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One of the remarkable aspects of quantum steering is its ability to violate local uncertainty
complementarity relations. In this vein of study, various steering witnesses have been developed.
Here, we introduce a novel complementarity relation between the system’s quantum and classical
uncertainties corresponding to the distillable coherence and the von Neumann entropy, respectively.
We show that the proposed complementarity relation is tighter than the entropic uncertainty relation
(EUR). Leveraging this result, we propose a steering witness that is more efficient than the EUR. From
the operational perspective, the steering witness quantifies the amount of extra distillable coherence
facilitated by quantum steerability. Notably, the proposed steering witness serves as a full
entanglement measure for pure bipartite states—an ability that the EUR lacks. We also experimentally
validate such a property through a photonic system. Furthermore, a deeper connection to the
uncertainty principle is revealed by showcasing the steering-induced distillable coherence can
quantify measurement incompatibility and quantum steerability under genuine incoherent operations.
Our work establishes a clear quantitative and operational link between coherence and steering, which
are vital resources of quantum technologies, and underscores our efforts in bridging the uncertainty

principle with quantum coherence.

Quantum steering', as a type of quantum correlations that is classified
between Bell nonlocality and quantum entanglement, has garnered sig-
nificant attention due to its applications in one-sided device-independent
quantum information processing””’, including quantum random number
generation'”"’, quantum key distribution'*"”, quantum metrology'*"*, and
thermodynamics'®"” (see also recent reviews'*™’). In addition, it exhibits a
profound connection to the local uncertainty principle. In its original for-
mulation, known as Reid’s criteria®*, quantum steering is characterized by
violating the Robertson-Schrédinger uncertainty relation. To date, the
notion of characterizing quantum steering by its ability to violate
the uncertainty relation has been generalized to different forms, including
the entropic uncertainty relation (EUR)”™, the complementarity of
coherence for mutually unbiased bases™ "', metrological complementarity™*,
etc. Moreover, a resemblance between quantum steering and measurement

incompatibility has been uncovered” ™, further refining our understanding
of the connection between steering and a generalized uncertainty principle.

In contrast to previous studies that focused on the uncertainty trade-
offs between conjugated variables, recent works have examined different
sources of uncertainty by separating the measured uncertainty into its
quantum and classical components™*. The quantum component of
uncertainty arises when the applied measurement does not commute with
the observed quantum system, causing a spread in the measurement out-
comes. This quantum-caused uncertainty can be captured, for instance, by
skew information® and quantum coherence*** with respect to the obser-
vable and the quantum state.

Spurred by this concept, we propose a novel complementarity relation
for a steering witness in this work. Specifically, we reveal a complementarity
relation between the quantum part (the distillable coherence) and the
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classical part (the von Neumann entropy) of a system’s total uncertainty. We
prove that this relation is both tighter and more general compared to the
EUR. As a direct implication, the quantum-classical uncertainty com-
plementarity relation (QCUR) emerges as a more powerful steering witness,
exhibiting superior detection efficiency. In addition, from the perspective of
coherence distillation tasks, the QCUR violation also quantifies the extra
distillable coherence beyond its maximal estimation enabled by steerability,
providing a clear operational meaning for the steering witness.

The proposed steering witness offers two notable advantages. First, it is
applicable to systems of arbitrary dimensions and does not require full-state
tomography, significantly enhancing its practicality. Second, we demon-
strate that the steering witness can measure entanglement for all pure
bipartite states—a capability that the EUR, the complementarity of coherence
for mutually unbiased bases, and Reid’s criteria are unable to achieve. This
enhanced functionality is further validated through a linear optical experi-
ment presented in this work.

Furthermore, it is known that quantum steering is closely related to
measurement incompatibility. We show that the violation of the QCUR can
be used to quantify measurement incompatibility, thereby revealing a
deeper connection between the generalized uncertainty principle as well as
quantum steering. For completeness, we also investigate other properties of
the QCUR-based steering witness. This includes the asymmetric nature, the
ability to detect one-way steering, and its monotonic behavior. Our work
uncovers a deeper connection between quantum coherence and the
uncertainty principle, highlighting its superior utility for steering detection.

Results

Distillable coherence and quantum-classical uncertainty
complementarity

In this section, we derive the QCUR from the distillable coherence. To begin
with, we provide a concise overview of coherence distillation**. Given an a
priori reference basis {|7) };, a quantum state p is considered incoherent if it is
diagonal with respect to the reference basis, ie., p = >, p;|i)(il, where p;
forms a probability distribution. Thus, states that are not in this form are
categorized as coherent states”’. We denote the set of incoherent states as 7.
Furthermore, a quantum operation A is identified as a quantum-incoherent
operation (QIO) if it maps an arbitrary incoherent state to another inco-
herent state. For ease of expression, we sometimes extend the term QIOs to
refer to the set of quantum-incoherent operations.

A coherence distillation process involves the utilization of QIOs to
convert n copies of general quantum states into a single-qubit maximally
coherent state [®,) = S i_oli)/+/2 with a rate R. In the asymptotic limit,
ie, n — oo, the maximal rate is called the distillable coherence*: C,(p) =
sup{R : lim,_, ., inf, 0 [|A(p®") — ®F*"|| = 0}, where ||s|| denotes
the trace norm. As reported in ref. 44, the distillable coherence has a closed
form:

Calp) = Halp) = S(p), ¢y

where S(p) = — Trplog,p is the von Neumann entropy. Here, we adopt
H,(p) = S[A(p)] as a shorthand notation characterizing the Shannon
entropy of the state under the reference basis, where A(e) = > |i) (i(i|o]i)
represents the complete decoherence operation, e.g. A(p) = >, p;li)(il.
Note that a state p is distillable (i.e., C4>0) if and only if p¢ 7.

