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Here, we present (i) the calculation of the quantum Fisher information for a coherent state in the driven-dissipative ultra-
strongly coupled Dicke model in the large-number-of-atoms limit, and (ii) a detailed analysis of quantum metrology based on
the quantum Rabi model with virtual excitations.

S1. QUANTUM FISHER INFORMATION FOR A COHERENT STATE OF DRIVEN-DISSIPATIVE ULTRASTRONGLY
COUPLED DICKE MODEL IN THE LIMIT OF NUMBER OF ATOMS N GOING TO∞

The quantum Fisher information can also be calculated using the coherent state output (transmission) as

Iω = 4 (∂ωα)2 = 4 (∂ωA)2 + 4A2 (∂ωφ)2 , (S1)

where A and φ is the amplitude and phase of α ≡ A exp(iφ), respectively. For a driven-dissipative system in the frame rotating
with the driving field frequency and using input-output relations, it is straightforward to show

α = 2

√
κη2

κ2 + 4δ2 exp
[
−i arctan

(
κ

2δ

)]
(S2)

such that the number of photons per unit of time at the output is

⟨n̂⟩/t =
4κη2

κ2 + 4δ2 . (S3)

The quantum Fisher information after time t becomes

Iω =
4tη2κ

4δ2 + κ2 ×
16δ2(g − 2ω)2

ω
(
4δ2 + κ2)2 (ω − g)

+
4tη2κ

4δ2 + κ2 ×
κ2(g − 2ω)2

ω
(
4δ2 + κ2)2 (ω − g)

, (S4)

where the first term corresponds to the information extractable from the amplitude (see the main text), while the second term
corresponds to the information extractable from the phase shift. A comparison of the information extractable from the amplitude
and phase is shown in Fig. S1.

For g = 0, we get the known result for quantum Fisher information:

Iω =
256κtδ2η2(
4δ2 + κ2)3 +

16tη2κ3(
4δ2 + κ2)3 . (S5)

The enhancement deriving from a non-zero g can be linked to the presence of virtual excitations as described in the main text
and in the following sections.
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FIG. S1. The signal-to-noise ratio for (a) amplitude measurements (described in the main text), (b) phase measurements, and (c) combined
amplitude and phase measurements (quantum Fisher information) as a function of g/gc and δ/κ. In the numerical simulations, we set κ/ω = 1
and η/ω = 1. Note that in the context of cavity QED, one could also perform measurements on the reflected light.

S2. A SIMPLIFIED EXAMPLE: THE QUANTUM RABI MODEL WITH VIRTUAL EXCITATIONS

In the main text, we focus on the Dicke model, which is an extension of the quantum Rabi model including many two-level
systems. Here, we show how one could use virtual photons in the quantum Rabi model to enhance the precision of a cavity
frequency measurement. The Hamiltonian of the quantum Rabi model reads

Ĥ = ωâ†â +
Ω

2
σ̂z +

g
2

(
â + â†

)
σ̂x, (S6)

where the Pauli matrices σ̂i (i = x, y, z) represent the two-level system degree of freedom. A crucial step here is to operate in
the regime where the energy gap could be almost closed, i.e. we require Ω ≫ ω. Essentially, the smaller the energy gap is,
the more virtual photons the system can support. In order to enhance the measurement precision of ω, the energy gap needs to
depend strongly on ω. In Fig. S2, we plot the derivative of the energy gap between the first excited state and the ground state
∆E = E1 − E0 with respect to ω. Close to the critical point (g ≲ gc) ∂ω∆E is larger for larger values of Ω/ω. Note that near the
superradiant threshold, g ≈ gc ≫ ω is no longer comparable with the transition frequency ω. Therefore, this regime is called the
deep ultrastrong coupling regime. In the regime of Ω ≫ ω, one can apply the Schrieffer-Wolff transformation and obtain (exact
in the limit of Ω/ω→ ∞ )

Ĥ = ωâ†â −
g2

4Ω

(
â + â†

)2
, (S7)

which is a squeezing Hamiltonian, whose ground state is the squeezed vacuum

|ψ0⟩ = Ŝ (ξ)|0⟩, (S8)

where Ŝ (ξ) is the squeeze operator with the squeezing parameter ξ = 1
4 log

(
1 − g2/g2

c

)
and gc =

√
ωΩ, which contains

⟨n̂⟩ ≡ ⟨â†â⟩ = sinh2 ξ
g→gc
−−−−→

1
4

1√
1 − g2

g2
c

(S9)

virtual photons. In the picture of measurable quantities, one has to diagonalize the Hamiltonian

