay | (bibs) 2 +
20i% (b3), (b3) (B2) 1 1x4 1x3
o + oy <8264> 2
—2a4 7%, (1% (B32) 1 1x4 1x3
—a_—ay | (b]bh) 2
—20 (b2, (b1%) (B2) 1 1x4 1x3
oy <3£5j1> 2
—aitaz | (b1b1), (bibs) | (BsBy) | 2 2x4 Ix4 | 6x4
o Tay | (b1bs), (bybh) 2
—a=+a= | (bhbo), (bibs) | (BsB2) | 2 x4 1x4
:FOJ_ZIZOJ_|_ <ZA);ZA)4>, <B£[A)2> 2
ar +a_ | (biba), (b3bs) | (B1Bz2) | 2 2x4 1x4
204 (byby), (bsby) 2
az —ax | (Dlby), (biby) | (B3Bs) | 2 2x4 1x4
ay —ax | (blby), (Biby) 2
ax —az | (Biby), (blbs) | (BsBy) | 2 2x4 1x4
ax —ax | (blb1), (Blbs) 2
—ay—a_ | (b1b)), (B501) | (B3By) | 2 2x4 1x4
—20; | (BlBh), (blbh) 2

Table 3: Real and imaginary parts of the complex eigenfrequencies A% — ZA; of the matrix Ml(14),
given in Eq. (28) with Eq. (29), for the linear four-mode bosonic system with equal damping and/or
amplification rates for neighbor modes derived from the equations for the FOMs up to second order.
= [bl,bg], Bz = [bg,b4], B3 = BI,

We note that a4 () = az (—¢) is used here. We have B,

B, = B’; More details are given in the caption to Tab. 1.
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A} A;- Moments Moment | Genuine and | Genuine QHPs
induced QHPs
deg. Partial| Partial | Partial| Partial
QDP | QDP | QDP | QDP
X X X X
QEP | QEP | QEP | QEP
deg. deg. deg. deg.
vi | oy (by), (b1) (B;) 1 1x2 | 2x2 | 1x2 | 2x2
(by), (b)) (Bs) 1 1x2 1x2
a_ (bs) (B3) 1 2x1 2x1 2x1 2x1
(b4) (Ba) 1
—a_ (b%) (Bs) 1 2x1 | 2x1 2x1 | 2x1
(o)) (Bs) 1
27, +2a (52), (b1?) (B2) 1 x4 | 4x4 | 1x3 | 2x3
oy — oy <lA)IlA71> 2 +
+20r, (b2), (b1 (B2) 1 1x4 1x3
ar —ay | (bibs) 2
+ay (b1bo), (B1Y) | (B1B2) | 2 x4 Ix4 | 1x4
oy —ay | (blbo), (bibh) 2
a_ £ay | (bibs), (blbs) | (B1Bs) | 2 2x2 | 16x2 | 2x2 | 16x2
(biby), (b1bs) | (B1By) | 2 2x2 2x2
a_ £y | (babs), (bibs) | (B2Bs) | 2 2x2 2x2
(boby), (bSbs) | (BaBy) | 2 2x2 2x2
—a_+a, | (b)), (B10L) | (B1Bs) | 2 2x2 2x2
(bybl), (b)) | (B1Bg) | 2 2x2 2x2
—a_tay | (bobl), (B5L) | (B2Bs) | 2 2x2 2x2
(bob}), (B5DY) | (BaBg) | 2 2x2 2x2
200 (b3), (b3) (B3), 1 4x1 4x1 3x1 3x1
(B3)
(bsbyg) (B3By) | 2
—2a_ o), 1% (B?), |1 4x1 | 4x1 3x1 | 3x1
_ (B§)
(blb}) (BsBe) | 2
a_ —a_ | (blbs), (blby) | (BsBs),| 2 8x1 | 81 Ax1 | 4x1
(BeBa)
(b1ba), (bsbl) | (BsBa),| 2
(B3Bg)