To obtain the QCUR, we adopt the notion of “quantum uncertainty”
described in refs. 40,41,46. Specifically, it is known that the von Neumann
entropy S(p) characterizes the “classical part of uncertainty” as it aligns with
the classical notion, where the uncertainty originates from the lack of
information of a system and increases under classical mixing. In addition,
the Shannon entropy Hx(p) captures the “total uncertainty” or the observed
uncertainty characterized by the probability distribution {p,},. Therefore,
according to Eq. (1), C4(p) quantifies quantum coherence, i.e., the amount of
observed uncertainty that cannot be explained by classical ignorance of the
system. Along with this reasoning, the distillable coherence can be inter-
preted as quantum uncertainty. Through a rearrangement of Eq. (1), ie.,

Calp) + S(p) = Ha(p), one can obtain the QCUR, where the total uncer-
tainty is constituted by the quantum and classical uncertainties*******. An
equivalent inequality for the QCUR can be expressed as

Hj(p)= Cylp), )

which means that quantum uncertainty Cy(p) cannot exceed the total
uncertainty Ha(p). Note that the inequality is saturated when p is a pure
state, given that there is no classical uncertainty. From the perspective of
coherence distillation, the QCUR also suggests that the distillable coherence
cannot surpass its estimated upper bound quantified by the Hx(p).

Violation of quantum-classical uncertainty complementarity by
quantum steering

The QCUR holds for all local quantum states in a similar manner to other
uncertainty relations. As aforementioned, it is known that quantum
steering can violate the local uncertainty principle. One can therefore
expect that steering can also break the QCUR. To formalize this idea, we
introduce a steering-assisted coherence distillation task, as described in
Fig. 1. Suppose that Alice and Bob share a bipartite state p*”. Alice per-
forms a set of positive operator-valued measures (POVM), denoted as
M = {M,,},  satisfying M, 20V a, x and } M, = 1 Vx. Here, x
denotes the measurement settings and a represents the corresponding
outcomes. The measurement results can be succinctly represented by a
conditional probability distribution p(alx). After the measurements, Alice
communicates both the outcome a and the setting x to Bob, where we
denote Bob’s conditional state as p,|,. Conventionally, these results can be
summarized by a state assemblage defined by A = {7 with
O = P(alX)pap V a, x.

It is known that one can employ the local-hidden-state (LHS) model to
determine whether a given assemblage is steerable or not. Specifically, an
assemblage A" admits an LHS model when its elements can be described
by

a|x}a,x

olu‘llis = Zp(/\)p(alx,/\)pA Va, x, 3)
)

where {p,}, and {p(alx, A}, are, respectively, the hidden states and
probabilities that constitute a stochastic process mapping the hidden vari-
able A into the observable outcomes a|x. We note that Alice’s choice of x is
independent of A, referred to as the free-will assumption. For convenience,
we also consider the state assemblage for a fixed setting x, denoted as
A, = {0,,} . Based on the Alice measurement setting, Bob can either distill
the quantum coherence or perform projective measurements with the
reference bases to obtain the Shannon entropy in order to estimate the
maximal distillable coherence. Note that with the help of Alice’s classical
communication, Bob can adjust the local incoherent operation A, to
optimize his distillable coherence. We can then obtain the conditional
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Fig. 1 | Schematic illustration of the steering-assisted coherence distillation
scenario. A bipartite system p*” is shared by Alice and Bob. Alice measures her
subsystem with a measurement setting x and obtains outcome a with probability
plalx). After that, she sends the information (g, x) to Bob through classical com-
munication. Depending on the measurement setting, Bob decides whether to per-
form coherence distillation by A, or to estimate the maximal distillable coherence
by the conditional Shannon entropy H5" on the conditional state ps.
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distillable coherence and the Shannon entropy for a given setting x, which
are respectively defined as

CIM(A) = X p(al)Capy),

(4)
HYMA) = 3 palx)H,(p,y,).

By utilizing the convexity of Cy, we show that the conditional distillable
coherence can be upper-bounded for all LHS models, namely,
Cg ‘A(A)LCHS) <>, PA)H(p)). Likewise, the conditional Shannon entropy
possesses a lower bound by its concavity, namely Hi‘A(A)LCHS) >
> -2 PA)H(p)). We can then derive the QCUR-based steering inequality:

H (ASS) = CI (ATF) v, X ©)

Consequently, when the assemblage admits the LHS model, the conditional
distillable coherence (quantum uncertainty) cannot surpass the maximal
estimation of distillable coherence (conditional total uncertainty). We
remark that the steering inequality generally holds for arbitrary dimensions.

Quantum-classical uncertainty complementarity as a sufficient
condition for the EUR
Upon initial examination, the proposed QCUR and conventional notion
of the uncertainty principle appear notably distinct. While the former
depends on decomposing the uncertainty into classical and quantum
components, the latter emphasizes the uncertainty trade-off between
incompatible variables or bases. Nevertheless, we uncover the interesting
connections between these two concepts. Specifically, we prove that the
QCUR is a sufficient condition for the EUR, which captures the unpre-
dictability of the results from two observables”*”. From the aspect of a
steering witness, the QCUR is stronger than the EUR in terms of the
detection efficiency. In the next section, we further prove that the QCUR-
based steering criterion can detect all pure entangled states, while the other
criteria cannot.

Recall that the EUR and the EUR-based steering inequality for a pair of
non-commuting projective measurements are, respectively, expressed as:

Hu(p)+ Hy(p)= —log 2,

6
and  HYA(AMS) + HEA (AN > —log Q. ©

Here, to keep the notation consistent, we encode the bases for these
two measurements performed by Bob ({|i)}; and {U)/}j) into the pure
dephasing maps (A and A") such that H,(p) = >_,(ilpli) log(ilpli)
and Hy (p) = Zj<j|/p U>, log <j|,p []>/ Note that the choice of the bases
{li)};and {|j)"} ;is independent of Alice’s measurement setting x. In addition,
Q = max;; (ilj)'|* denotes the maximal overlap between the two mea-
surement bases. The interpretation of this EUR-based steering criterion is
that after Alice obtains her measurement data, if she can predict Bob’s
measurement result with an uncertainty lower than the EUR allows, then

Bob’s local quantum states, which can reproduce such results, do not exist.

By utilizing the contraction property of the relative entropy and the
monotonicity of the logarithm function (see “Methods” section for the
detailed derivations), one can show that

Hy(p)2 Calp) 2 — Hy(p) — log 2. @)

Therefore, the QCUR emerges as a sufficient condition for the EUR.
Following a similar procedure, one can further deduce that the QCUR-
based steering inequality is stronger than the EUR-based steering
inequality. Specifically, a state assemblage that violates the QCUR-based
steering inequality also violates the EUR-based steering inequality but not
vice versa.