Ĥ = ω
√

1 − g2/g2
c ĉ†ĉ, (S10)

where ĉ = â cos ξ + â† sin ξ represents a cavity mode of frequency ω
√

1 − g2/g2
c ≡ ω exp(2ξ), measurable in experiments. For

the ground state, we have ⟨ĉ†ĉ⟩ = 0. Note that a similar effective Hamiltonian can also be used to describe the Dicke model far
from the resonance. For simplicity, we assume that there is no decoherence and no dissipation, and an arbitrary measurement
can be performed. We consider three possible scenarios, which are compared in Fig. S3.
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FIG. S2. Derivative of the energy gap with respect to ω as a function of g/gc for three cases: Ω/ω = 100 (violet), Ω/ω = 1000 (purple), and
Ω/ω = 10000 (orange). The larger the ratio Ω/ω, the tighter the energy gap can get, and therefore the more virtual photons the system can
support. Note that this is the energy gap between the ground state and the first excited state ∆E = E1 − E0. In the thermodynamic limit defined
as Ω/ω → ∞, the spectrum is fully harmonic (linear), however, this is not the case for a finite Ω/ω putting a limitation on how strongly the
system can be excited with a coherent drive.

S2.1 Extracting the squeezed vacuum

First, we consider a scenario where one could extract the squeezed vacuum state from the ground state and use it to estimate the
frequency of the harmonic oscillator. In such a case the signal-to-noise ratio can be calculated using the quadrature operators for
mode â. Since for squeezed vacuum the first moment of X̂ =

(
â + â†

)
/2 is zero, we must rely on the second moment,

⟨X̂2⟩ =
1
4

exp(−2ξ) =
1
4

1√
1 − g2

ωΩ

, (S11)

and the fourth moment,

⟨X̂4⟩ = 3⟨X̂2⟩2 =
3

16
exp(−4ξ) =

3
16

1

1 − g2

ωΩ

, (S12)

to calculate the signal-to-noise ratio. By calculating the derivative with respect to ω of the second moment, we obtain the
following signal-to-noise ratio:

S (ω) =
|∂ω⟨X̂2⟩|2

⟨X̂4⟩ − ⟨X̂2⟩2
=

1

8ω2
(
1 − g2

g2
c

)2

g4

g4
c
. (S13)

However, this signal-to-noise ratio assumes that one can either extract virtual excitations from the ground state or perform a
measurement in the basis of the virtual excitations.

The signal-to-noise ratio could be further increased by allowing the squeezed vacuum to evolve in the noninteracting harmonic
oscillator for time t. In this case, the second moment becomes

⟨X̂2⟩ =
1
4

[
exp(−2ξ) cos2(ωt) + exp(2ξ) sin2(ωt)

]
, (S14)

and the signal-to-noise ratio can be calculated to be

S (ω) =
1
8

 4
(
g2t sin(2ωt) −Ω

)
g2 cos(2ωt) − g2 + 2ωΩ

+
g2 − 2ωΩ

g2ω − ω2Ω


2

. (S15)

Note that, in certain situations, measuring the second moment rather than the first may be significantly more time-consuming.



4

S2.2 Extracting the squeezed vacuum and displacing it

After extracting the virtual excitations, one could displace them and utilize the displaced squeezed vacuum for measurement.
Consequently, the final state is

|ψ⟩ = D̂(α)Ŝ (ξ)|0⟩. (S16)

In this case, the signal-to-noise ratio can be calculated using the first moment

⟨X̂⟩ = |α| cosωt, (S17)

and the variance

⟨X̂2⟩ − ⟨X̂⟩2 =
1
4

exp(−2ξ) cos2(ωt) +
1
4

exp(2ξ) sin2(ωt). (S18)

Combining all the elements, we arrive at the following limitation for the signal-to-noise ratio:

S (ω) =
|∂ω⟨X̂⟩|2

⟨X̂2⟩ − ⟨X̂⟩2
=

8|α|2t2
√

1 − g2

g2
c

sin2(ωt)

g2

g2
c

cos(2ωt) − g2

g2
c
+ 2

≤
4|α|2t2√

1 − g2

g2
c

g→gc
−−−−→ 16|α|2t2⟨n̂⟩. (S19)

S2.3 Measuring the new normal mode

Alternatively, instead of extracting the virtual photons from the ground state, one could leverage the information about the
unknown parameter through the altered properties of the system as outlined in the main text. In this case, the signal-to-noise
ratio is calculated for the normal mode ĉ and its quadrature X̂c. For the first moment, we obtain

