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Abstract

Quantifying measurement precision in quantum systems is vital for advancing quantum tech-
nologies such as sensing, communication, and computation. The quantum Fisher information
(QFI) sets the ultimate precision bound in Hermitian systems; however, extending this concept

to non-Hermitian systems, even those with real spectra, poses conceptual challenges due to their
non-unitary dynamics. We compare three probability-conserving approaches for evaluating QFI
in such systems: (i) simple normalization, (ii) metric formalism, and (iii) master-equation frame-
work. Although all three ensure probability conservation, they differ in physical interpretation and
in how they quantify estimation precision. Our study is particularly motivated by previous studies
that have shown that the simple normalization method for non-Hermitian Hamiltonian generated
dynamics may lead to misleading or even unphysical conclusions for certain quantum information
theoretic tasks. We emphasize, in this article, that the metric formalism naturally enables the use of
standard Hermitian metrology tools in cases where it provides a coherent and physically consistent
framework for non-Hermitian systems.

1. Introduction

Quantum Fisher information (QFI) is a fundamental concept in quantum metrology that quantifies the
amount of information a quantum state encodes about unknown parameters. It serves as a crucial tool
for assessing the precision limits of parameter estimation by providing ultimate precision bound known
as the quantum Cramér—Rao bound [1-3]. Mathematically, QFI is derived from the symmetric logar-
ithmic derivative [4], which characterizes how the quantum state evolves with respect to small changes
in the parameter of interest [5, 6]. QFI has been applied to determine limits on the optimal estimation
of different quantities, such as phases [7—16], temperature [17-21], magnetic fields [22-26], squeezing
parameters [27, 28], and so on.

Beyond its role in parameter estimation, QFI has emerged as a versatile tool in the analysis of
quantum states and dynamics. It has been extensively used to characterize entanglement [29, 30], quan-
tifying non-Markovianity [31], understanding quantum speed limits [32], the quantum Zeno effect [33,
34] and macroscopic quantum phenomena [35].

Recently, interest has shifted towards non-Hermitian systems, particularly those exhibiting parity-time
(PT) symmetry, where unusual physical properties emerge. These systems, unlike Hermitian ones, can
have real eigenvalue spectra under specific conditions, despite not conserving probability [36]. A not-
able feature of these systems is the presence of exceptional points, which are singularities in parameter
space where two or more eigenvalues and their corresponding eigenvectors coalesce [37]. Unlike conven-
tional Hermitian systems, where eigenvalues remain distinct under small perturbations, the emergence of
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exceptional points in non-Hermitian dynamics leads to a breakdown of the usual eigenvector orthogon-
ality and introduces striking physical consequences [38—42].

While traditional quantum metrology has largely focused on Hermitian systems [43], the exploration
of non-Hermitian systems has opened new pathways for developing more sensitive quantum sensors.
Recent studies have demonstrated that P77 -symmetric quantum sensors, which operate near excep-
tional points, can achieve enhanced precision in parameter estimation [44, 45]. These systems are par-
ticularly interesting because they provide novel mechanisms to surpass classical limits, especially in
noisy environments [46]. However, such enhancement in precision becomes dubious in regimes where
quantum noise becomes significant [47-51].

The QFI in Hermitian systems is calculated with respect to the system state given by a valid density
matrix that satisfies the important requirement of probability conservation. In contrast, non-Hermitian
systems introduce several complexities. The eigenvalues of a non-Hermitian Hamiltonian (NHH)
are generally complex, and the eigenstates may lose orthogonality, necessitating the introduction of
a biorthogonal framework where right and left eigenstates are treated on an equal footing [52, 53].
Therefore, in such systems, QFI cannot be straightforwardly calculated using the traditional Hermitian
formalism. The proper formalism of dealing with non-Hermitian systems with real spectrum involves
introducing a metric formalism that adjusts the inner product structure of the Hilbert space, leading to
physically meaningful probability-conserving dynamics [54]. This adjustment is necessary, as the non-
Hermiticity modifies how quantum probabilities and overlaps are measured in these systems.