Properties of the QCUR-based steering inequality violation
Based on Eq. (5), quantum steerability enables the conditional distillable
coherence to exceed its maximal estimation. Thus, we define the steering
inequality violation parameter (SIVP) as

Vi) = max{max A — min A0 )

where max{x,, x,} = x;, if x; >x,; max{x,, x,} = x, otherwise. Accord-
ingly, the SIVP captures the extra conditional distillable coherence beyond
its maximal estimation enabled by quantum steering. Furthermore, we show
that the SIVP satisfies the following properties, and the proofs can be found
in the “Methods” section.

Property 1. The SIVP is asymmetric. In the sense that the values of the
SIVP are different for Alice to Bob and vice versa.

A steering test should be naturally asymmetrical, and this distinction
becomes evident as discussed in previous works'>*"**, that permits steering
to occur in a unidirectional manner; specifically, from Alice to Bob.

With this property in hand, we can directly show the following.

Property 2. The SIVP can detect one-way steering.

In the steering scenario, Alice and Bob each have distinct roles.
Therefore, the presence of steerability in one direction (e.g., from Alice to
Bob) does not guarantee its existence in the opposite direction (from Bob to
Alice)’"*. Several examples are provided in the “Methods” section.

Property 3. The SIVP serves as a full entanglement measure for pure
bipartite states.

Itis known that all pure entangled states are steerable”””. Here, we show
that this property can be verified by SIVP. More specifically, for all pure
bipartite entangled states It//)AB =>, J/a;1i) ® [i), there exists a set of
Alice’s measurements and a reference basis {|i)}; such that V5(A) = S(py),
implying that the SIVP aligns with the entanglement entropy™ in this case
(see “Methods” section for details). In other words, the SIVP serves as an
entanglement measure for pure bipartite states. This property underscores
the advantage of the SIVP in detecting steerability, as other criteria—such as
the EUR, the complementarity of coherence for mutually unbiased bases,
and Reid’s criteria—fail to achieve this result. Moreover, it reveals an
operational meaning of the von Neumann entropy: the extra quantum
coherence enabled by quantum steerability in pure-state scenarios. Later, we
also show the experimental demonstration of the SIVP for pure entangled
states.

One can ask whether the SIVP can serve as a steering monotone™*. In
the most general setting under the resource theory of quantum steering”’,
the answer is negative, because the SIVP does not monotonically decrease
under one-way local operations and classical communications (see
“Methods” section for details). However, the SIVP could be non-increasing
if we restrict the local operations to be QIOs"**¥, as suggested by the
numerical results included in the “Methods” section. Now, we prove that the
SIVP is a non-increasing function under genuine incoherent operations
(GIOs), which form a subset of the QIOs™.

1,53

Property 4. The SIVP is a convex-non-increasing function under gen-
uine incoherent operations.

The main idea of the proof is based on the diagonalization of a GIO
w.r.t. the reference basis. According to ref. 59, there must exist a Kraus
representation of the GIO, such that all Kraus operators of the GIO are
diagonalized w.r.t. the reference basis. Using this property, one can show
that the distillable coherence (the Shannon entropy) monotonically
decreases (increases) under the GIO, implying that Vs also monotonically
decreases under the GIO. With this property, one can further show that the
SIVP is non-increasing under one-way local GIOs and classical
communications.
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Fig. 2 | Experimental results and theoretical predictions for the SIVP under pure
entangled and Bell diagonal states. a Schematic of the experimental setup. Indivi-
dual components are labelled as follows: BBO: 3-BaB,O, crystal, HWP: half-wave

plate, QWP: quarter-wave plate, F: interference bandpass filter (5 nm spectral width),
PBS: polarizer, PC: fiber polarization controller, D: single-photon avalanche photo-
diode. b The theoretical predictions are juxtaposed with the experimental results of
pure entangled states. The black solid curve shows the noise-free theoretical outcomes
given by SIVP(q) = Hy,(g), which is the binary entropy of the parameter q. Meanwhile,

p 05 0 - 0.5

the blue-dashed curve represents the theoretical predictions incorporating the opti-
mal white-noise factor p, = 0.026; the red diamonds indicate experimental results,
with error bars obtained via the Monte Carlo method as described in the text. ¢ The
theoretical predictions are compared with the experimental results of the Bell diag-
onal state. The black solid curve shows the noise-free theoretical outcomes given by
SIVP(r) = 1 — Hy,(r); the blue-dashed-dotted curve represents the theoretical pre-
dictions incorporating the noise factors p, =0.009 and p_ = 0.013, respectively; the
red bullets showcase the experimental results.

We also emphasize the restriction of GIOs on the local operation
in our study makes sense given the fact that the SIVP is based on the
distillable coherence. If we allow the most general local operations, the
coherence can be distilled by merely changing the local reference basis
(see also the discussion in refs. 58,60-63). In this sense, the general
local operation makes a false violation of the SIVP (see also
numerical evidence in the “Methods” section). With this property, we
can show that the SIVP can be used to quantify measurement
incompatibility®~*.

Quantifying measurement incompatibility

We start by introducing the incompatible measurements. If multiple phy-
sical observables cannot be measured simultaneously, we call these mea-
surements incompatible. It is a fundamental characteristic arising from
various quantum phenomena, e.g, Bell inequality violation®®,
Kochen-Specker contextuality’, and uncertainty principles (c.f., “Distillable
coherence and quantum-classical —uncertainty —complementarity”
section)”""”". Given a set of POVMs M = {M,} .. it is compatible (or
jointly measurable) if it can be expressed by

Mu|x = ZP(“W /\)GM (9)
A

where {G,}, is a parent POVM and p(alx, A) is a conditional probability.
One can observe that the joint measurable model and the LHS model in Eq.
(3) are mathematically similar. Given a state assemblage, it can be trans-
mitted to a set of POVMs via the concept of the steering-equivalent
observables (SEO) B = {B,.} ., ie, B, = (pB)_I/Zoalx(pB)_l/z, with
PB=2u0ax . We note that once pg was not of full rank, the same
expression can be obtained by considering an additional isometry (see also
ref. 34). One can observe that the SEO is incompatible if and only if the state
assemblage is steerable™.