⟨X̂c⟩ = |α| cos
(
ωe2ξt

)
, (S20)

and for the variance, we obtain

⟨X̂2
c ⟩ − ⟨X̂c⟩

2 =
1
4
. (S21)

By combining all the terms and calculating the derivative with respect to the unknown parameter ω, we find the signal-to-noise
ratio is constrained as

S (ω) =
|α|2t2 sin2 ωe2ξt

1 − g2

g2
c

(
2 −

g2

g2
c

)2

≤
|α|2t2

1 − g2

g2
c

(
2 −

g2

g2
c

)2
g→gc
−−−−→

|α|2t2

1 − g2

g2
c

= 16|α|2t2⟨n̂⟩2. (S22)

In the final step, we explicitly incorporated the number of virtual excitations into the analysis. Note the different scaling with
respect to virtual excitations in Eq. (S19) and Eq. (S36).

S2.4 Comparison

The comparison between all these cases is presented in Fig. S3. Interestingly, if the coupling g can be arbitrarily controlled,
performing measurements on the normal modes of the coupled system proves to be more advantageous than extracting the virtual
excitations. For small couplings g/gc, as shown in Fig. S3(a) and Fig. S3(b), the number of virtual excitations is negligible.
Consequently, measuring them results in an insignificant signal-to-noise ratio (purple curve). In scenarios where a displacement
is applied (violet and orange curves), the signal is predominantly attributed to the displacement. As the system approaches the
critical point, as illustrated in Fig. S3(c) for g/gc = 0.9, the number of virtual excitations begins to grow, leading to an increased
signal-to-noise ratio when they are measured (purple curve). However, when the coupling approaches the critical point of the
superradiant phase transition g/gc = 0.99 [presented in Fig. S3(d)], the optimal strategy shifts to measuring the effective mode
without extracting the virtual excitations. This approach can be further enhanced by increasing the displacement |α| and applying
quantum noise squeezing.
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FIG. S3. Comparison of the signal-to-noise ratio for the three approaches to precision measurements. Note that since we have Gaussian states,
for the optimal quadrature angle the signal-to-noise ratio becomes the quantum Fisher information which would correspond to the envelope of
the curves. The purple curves represent the strategy of extracting virtual photons and allowing them to evolve within the harmonic oscillator
[Eq. (S15)]. The violet curves correspond to extracting virtual excitations, displacing them, and then evolving in the harmonic oscillator
[Eq. (S19)]. The orange curves illustrate measurements performed on the effective, measurable normal mode without extracting the virtual
photons [Eq. (S36)]. When ultimate control is achievable, retaining the virtual excitations within the virtual realm proves advantageous. For
g ≪ gc [as seen in (a) for g = 0.2gc], there is no significant enhancement from virtual excitations due to their negligible presence in the system.
As the ultrastrong coupling regime emerges (b, g = 0.5gc), virtual excitations begin to appear, contributing to an increased signal-to-noise ratio.
Approaching the threshold point (c, g = 0.9gc), it becomes advantageous to extract the virtual excitations from the ground state. However,
even closer to the threshold point (d, g = 0.99gc), where correlated virtual excitations are substantially present, retaining them in the virtual
domain can be more beneficial for quantum metrology. In the simulations, we set the displacement parameter α = 1 and assume ω/Ω→ 0.

S2.4 Synergy of virtual and real squeezing

Finally, we note that the discussed system with a modified (squeezed) frequency can also be driven by squeezed light, charac-
terized by a squeezing parameter ξr. In such a case, the first moment takes the form:

⟨X̂c⟩ = |α| cos
(
ωe2ξt

)
, (S23)

while the variance is given by

⟨X̂2
c ⟩ − ⟨X̂c⟩

2 ≥
1
4

exp(2ξr). (S24)

Combining these results, the signal-to-noise ratio in the limit g→ gc becomes

S (ω) ≤
|α|2t2

1 − g2

g2
c

exp(−2ξr) = 16|α|2t2⟨n̂⟩2 exp(2ξr) = |α|2t2 exp(−4ξ) exp(−2ξr) = |α|2t2 exp(−4ξ − 2ξr), (S25)

where ξ denotes the virtual squeezing parameter (associated with the frequency shift), and ξr quantifies the real squeezing of
the light injected into the oscillator. This expression clearly demonstrates that virtual squeezing is more effective in enhancing
the signal-to-noise ratio, and that virtual and real squeezing can, in principle, be combined to achieve compounded metrological
advantages.