Contemporary research in non-Hermitian quantum metrology have also revealed new pathways
for enhanced sensitivity particularly by leveraging postselection techniques to engineer effective non-
Hermitian dynamics within a larger Hermitian framework [55-58]. While such methods can significantly
amplify parameter sensitivity, they also introduce critical considerations regarding the trade-off between
QFI and the probability of successful postselection [59, 60]. Since postselection inherently discards a
fraction of experimental outcomes, the effective metrological advantage must be assessed in terms of
the total Fisher information per experimental run, rather than the raw QFI of the selected subensemble.
Consequently, the widespread practice of wavefunction normalization after non-unitary evolution may
lead to an overestimation of QFI by keeping only the most favorable trajectories, thereby ignoring the
total statistical cost of the full process. These observations underscore the importance of careful account-
ing of probability conservation in assessing the metrological potential of non-Hermitian systems, thereby
ensuring that reported enhancements translate into tangible experimental advantages.

The motivation for this work stems from the observation that, whilst quantum metrology is well
developed within the framework of conventional quantum mechanics based on probability conservation
that is guaranteed by fundamental equations of motion and measurement theory (projective and more
generally positive-operator valued measures (POVM)) , non-Hermitian metrology can be addressed in
non-unique and ways not necessarily consistent with all the postulates of quantum mechanics and phys-
ical principles.

Recall that Hermitian Hamiltonians H = H' with parameters O} that correspond to real spectra and
thus generate unitary dynamics which describe closed (or isolated) systems. The NHHs where H # H',
appear most naturally in open quantum systems and effective or approximate descriptions of dissipation.
In the regime where at least one eigenvalue becomes complex, the system belongs to the region Qy,
defined by

=Y ¢ R, s.t. Hi/),‘ = )\ﬂ/)i. (1)

In this case, the system evolution is inherently non-unitary in the standard Hilbert space, and metrolo-
gical studies typically rely on quantum master equation approaches for a consistent treatment.
An intermediate regime, QX;;, consists of NHHs that nevertheless have entirely real eigenvalues:

H#H', NeR Vi (2)

Here, a suitable choice of an inner-product structure, often referred to as a ‘metric’ formalism, allows
the system to retain unitary-like evolution under a redefined notion of unitarity. Specifically, there exists
a positive-definite operator 7 (the so called metric) such that the Hamiltonian is pseudo-Hermitian

HeQRy, < 3n>0st H =nHp™ . (3)

Indeed this central result can be paraphrased upon closer inspection as ‘pseudo-Hermitian Hamiltonians
are Hermitian in disguise’ as will be presented in section 2. Note that as QF C QRy;, the Hermitian case
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along the slice g = go. The system moves from QF at v =0 to QX for 0 < v < g and then to Qg for 0 < g < . Here, QO and
Gy denote regions in the parameter space of H corresponding to Hermitian Hamiltonians with real eigenvalues and NHHs with
complex eigenvalues, respectively, while QRF,; refers to the intermediate region of NHHs that still possess real eigenvalues.

Figure 1. Different possible regions in the parameter space of a specific Hamiltonian H = [ fy} , illustrating the transition

corresponds to the special situation when 7 = 1. The qualitative structure of these regions in a para-
meter space is illustrated in figure 1, which shows how the system transitions across QF, QR ;, and Q§y
for a representative two-level Hamiltonian. More broadly, using more general time-dependent metrics
may also allow mapping of NHHs with complex eigenvalues to Hermitian Hamiltonians. In both these
cases, where mapping to Hermitian Hamiltonians is possible, the system in an appropriate reference
frame realizes exact closed system dynamics.

In this work, we adopt the well established metric formalism to demonstrate the locally Hermitian
approach to quantum metrology in QX;;. Rather than claiming enhanced precision or a metrological
advantage, we show how standard quantum metrology concepts should be correctly adapted within this
formalism. Our results provide a well-founded framework for analyzing parameter estimation in this
regime, ensuring consistency with the broader principles of quantum mechanics. We also compare this
approach with the no-jump evolution, where the state is normalized at each time step, and also with the
results obtained using the full master equation. These comparisons elucidate the advantages and limita-
tions of different methodologies in non-Hermitian quantum metrology and offer insights into optimiz-
ing estimation strategies.