Inspired by the very recently proposed steering-induced incompatible
measure’’, we are able to quantify measurement incompatibility by the
steering-assisted coherence distillation, namely

Vi(B) = sup Vil /55 B/F), (10)
Py

where sup is taking over all full-rank states pp, and Vg is the SIVP defined in
Eq. (8). We then can show the following:

Property 5. The optimal steering-assisted coherence distillation V;(B) is
a valid incompatibility monotone® in the sense that it satisfies: (a)
V(B) = 0 if B is jointly measurable; (b) V;(B) satisfies convexity; (c)
Vi(B) is non-increasing under post-processing, namely

{Ba’\x’}arvxf = W({Bu\x}aﬂx) = EP(XW)P(“/W,x7x/){Ba\x}a.xa (11)

where p(x|x) and p(d'|a, x, x") are the conditional probabilities,and WWis a
post-processing scenario defined as a deterministic wiring map”’.

This result further strengthens the application of the steering-assisted
coherence distillation (see “Methods” section for details). In one direction, it
quantitatively connects measurement incompatibility with quantum
coherence and gives an additional concrete example for a steering-induced
incompatible measure”. In the other direction, we clearly provide a different
operational interpretation of measurement incompatibility. Specifically, if
we consider p*® is a pure entangled state, the SEO B of A generated by M is
exactly equivalent to M. In this sense, the measurement incompatibility of
M can be accessed in a steering-assisted coherence distillation by properly
choosing the pure state p**, such that V(M) = sup, Vs[,/ppM./P5l-

Experimental demonstration

To support the derived theoretical framework, we have performed experi-
mental testing on the platform of linear optics encoding two-qubit states
into polarizations of photon pairs. The experimental setup, as depicted in
Fig. 2a, consists of a laser emitting pulses at 355 nm that impinge into a
crystal cascade made of two 3-BaB,O, crystals (2 x BBO). These crystals are
1 mm thick and are mutually positioned, so that their optical axes lie in
mutually perpendicular planes’. In these crystals, the laser beam is subjected
to the nonlinear process of type-I spontaneous parametric down-
conversion. In the first crystal, horizontally polarized laser photons are
converted into pairs of vertically polarized photons at 710 nm. The second
crystal facilitates the creation of horizontally polarized photon pairs from
the vertically polarized laser beam. Photon pairs generated in both crystals
are subsequently collected into single-mode optical fibers. Coherence of the
laser beam and indistinguishability in the photons collection assure the
effective generation of the photon pairs in a superposition state of both
contributing processes, |®(q, ¢)) = /qIHH) + /T = q|VV), where H
and V stand for the horizontal and vertical polarization states, respectively.
The parameters g and ¢ are controlled by tuning the laser-beam polarization
using half- and quarter-wave plates.
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The aforementioned single-mode fibers guide the photon pairs to the
state detection and the analysis part of the setup. A series of half- and
quarter-wave plates followed by a polarizer implements local projections
onto any pure polarization state. Such polarization projection is imple-
mented independently on both photons of a pair. We project the photon
pairs onto all the combinations of the eigenstates of the Pauli matrices and
register the number of simultaneous two-photon detections for all these
combinations”. A method of maximum likelihood is then used to estimate
the most probable density matrix fitting the registered counts’. This density
matrix is then used to calculate the corresponding SIVP.

To evaluate the experimental uncertainty of the calculated SIVP, we use
the fact that registered photon detections follow the Poisson statistics (shot-
noise). A Monte Carlo method is implemented, where all registered counts
are randomized assuming the Poisson statistics with the mean value being
the actual experimentally observed value. Subsequently, the maximum
likelihood method is deployed to estimate the density matrix, which is then
used to calculate the SIVP. By repeating this procedure 1000 times, we
obtain the statistics of the SIVP under the detection shot-noise and establish
the confidence intervals, +o.

Any experimental implementation is, at least to some degree,
imperfect. Partial distinguishability in the generating crystal and imper-
fections of polarization optics lead to a non-unit purity of the generated
states. These imperfections can be reasonably well modeled by white
noise. To estimate the amount of such noise, we maximize the expression

F(pp, pexp) max (Tr /\/p_PpexP \/E) where F denotes the Bures
fidelity, p,, is the experimentally observed density matrix and p, =

(1 — p)py, + p1/4 is the theoretical density matrix py, with added white
noise. We have found that for the series of the noisy quasi-pure states p,
and presented in Fig. 2b, the optimal value of the white-noise factor p is
Po=0.026 on average.

In Fig. 2b, we compare the theoretical predictions with the experi-
mental results. The noise-free theoretical predictions, i.e., SIVP(q) = Hy(q),
where Hy(x) = —xlog,x — (1 — x)log,(1 — x) is the binary entropy, are
represented as the black solid curve. Note that due to the convexity of
quantum states, the maximization of Eq. (10) occurs when Alice and Bob
share a pure entangled state. In our experimental setup, therefore, the
measurement incompatibility V; can be quantified in terms of steering-
assisted coherence distillation when g = 0.5 [cf, Eq. (10)]. The predictions
with a noise factor p,=0.026 are shown with blue-dashed curves. The
experimental results are shown in red diamonds with error bars obtained via
the above-mentioned Monte Carlo method.

Additionally, we present the results for Bell diagonal states in Fig. 2c,
obtained through numerical interpolation between two experimentally
maximized entangled and mutually orthogonal Bell states: |®T) =
[@©(1/2,0)) and |®@~) = |P(1/2,7)). A Bell diagonal state is defined as
Ppe = rIOTY(@T| + (1 — r)|®7){(D"|. The noise-free theoretical predic-
tions are expressed as SIVP(r) = 1 — Hy(r), depicted by the black solid curve.
The experimental setup was meticulously calibrated to generate the purest
states possible, reducing noise to p, = 0.009 and p_ = 0.013, represented by
the blue-dashed-dotted curve. Finally, our experimental results for the Bell
diagonal states are shown as red bullets with error bars.