This result highlights a crucial distinction between virtual and real squeezing in terms of their metrological benefits. Virtual
squeezing boosts the signal, resulting in an exponential improvement in sensitivity. In contrast, real squeezing only reduces the
noise level, leaving the signal unaffected. Crucially, virtual squeezing naturally arises from the system’s dynamics near criticality,
without requiring nonclassical input states, making it inherently more robust against decoherence and losses. The exponential
difference in scaling with respect to ξ and ξr suggests that metrological protocols operating near a critical point (g ∼ gc) can
outperform those relying solely on engineered quantum states of light. Thus, exploiting criticality-induced virtual squeezing
provides a promising route toward quantum-enhanced sensing that is both practically viable and fundamentally distinct from
conventional approaches.
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S4. OPTIMALITY OF FREQUENCY MEASUREMENTS THROUGH THE QUADRATURE (HOMODYNE) DETECTION.

In the main text, we have stated that in the case of single-mode Gaussian states, it is well established that optimal
measurements—those that saturate the quantum Cramér-Rao bound—are Gaussian, such as homodyne or heterodyne detec-
tion (see Ref. [46] in the main text for details). Here, we show it explicitly by calculating the quantum Fisher information and
the signal-to-noise ratio. For the sake of simplicity, we focus on the quantum Rabi model. In the basis of virtual excitations, the
ground state takes the simple form

|ψ0⟩ = Ŝ (ξ)|0⟩, (S26)

where Ŝ (ξ) is the squeeze operator with the squeezing parameter ξ = 1
4 log

(
1 − g2/g2

c

)
and gc =

√
ωΩ. The quantum Fisher

information becomes

Iω = 4
(
⟨∂ωψ0|∂ωψ0⟩ − |⟨∂ωψ0|ψ0⟩|

2
)
= 2(∂ωξ)2 =

1

8ω2
(
1 − g2

g2
c

)2

g4

g4
c

(S27)

Now, let us calculate the signal-to-noise ratio for homodyne detection, assuming that we are able to measure virtual excitations.
In this case, the signal-to-noise ratio can be evaluated using the quadrature operators of the mode â. Since the first moment of
the quadrature X̂ = (â + â†)/2 vanishes for a squeezed vacuum state, we must instead rely on the second moment

⟨X̂2⟩ =
1
4

exp(−2ξ) =
1
4

1√
1 − g2

ωΩ

, (S28)

and the fourth moment,

⟨X̂4⟩ = 3⟨X̂2⟩2 =
3

16
exp(−4ξ) =

3
16

1

1 − g2

ωΩ

. (S29)

To evaluate the signal-to-noise ratio, we compute the derivative of the second moment with respect toω. This yields the following
expression for the signal-to-noise ratio

S (ω) =
|∂ω⟨X̂2⟩|2

⟨X̂4⟩ − ⟨X̂2⟩2
=

1

8ω2
(
1 − g2

g2
c

)2

g4

g4
c
. (S30)

As expected, this result matches the quantum Fisher information given in Eq. (S27), even when considering measurements on
virtual excitations. This confirms that quadrature measurement is optimal in this setting, as also discussed in detail in Ref. [46]
from the main text.

We now switch to the basis of measurable excitations. Since the ground state contains no such excitations, we initialize the
system in a coherent state to introduce excitations. As a result, the state of the system at time t evolves to

|ψ(t)⟩ = |α exp(−iω−t)⟩ ≡ |α exp(−iωe2ξt)⟩. (S31)

The quantum Fisher information can then be readily calculated as

Iω = 4|α|2t2(∂ωω−)2 = |α|2t2

(
g2/g2

c − 2
)2

1 − g2/g2
c

(S32)

We now turn to the signal-to-noise ratio for homodyne detection in this setting. Here, the signal-to-noise ratio is calculated for
the normal (measurable) mode ĉ and its associated quadrature X̂c. For the first moment, we obtain:

⟨X̂c⟩ = |α| cos
(
ωe2ξt

)
, (S33)

and for the variance, we obtain

⟨X̂2
c ⟩ − ⟨X̂c⟩

2 =
1
4
. (S34)



7

By combining all the terms and taking the derivative with respect to the unknown parameter ω, we find that the signal-to-noise
ratio is bounded by

S (ω) = |α|2t2

(
2 − g2

g2
c

)2

1 − g2

g2
c

sin2
(
ωe2ξt

)
. (S35)

By selecting the optimal quadrature angle—determined by the state’s orientation in phase space—we obtain

S (ω) = |α|2t2

(
g2/g2

c − 2
)2

1 − g2/g2
c
, (S36)

which is equal to the quantum Fisher information given in Eq. (S32). This proves that homodyne (quadrature) detection is
optimal.
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