This paper is organized as follows. Section 2 examines various approaches to quantum dynamics
in the presence of a NHH. Section 3 discusses QFI in non-Hermitian systems in the context of metric
formalism. In particular, we explore how both Hamiltonian and state parameters can be inferred from
the NHH and the Schrodinger equation. Section 4 investigates two distinct physical scenarios in which a
qubit undergoes open system dynamics and the underlying metric is time-independent in one case and
time-dependent in the other, illustrating different methods for estimating state parameters by computing
QFI and comparing their effectiveness. Finally, section 5 summarizes our findings.

2. Approaches to non-Hermitian dynamics

This section introduces key formalisms—the metric formalism, the normalization method, and the mas-
ter equation approach-highlighting their roles in governing differing quantum state evolutions corres-
ponding to the same NHH. These frameworks will later be used to analyze the precision of estimating
unknown state parameters and to examine the resulting differences in behavior of the precision across
the formalisms. A visual depiction summarizing the relationships of these descriptions is provided in
figure 2.

2.1. Metric framework

The Schrodinger equation with a NHH leads to non-unitary evolution, viz. the non-conservation of the
standard (i.e. familiar Euclidean) inner product (:|-) during evolution. A key idea of consistent non-
Hermitian quantum mechanics is that certain non-Hermitian operators (e.g. those with real eigenval-
ues dubbed pseudo-Hermitian [53]) preserve modified inner products (-|-),, := (-[n(t)|-), where 7(t) is
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(a) Open-system dynamics

MASTER EQUATION
-~
‘ LIOUVILLIAN ‘ FORMALISM ’
POSTSELECTION
NON-HERMITIAN NORMALISATION
HAMILTONIAN FORMALISM
(b) Closed-system dynamics
NON-HERMITIAN METRIC
HAMILTONIAN FORMALISM
QUANTUM ELEVATOR
HERMITIZED VIELBEIN
HAMILTONIAN FORMALISM

Figure 2. Types of dynamics and their mutual relationships (left), and corresponding formalisms (right). (a) Note that the
master-equation formalism corresponds to the standard quantum-trajectory approach without post-selection, i.e. allowing an
arbitrary number of quantum jumps, whereas the normalization formalism corresponds to the quantum-trajectory approach
post-selected on no quantum jumps. Post-selection in open systems (Liouvillian) dynamics leads to non-Hermitian effective
Hamiltonians. (b) Given a non-Hermitian Hamiltonian, in an appropriately transformed reference frame, dubbed ‘Einstein’s
quantum elevator’ following [61], a non-Hermitian Hamiltonian is rendered Hermitian. An equivalent description of the phys-
ical system is obtained via the metric formalism.

a (possibly time-dependent) so-called metric operator, which is Hermitian and positive definite. Thus
such non-Hermitian operators generate unitary evolution in modified Hilbert space with inner product
(:|)n- Moreover, the metric operator and Hermitian action of the considered Hamiltonian can be equi-
valently effected implicitly as a change of reference frame of the system via a general, non-unitary yet
invertible transformation. The latter may be considered a generalization of the concept of Einstein’s elev-
ator in relativity to quantum mechanics [61]—a system in a space with a non trivial metric in an inertial
frame of reference can be viewed equivalently as a system with a trivial metric in a non-inertial frame.
We illustrate these points below.

Consider a system Syy described by a NHH H : H — H. The non-Hermiticity implies H' # H where
the adjoint T is defined by the relation (H4|¢)) = (4|Ht)) and (1)|¢) is the standard inner product.

The Schrodinger equation describing this system is

1%\1]} (t)) = H|# ()) non-Hermitian system, Sxy. (4)

Let H, be the space H equipped with the metric defined by the positive-definite Hermitian operator 7.
In order to preserve the modified inner product under the above dynamics [61, 62]:

d -~ d. - - d . )
i (V1) = T (Plnlg) =0=iTn(r) = Hin () —n(t) H. (5)

Although we only consider time independent Hamiltonians in this Article, the above condition is
valid for time dependent Hamiltonians. We note here that in the particular case of pseudo-Hermitian
Hamiltonians, the metric can be chosen constant in time since the above equation is simply satis-
fied by the pseudo-Hermiticity condition Hf = nHn~'. More generally, however, metric solutions to
equation (5) may also exist in cases where the NHH has complex eigenvalues (see section 4.2).