Discussion

In this work, we proposed a novel complementarity relation, termed the
QCUR, for steering detection. We prove that the QCUR is a stronger
condition than the EUR for detecting steering. Further, the QCUR
emerges as the most efficient steering witness compared with the EUR,
the complementarity of coherence for mutually unbiased bases, and
Reid’s criteria. Notably, we show that the QCUR-based steering witness
is capable of measuring entanglement for pure bipartite states. This
theoretical result is further validated through a linear optical experi-
ment, underscoring the practical applicability of the QCUR in experi-
mental setups. From the operational aspects, the QCUR-based steering
inequality can be implemented in coherence distillation tasks without

requiring full-state tomography, and its violation quantifies the extra
conditional distillable coherence beyond its maximal estimation enabled
by quantum steering.

Furthermore, we showed that violation of the QCUR can also be used
to quantify measurement incompatibility. It has several mathematical
properties, including asymmetry, capable of detecting one-way steering, and
is monotonic under GIOs.

For future directions, several open questions arise naturally from our
work. For instance, can the proposed distillation scenarios also detect and
potentially quantify quantum steering, and then extend to multi-party
steering? Another intriguing avenue is whether our framework can be
adapted to the one-shot™”” and asymptotic reversibility settings’. More-
over, ref. 79 demonstrates that entanglement with a quantum memory can
enable more precise predictions of measurement outcomes, effectively
violating the usual uncertainty relation. It would be interesting to explore
how this approach can be generalized from device-dependent to one-sided
device-independent scenarios.

Methods

Derivation of the QCUR-based steering inequality

For convenience, we define the optimal conditional distillable coherence
and the conditional Shannon entropy as

“(A) = mfnglA(Ax) and  Hi(A) := mxinHﬁ‘A(Ax), (12)

respectively.

Proof. The inequality C}(A) < H;(A) holds if the assemblage A admits
an LHS model.

Considering that the assemblage received by Bob can be described by
the LHS model, the upper bound of the coherence distillation can be readily
obtained:

Ci(A) = max > plalx)Cy {%:p()tlm x)pA}

- i)
< )
= III,?‘XZ/\:P(A)Cd(p)‘

= ZA: PM)Cylpy)

< ZpMHalpy).

(13)

Since Ha(p) is concave in p, we readily obtain ), p(A)H,(p,) < Hx(A) by
an analogous derivation. This concludes the proof of steering 1nequahty

“(A)<HR(A) if Ae LHS. (14)

O

Proof for the QCUR as a sufficient condition for the EUR
We first compare the QCUR and EUR, showing that one can relax the lower
bound of the QCUR to obtain the EUR, that is

H,(p) 2 Cy(p)
= D[plIA()]
2 D[A(p)IIA" 0 A(p)]

= Tr N(p)[log '(p) — logA' A(p)]
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= —Hy(p) - logo,
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where D(p||o) = Tr p(logp —logo) is the relative entropy A'(p) =
>,(il'pli)'lj)’ (il is an arbitrary complete decoherence operation in the basis
{17} s and Q) = max; 14l j)’|* represents the maximal overlap between two
different reference bases. Note that the second inequality is given by the
contraction of the relative entropy”’, and the third inequality is due to the
applied maximization. The result indicates that satisfying the QCUR is a
sufficient condition of the EUR.

Next, we show that the QCUR-based steering inequality is stronger
than the EUR-based steering inequality”’. We start from the steering
inequality in Eq. (5) by taking two Alice’s measurement settings x and x’, we
have

Zu,‘ plal)Hy(p,,) 2 Zajp(alf)cd(paw) ¥, x

= 5 p(al){Dlpy 14Gp, )1

2 §P(a|x’){D[A’@u\x/)llA’ 0 APy, )}

?p(a\x/) Tr A'(pg)log A'(p,,) — log Ao Alp,,)]

— 3 plal ) H () — 3 p(al) S (1 g i Tog 3 1GlJ) iy i
a a ] 1

> = 3 plalx)Hy (p,,) — log .
(16)

The above result directly implies the EUR for unsteerable states”, i.e.,
Zp(alx)HA(Pa‘x) + Zp(apc/)HA, (pa‘x,) > —log Q. 17)

Therefore, we conclude that the QCUR-based inequality in Eq. (5) is a
stronger criterion compared to the EUR-based one.

For completeness, we provide a detailed derivation from the
conventional conditional Shannon entropy H(B|A), applying the
notation used in this paper, i.e., lelA. Consider the product measure-
ments A\ ® B for two projective measurements A = {JA_)(A_|}, and
B = {|B,)(B,}, performed by Alice and Bob on their own systems, the
joint distribution p(a, b) and the conditional Shannon entropy H(IB|A)
read:

H(B|A) = H(A, B) — H(A)
= 32 pla,bIA, B) logpla, bIA, ) — - plal ) log plal )
= 5= plalA)p(bla, A, B)llog plbla, A, B) + logp(al A)) — 5 plal ) log plal A)
= & palAp(bla, A, B)logp(bla, A, )
= ;MMA@(BMPM‘\IBO 1og(Bylpy I Bs),
(18)
BJA

where we can find that H(B|A) is equivalent to H,
ing Alp) = 32, (B,lpIBy).

by choos-

Proof of property 1: Asymmetry of the steering inequality violation
Proof. To demonstrate the asymmetry, we consider general two-qubit
states defined by

Y

S| . . N
X(r,s,f):4(]l@1—|—r~0®H+H®S~U+Zt-»0i®oj>, (19)

ij=1

where (7,5, f} are the vectors with norm less than unit and ¢ = (0, 0,, 05)
is the Pauli vector. The SIVP is asymmetric if the value of the SIVP depends
on the local Bloch vector, ie., 7 and 5. Here, we consider Alice performing
measurements described by M, = [ + (—1)“s,]/2, witha € {0, 1} and x

€ {1, 3}; where 7 and o are the Pauli X and Z matrices, respectively, then the
assemblage received by Bob becomes

Oax = Try [Ma\x ® 1x(7 5 D]

-1
=;Tr,

3
My, ® 1+ M,,7- 3@ 1+ M, ®5-3+ > My,t;0,®0;
ij=1

3
:%{1 +1Tr[F- 6+ (-1)'0,F 5|1 +5- 3+%»Zl t; Tr [o; +(71)“Uxai}oj}
i

=1
— 4

1+l 456+ (—1)“&]0]}
7

=%[1 +(_1)u’x} x1 {1 i s+ (=1 :|’