Table 4: Real and imaginary parts of the complex eigenfrequencies A7 — zA} of the matrix M1(24),
given in Eq. (28) with Eq. (33) for the linear four-mode bosonic system with different damping and/or
amplification rates of nelghbor modes, as derived from the equations for the FOMs up to second order
assuming oy = 0. We have B; = [b bl ;] forj =1,2, B; = [lA)j] for j = 3,4, By = B; Bg = le
and more details are given in the captlon to Tab. 1.
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A; A‘; Moments Moment | Genuine and | Genuine QHPs
induced QHPs
deg. Partial Partial | Partial Partial
QDP | QDP | QDP | QDP
X X X X
QEP | QEP | QEP | QEP
deg. deg. deg. deg.
v | ax (ba), (bs) (By) 1 2x2 | 4x2 2x2 | 4x2
(b3), (bs) (B2) 1
—a= (L), (b1) (B3) 1 2x2 2x2
(b), (bf) (Ba) 1
0 (b1) (Bs) 1 2x1 2x1 2x1 2x1
(o1) @e) 1
274 2+ (b3), (b3) (B2?) 1 1x4 | 16x4 | 1x3 | 4x3
a_ +ay | (boby) 2 +
201 (b2), (b2) (B2) 1 1x4 1x3
a_+ay | (bshs) 2
—20— 17y, (b1 (B2) 1 1x4 1x3
-y <3£Aj1> 2
—2a+ 1%y, (bF%) (B2) 1 1x4 1x3
—a_—ay | (biL) 2
QOé:F <b2b3>, <b4b5> <B1B2> 2 2x4 1x4
oy + o <lA)2i)5>, <l§463> 2
—az+az | (Biby), (bibs) | (BsBy) 2 2x4 1x4 | 6x4
—aztos | (bhba), (babh) 2
az —ax | (Diby), (Dlby) | (B4By) 2 x4 1x4
ax —az | (bba), (blba) 2
az —ax | (Dbs), (blbs) | (B3Ba) 2 2x4 1x4
ax —ag | (Bibs), (Bbs) 2
—az+az | (bhbs), (blbs) | (BaBa) 2 2x4 1x4
—aztaz | (bibs), (blbs) 2
—20 (BLbLY, (b1bL) | (B3By) 2 2x4 1x4
—ay—a_ | (bibl), (blbh) 2
Oé:,: <b2b1>, <b4b1> <BlB5> 2 8x2 16x2 4x2 8x2
(bab}) (bab]) | (B1Be) 2
(bsby), (bsby) | (B2Bs) 2
(bsbl) (bsb]) | (B2Be) 2
—o= (blby), (bib1) | (B3Bs) 2 8x2 4x2
(BL6]) (Bib]) | (BsBe) | 2
(05b1), (bib1) | (BaBs) 2
(bb]) (bIb]) | (BaBs) | 2
0 3), (b'%) (B2), (B?) | 1 4x1 | 4x1 3x1 | 3x1
(b1b1) (BgBs) 2

Table 5: Real and imaginary parts of the complex eigenfrequencies Aj —iAij of the matrix MI(S), given
in Eq. (44), for the five-mode linear bosonic system derived from the equations for the FOMs up to
second order. We have By = [by, bs], B = [bs, b5], Bs = Bl, B, = Bl, Bs = [b1], B¢ = Bi, and
more details are given in the caption to Tab. 1.
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A;- A Moments Moment | Genuine and induced QHPs Genuine QHPs
deg. Partial Partial Partial Partial
QDP x QDP x QDP x QDP x
QEP deg. QEP deg. QEP deg. | QEP deg.