RN
(20)
with probabilities Troy, = [1+ (—1)7,]/2. To obtain the SIVP, we need to

calculate the eigenvalue of the reduced state p,, and its dephased coun-
terpart A(p,,) = Z}:o (ilp, 1818} (i], which are, respectively,

2
1 > |:5j + (_l)atxj]
Eami(‘r,s7 )= 1

deph
> e and E,Y., (r,s,t)
X

alx, +

=+

—
+

_ 1 3+ (_1)atx8x,3
_E{ R EET }
(21)

Here, we can observe that the SIVP in Eq. (12) depends on the local
Bloch vectors 7 and 5. As we swap the general two-qubit states
SWAP [y(7,5, )] = x(5,7, 1), we obtain different values of SIVP, which
states that the SIVP is asymmetric. O

Note that the proof can be generalized to an arbitrary d-dimensional
system by utilizing the generalized Pauli matrices ¢ = (0, 05, ..., 0,2_,). By
the same method in Eq. (20), one finds that the assemblage depends on 7 and
S, expressed as:

d’—1
(L TeM? )1+ 3 [+ Tr(Ma0)t oy
jk=1

Ga\x = ?

(22)

with probabilities p(alx) = (1 + Tr M,,7- G)/d only depend on 7.
Although computing the eigenvalues in a d-dimensional system is a non-
trivial task, it can be shown that the eigenvalues of the reduced state and its
dephased counterpart still depend on the vectors 7 and s. Consequently, the
SIVP, which is derived from these conditional probabilities and eigenvalues,
changes when the parameters of 7 and s are interchanged, indicating that the
SIVP is asymmetric.

Example of property 2: Detecting one-way steering
As a concrete example, we now present the SIVP of a set of states described by

- 1
X(s,9) = 5|‘/’q)<1//q| +(1 - S)TrB“Wq)(V/q” ® R (23)

where lyz) = Z?:Z Jali) and G = (cos?,sin?0) in the parameter
windows: s € [0.75, 1] and 6 € [0.005, 0.257]. The SIVP values are shown in
Fig. 3. In the light-red area (I), the steerability can be detected from both
directions, ie., Vs(A®7*)>0 and Vg(A*~%)>0. However, in the light-
blue area (II), one finds Vs(A®~4) = 0, while Vs(A®~4)>0, which
indicates that the SIVP is only witnessed from Bob to Alice. Finally, in the
grey area (III), the steerability cannot be detected from any direction. We
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Fig. 3 | Ability of the steering inequality violation to demonstrate one-way
quantum steering in the parameter windows: s € [0.75, 1] and 6 € [0.005, 0.257]
for the states in Eq. (23). The light-red area (I) represents both VS(AB%A) >0 and
Vo(A*) > 0, suggesting that quantum steering occurs in both directions. The
light-blue area (II), conversely, represents Vs(.A®~#)>0 and Vy(A*~F) = 0,
indicating that the respective steerable state only allows Bob to steer Alice. Finally,
the grey area (III) represents the range of the parameters s, g such that Vg(A®~#) =
0and Vg(A* %) = 0.

note that y(s, §) can be generalized to higher dimensions by consider-
ing 4 = (41,92, -+ 9a)

Proof of property 3: Detecting all pure entangled states
In the following, we show that when the bipartite state is pure, the SIVP is a
full entanglement measure for pure states.

Proof. Given that Alice and Bob share a bipartite pure state, we
assume that Alice performs rank-1 POVMs, ensuring that the
resulting reduced states p,, are pure. Under this consideration,
the reduced states p,, from any pure bipartite state are pure.
This implies that the conditional distillable coherence can be
reached by the pure-state decomposition {p(a|x), WaIx)}a,x’ such that
Zap(alx)lv/a\x> <v/a\x| =Ps Vi, L.e.,

Ci(A) = > p(@l0)Call¥,,)

{P(ﬂ\x) IV/MX)) a

= max Zp(a|x)HA(|%|x>)
(p(a\x) V)t "a

= HA (Zp(ale)W/a\xTMWale |)
= H,(pp),

(24)

where the third line is given by the concave roof and the optimal x = x'.
Similarly, we have

H}(A) = min ZP(alx)HA(|%|x>)
{p(a \X)W/a\x a

= > p@al)[Hy(ly,,) —
P(“\x) W/u\x a

= Cd(z P(a|x¢)|ll,a|xl ) (vla\xi |)

= Cd(pB)’

where the third line is obtained by the convex roof and the optimal x = x'. By
the definition of the SIVP, we obtain

N9
(25)

Vg(A) := max{C}(A) — H4(A),0} = S(pp). (26)

We note that S(pg) is the entanglement entropy, which is a valid entan-
glement measure for pure states™, and thus we conclude the proof. []

» '-'f(paIX) #'Da |’

Fig. 4 | Schemetic illustration of one-way local genuinely incoherent operations
and classical communication. The final assemblage 0,,|,, = E(0,,) is given by a
black box (represented by black-dashed rectangle) with inputs x” and outputs a’. To
do this, Bob first applied a genuinely incoherent operation Z¢ with probability p(&) on
his subsystem p,), and obtained the state p,,, = E¢(p,,). Thereafter, he sent  to
Alice through classical communication. Based on the information of x’ and &, Alice
performs a local wiring map (the first gray box) with probability distribution
p(x|x’, &) generating inputs x for her measurements M. Then, Alice receives out-
comes a and processes all classical labels a, x, x’, and £ to generate the final outputs a’
by a local wiring map (the second gray box) with a probability distribu-

tion p(a'la, x, x', §).

Monotonicity under genuine incoherent operations
Quantum steering has been articulated within the resource theory
framework”. A measure S qualifies as a convex steering monotone if it
adheres to the following properties:

(i) “(o,,) = 0 forall o, € LHS.

alx

(i) & [paulx r (- p)a;lx] <PS s+ (1= p)F (0, for any real
number 0 < p <1 and assemblages d,, and o7,

(iii) Non-increasing under one-way local operations and classical com-
munication:

Ef( u\x)
ZP(E) |:Tr._‘£(0 ‘) S(U ) VO'alxv (27)

alx

where p(§) = TrE¢ (d,,) and 3¢ p(é) = LIt is clear that V satisfies properties
(i) and (ii). Nonetheless, property (iii) is satisfied only under limited local
operations. Property (iii) states that quantum steering should not increase
under free operations, e.g, one-way local operations and classical
communication”.

In the scenario of steering-assisted coherence distillation, local
operations must also adhere to incoherent operations. In the following, we
consider that these local operations belong to the set of genuine incoherent
operations”, which reside as a subset within incoherent operations™.

As shown in Fig. 4, a local stochastic genuine incoherent operation is
performed on Bob’s system. Specifically, Bob introduces a device that
generates a random outcome & with probability p(é). After receiving the
outcome, Bob sends his system into a corresponding genuinely incoherent
operation 5¢”, which can be characterized by the set of Kraus operators
{K ¢},> such that each Kraus operator is diagonalized under the reference
basis. Additionally, the outcome £ is also sent to Alice through classical
communication, so that she utilizes classical stochastic maps defined by
{p(d'|a, x,x, &), p(x|x, )} to post-process her measurement results. Con-
sequently, the entire process 7 transforms the initial assemblage o, into a
final assemblage 7,,.:

Oape = E(0,,) = Y pxlx, O)p(d'|a, x, X, O)p(E)Ee(o,,,)-

ax,&

(28)

Now, we prove that the SIVP is monotonic under this constraint.
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Proof. We aim to use the strategy in Eqs. (45) and (46) by first showing
that C} is non-increasing after the process, namely

CHlE(A)] = max 3 p(a'1¥)Cy 5]

= max 3" p(@|x')C,q

PO Bl a,x X Dp(OK 0, K]
> P

_a.x.E

PE) P 1 Eplalad X Dplald 2.E) "
T ) Pal)p(§)Kep, Ky
a,x,

= max 3 p(a'[x)Cq

= max 3 p(@ [¥)Cq | 3 PERR pal)p(6)K ep K}
a ax,&

= max 3 p(a'|x)Cq | 2 p(x)p(alx) 25: p(f)Eg(pm)}
< max Z pa@'1x) 3" p(x)p(alx)Cy <XE) P(E)Ez(Pa\x)>

< 3P Y plalx)Cy @ p(f)pubc)

< max 3 p(alx)Cq(py)
= C5(A).
(29)

Again, in the third line, we utilize the relation: p(a'|a,x,x, &) =
p@1x,8) p(xla’, X, Eplalx, @', x, &)/ [p(x|x. Oplalx, ¥, §)).  For the
fourth line, the label x should not depend on a, and the label a should
not depend on x" and @', as shown in Fig. 4. In the fifth line, we use the
relation p(x) = p(x|x, §)p(d’|a, x, x, &) /p(a’|x’). In addition, we use the
convexity of C4 and its monotonic property under incoherent opera-
tions to deduce the inequalities in the sixth and seventh lines,
respectively.

In contrast, the H, will always increase monotonically after the pro-
cess:

H[E(A)] = min 3 p(a|x)H, [72]

= min > p(a'|x)Hy { pr(x)p(alx)p(f)ﬁg(p”)]
> 3" p(x)p(alx)H, {;p(f)if(pm)]

=Y p(x) Y- plalx)H, {;p(f) (; Kk,epa\sz,s) (30)

ik&

= 52 Y plal)s {z p(f)ld"flz(ilpa|xli>li><i|}
= 52 p() X p(aivS[ A,

> min 3 p(alx)H, (Pa|x>
= H}(A).

In this derivation, we use the concavity of the H, and the definition of
genuinely incoherent operations that is diagonalized under the reference
basis. Therefore, by using a relation similar to Eq. (47), we can conclude that
Vs(A) =2 Vg[E(A)], which ends the proof. O

One can observe that our proof strategy aims to demonstrate:

This is because any = satisfying Eq. (31) automatically meets the conditions
of Eq. (32). However, the converse is not necessarily true; that is, all 2 that
meet the conditions of Eq. (32) may not satisfy Eq. (31). To derive the former
inequality, we must limit the local operations to genuinely incoherent
operations, which form a subset of incoherent operations.

Numerical evidence for the monotonicity of the SIVP

We have numerically tested the monotonicity of the SIVP using 10’ random

pure entangled states p** and random local incoherent maps A(p) =
t ’s si ing:

>_.K,pK}, on Bob’s side by setting:

= ) (i i fr
K, =c|f, ()il st KpKleI V¥peI and > KK, =1,
4

(33)

where f,(i) are arbitrary functions used to map one reference basis |i) into
another reference basis |f,(7)). For each pure entangled state, we assume
that Alice performs the Pauli X (0;) and Z (03) measurements, ie.,
Mgy, = [T+ (=1)0,]/2, with a € {0, 1} and x € {1, 3}. After receiving the
assemblage A = {0, = p(alx)pa‘x}aﬁx, Bob computes both V¢(A) and
Vs[A(A)] under the reference basis {|i)};_, ; (eigenbasis of Pauli-Z). Out of
all 10’ random tests, we found that the SIVP always decreased after local
incoherent maps. Therefore, we conclude from the numerical tests that the
SIVP could be non-increasing under one-way local incoherent operations
and classical communication™.

Local CPTP maps, on the other hand, could increase the SIVP. Given
that some CPTP maps may generate local coherence and are not belong to
incoherent operations. For instance, consider the following state p*” as

0.276 0.293 — 0.062i  —0.027 +0.251i  0.073 — 0.203i
AB 0.293 + 0.062i 0.325 —0.085 4 0.026i  0.123 — 0.199i
= —0.027 — 0.251i —0.085 — 0.026 0.230 —0.191 — 0.047i
0.073 + 0.203i 0.123 +0.199i  —0.191 + 0.047i 0.168
(34)

and a CPTP map: A,(p) = 30, K,.ij' with the Kraus operators:

o _ (05590351 0.425 — 0.487i 3 ( 0.004 + 0.021i 0.388
o= 0.721 —0.02440.564i )7 '\ =0.160 — 0.030i 0.319 — 0.091i )’
o _ (7000 —0071i 0032400200\ 0.021 0.006 -+ 0.012i
T 0.097 0.005—0.037i ) "2 \0.001 —0.012i —0.013 —0.016i )
(35)
By calculating the SIVPs, we obtain
Vo(A)~0.061 and  Vg[A,(A)] ~ 0.198, (36)

which demonstrates that the SIVP increases after the CPTP map. However,
when applying this map to a maximally mixed state 1/2, we find that

0.506

1 0.117 + 0.026i
A(5) = | .6
2 0.117 — 0.0261 0.494
which implies that A; ¢ ICO. In fact, Ailp(a)] €&

ICO Vp, = a0)(0] + (1 — a)|1)(1| € T Va € [0, 1].