vy —(F B2 (bs), (bI) (B1) 1 1x2 1x2 1x2 1x2

¢+ B (b1, (bs) (Ba) 1 1x2 1x2 1x2 1x2

¢— P (b2) (Bs) 1 1x1 1x1 1x1 1x1

—+ b5 (b5) (By) 1 1x1 1x1 1x1 1x1

—(— 5 (bs) (Bs) 1 1x1 1x1 1x1 1x1

¢+ B (bT) (Bs) 1 1x1 1x1 1x1 1x1

0 (b1) (Br) 1 2x1 2x1 2x1 2x1
(1) (Bs) 1

274 —2¢ F 26, (b2), (bI%) (B?) 1 1x4 1x4 1x3 1x3
—2¢ (blba) 2

20 + 262 (b1%), (b2) (B2) 1 1x4 1x4 1x3 1x3
20 (blbs) 2

20 — 2534 (b3) (B3) 1 1x1 1x1 1x1 1x1

—2C + 25 (b3?) (B2) 1 1x1 1x1 1x1 1x1

—2¢ — 2f4 (b3) (B?) 1 1x1 1x1 1x1 1x1

20+ 26, (b5%) (B2) 1 1x1 1x1 1x1 1x1

0 (?), (b1 | (B2), (B2) 1 4x1 4x1 3x1 3x1
(bTh1) (BsBr) 2

+28, (bIDL), (babs) (B2B1) 2 2x4 2x4 1x4 1x4
B2 — B2 (blba), (bsbl) 2

—B1 T B2 (babs), (blb2) (B1Bs) 2 4x1 4x1 2x1 2x1

2¢ — 1 £ B2 (bib2), (bsba) (B2Bs3) 2 4x1 4x1 2x1 2x1

—2C+ B1 F B2 | (bba), (BIBI) (BaBy) 2 4x1 4x1 2x1 2x1

B1 =+ B2 (bIb1), (bibs) | (BaBa) 2 4x1 4x1 2x1 2x1

—2C — B1 F B2 | (babs), (blbs) (B1Bs) 2 4x1 4x1 2x1 2x1

*51 + ﬁz <b£b5>, <b5b5> <BzBs> 2 4x1 4x1 2x1 2x1

B1 F Be (b1ba), (b30L) | (BeBa) 2 4x1 4x1 2x1 2x1

20+ B+ B2 | (BIDL), (blbs) (BeBa) 2 4x1 4x1 2x1 2x1

—(T B (bab1), (bib1) (B7B1) 2 4x2 4x2 2x2 2x2
(babl), (BTHT) (BsB1) 2

C £ B2 (bXD1), (bsbr) (B7Ba) 2 4x2 4x2 2x2 2x2
(b10]), (bsb]) | (BsBa) 2

b1 — B (bTDs) (B4Bs3) 2 2x1 2x1 1x1 1x1

—251 <b3b2> <B5Bs> 2 2x1 2x1 1x1 1x1

20 (bbs) (BeBs) 2 2x1 2x1 1x1 1x1

(-5 (b1b2) (B7Bs3) 2 4x1 4x1 2x1 2x1
(b]b2) (BsBs) 2

-2 (bTbs) (B4Bs) 2 2x1 2x1 1x1 1x1

26, (bTDT) (B4Bs) 2 2x1 2x1 1x1 1x1

——p (bTby) (BaBr) 2 4x1 4x1 2x1 2x1
(b30]) (BaBs) 2

B — B (bb3) (BeBs) 2 2x1 2x1 1x1 1x1

7C — /31 <b1b3> <B7Bs> 2 4x1 4x1 2x1 2x1
(b]bs) (BsBs) 2

C+ b (bTb1) (BeBr) 2 4x1 4x1 2x1 2x1
(b307) (BeBs) 2

Table 6: Real and imaginary parts of the complex eigenfrequencies A} —iAij of the matrix Mr(,‘r’), given
in Eq. (51), for the five-mode pyramid bosonic system derived from the equations for the FOMs up
to second order assuming B2 = 0. If 81 = 0 instead of 83 = 0, simple relabelling of Ej, ZA); operators
provides the corresponding table. We have B, = [34,32], B, = BI, Bs = [132] B, = B;, Bs = [133]
BG = Bg 37 = [31] Bg = B; and more details are given in the caption to Tab. 1.
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uine QEPs with second-, third-, and fourth-order EDs appear in the spectral structure of
second-order FOMs, though with relatively low DDs. This reflects the limited presence of
DDs in the first-order FOM spectra, where only one eigenfrequency exhibits a second-order

DD.
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