Proof that SIVP serves as an incompatibility monotone
V(#) is a valid incompatibility monotone™ if it satisfies:
(@) V(M) = 0,if 4 is jointly measurable.

CE(A) - E[E(A)] 202 HZ(A) - HZ[E(A)L (31) (b) VI(/%) satisfies convexity.
(c) Vi(A) is non-increasing under post-processing, namely
which offers a weaker validation of the relationship o ,
Mol =2 (M) = D pGei)p@la,x, ¥) My,
Ci(A) — Hy(A) 2 C[E(A)] — HR[E(A)]. (32) (38)
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Fig. 5 | Schemetic illustration of post-processing. See the caption in Fig. 4.

Proof of condition (a). The condition (a) is automatically satisfied by the
definition of V;:

Vi((Mae), ) = 00 Vs VP s (39)

Given that a set of measurements {M,,}  _is compatible if and only if
its steering-equivalent observables induced a state assemblage
Ps{M,}, /Py that can be described by an LHS model. Thus, the SIVP
vanishes. We note that when the shared state is pure entangled, ie.,
[yAB) = > i/ qli)i), the SEOs {Bulx}u.x is equivalent to the transpose of
Alice’s measurement {M,,,} , which is

—1/2 —1/2
Bu|x =P / aa\xpB /

=pp | Trya My @ DY /a1 Gl @ 1| 52
i (40)

=ps 7 50 AGIMI ) Glos
Ly
=MT

alx*

Proof of condition (b). To prove that (b) V(M) satisfies convexity, we
only need to demonstrate Vs(.A) is convex in the assemblage.

Let us consider a convex combination of the state assemblages that can
be described by

A=gA+ (1 - A == {go,, + (1 = oy}, Vgelo1]. (41)
Using the convexity of Cy, one can obtain
“(A) = Ci[qA+ (1 — 9 A]
= max ) p(alx)Cq [qpu‘x +(1- q)P;‘x]
< max 3= [qp(@lx)Calp,y.) + (1 — P @lx)Ca(pl, )
<qmax ) p(alx)Cy(p,y) + (1 — ) max 3 p'(alx)Cylply,)
= qCi(A) + (1 — @) C3(A).

Here, we use the facts that Cy (H}) is a convex (concave) function and the
property of the maximization in order. Therefore, we conclude the proof
that V(M) satisfies convexity.

Proof of condition (c). To prove that V(M) is non-increasing under
post-processing, we consider a post-processing scenario ¥V defined as a
deterministic wiring map’, as shown in Fig. 5:

Oy = W(0,,) = Zp(x|x')p(a/|a,x, X )0gs VA, %, (44)

where p(x|x’) and p(a’|a, x, x") are conditional probabilities.

We first need to demonstrate that Vg(.A) is also non-increasing under
post-processing. We begin this proof by showing that Cj is non-increasing
under post-processing, that is

CHDVAN = max 3 p(a' ¥)Cy [543

POl )p(a|a,x,x' )0y
max 3 p(a'|¥)Cq | S G ]
a ax

_ Pck) pla1 pleky  plal )
= max 3 p(@'1X)Cq| X pare”  ppiabes) p(alx)pa‘x}
a ax

P(1x) p(@ X )p(x(x)p(alx.x')
max > p(@'1X)Cq | 2 iy i paie) P(“|X)Pa\j
a ax

(45)

max 3 p(d'|x')Cy Z‘%pwmmx}
X ax

max 3 p(a'¥)Cy Zp(x)p(alx)pmx}

< max 3 p(a’[¥) 32 pCp(al)Ca po )
= ZP(X) Zp(alx)cd (pa\x>
< max 3> p(al)Cy (P )
= Cy(A).
Here, we utilize the relation p(d'|a,x,x") = p(d'|x)p(x|x',a")

plalx,x', a')/[p(x|x")p(alx, x")] to arrive at the equation in the third line; in
the fourth line, we note that all the labels, say x, x’, a should not dependent
on a5 in the sixth line, we use the relation of p(x|x") = p(x)
p('|x)/p(x') = p(x), given that x’ should not depend on x; the seventh line
uses the convexity of C.

In contrast, the conditional Shannon entropy increases monotonically
after the process due to concavity, namely

HLDV(A)] = min 3 p(a'|¥)H, 5755

= n}cln ZP(Q/|X/)HA |:ZP(X)P(Q|X)PM:|

(42)
46
Following the analogous steps, together with the fact that the Shannon = > p(x)p(alx)H (pa‘x> (46)
entropy is concave, we can demonstrate that H; is also concave with respect o
to a convex combination of the state assemblages. Therefore, we can con- > min ) p(alx)H, (pm)
clude that the steering violation satisfies convexity, namely x* ‘
= Hy(A).
Vs(A) = Vs [gA+(1 - A Combining the results in Eqgs. (45) and (46), one can conclude that

= max{Cj[gA + (1 — 9 A1 — Hi[gA + (1 — 9A],0}

< max{q[C3(A) — HA(A)] + (1 = 9)[Ci(A) — Hi(A)], 0} Ci(A) — CIV(A)] = 0= Hi(A) — HADV(A)), (47)

<qmax{C;j(A) — HA(A),0} + (1 — q) max{C;(A") — H5(A),0}

= qVs(A) + (1 — @Vs(A).

V(A + 1=Vl (43 hich implies Vy(4) 2 VDA
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By using the above results, we can therefore show that V(M) is also

non-increasing under post-processing, i.e.,

ViIW(M)]

sup Vs [VPsWV(M) /g

Vs[V/PsWM)+/pi]
Vs[W(VPiMy/p3)]
Vs(VPEMy/pi)
sup Vs (VPsM/Ps)
V(M.

(48)

IN

IN

Data availability
The dataset underlying the results presented in Fig. 2 is available in ref. 80.
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