The metric formalism may be reformulated as a transformation to a different basis mapping the
non-Hermitian system to a Hermitian one with a standard inner product (with trivial metric). Indeed,
note firstly that a positive definite Hermitian operator can be decomposed as 1 = £T€. The metric modi-
fied scalar product then is

(10)y =(Plnld) = (DIETEID) := (¥ ]9), (6)
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where the role of & effects the state transformation |¢)) = £|¢)). These states in the transformed basis
evolve according to the Schrodinger equation

1d%|1/) (1)) =h|y(t)) Hermitized system, Sy (7)
with Hermitian Hamiltonian
h=EHE +1(0,£)E7" (8)

The evolution of the system in this frame of reference is then manifestly unitary.

The transformation £ which can be called a generalized vielbein [61, 63] (see appendix for a short
recap of vielbein’s as used in general relativity) and we call the above Hermitization the vielbein formal-
ism. Intuitively, the vielbein provides a local mapping that preserves the geometry encoded by 7, allow-
ing one to work in a familiar Hilbert space while fully accounting for the effects of the modified inner
product. The practical utility of the Hermitized frame is that it allows the use of standard quantum the-
ory, including notions of probabilities and measurement theory, consistently,

(PIA[D)y _ (DAl _ (PIETEAID) ©)
@l)y  (@hle)  (PIETENY)
_ (lEteAETed) _ wlAl) o
(PlETEID) Wlp)

where the observable A is Hermitian and A = £ 'AE. Note that, for convenience of comparison with the
expressions for analogous expressions in the normalization formalism, we explicity divide by the norm
of the states which are however constant by construction, i.e. 7 is chosen such that (1|n|d)) = (1 [p) =1
is normalized, while (1)|¢)) # 1, in general.

2.2. Normalization approach

When a NHH H is employed within the Schrédinger equation, the evolution induced by H is not trace-
preserving, rendering the state physically inconsistent. A standard procedure to address this issue is to
renormalize the state at each instant by its trace. For an arbitrary initial state py, this prescription reads

—ifr, Lift
pnorm(t):%; (11)
Tr [eﬂHt,Do el t}
thereby restoring unit trace and ensuring the physical validity of the state. The normalized physical
quantities are then computed as:
D(0) Al (1)) Trlp(t)A
(A (£)) sorm WA @) _ Trlp(®)4] Tt [pron (£)A]. (12)
WOl@)  Trlp()

Note the fundamental difference in the expression for the average value of the observable A in the above
normalization form and previously mentioned metric formulation equation (10).
Interestingly, pnorm(#) satisfies the following non-linear equation of motion [64]

d

a,pnorm (t) =—i [HHypnorm (t)]

- ({H&Pnorm (t)} —2Tr [pnorm (t) HS] Pnorm (t)) ; (13)

where Hy and Hg are the Hermitian and skew-Hermitian parts of H = Hy — iHs, and {-,-} denotes the
anticommutator.

The normalization procedure is widely used in systems governed by effective NHH. However, des-
pite its mathematical convenience, this approach warrants careful examination, as it may obscure the
true dynamics and physical interpretation of the system’s evolution. This is a naive approach that, as
discussed in the next section, neglects quantum jumps in systems governed by a NHH while still assum-
ing a trivial metric identical to that used in Hermitian systems. As explained in the Introduction, neg-
lecting the proper non-trivial metric—which should be specifically constructed for a given NHH and
used consistently—can lead to apparent violations of fundamental no-go theorems, as reported in vari-
ous publications (see, e.g. [65—-68]). However, as emphasized previously, a proper inclusion of the correct
metric prevents any such violations [69-71].
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To illustrate the nature of this issue, we quote a strong criticism of the naive-metric approach
expressed in [69], where it is described as being based on ‘defining the Hilbert-space structure in a false
and manifestly unphysical, ill-chosen, and purely auxiliary friendlier space’

Nevertheless, it is quite remarkable that this—strictly speaking, unphysical without postselection—
approach often yields excellent agreement with more rigorous calculations based on the master equation
or Heisenberg-Langevin (HL) equations of motion, at least for systems with a small number of excit-
ations, where quantum jumps do not play a significant role in the system’s dynamics. This situation
occurs, for example, in photon blockade (PB), photon-induced tunneling, and related effects described
by second-order or higher-order photon-number correlation functions.

By analyzing the results presented in the following references, one can observe a very good corres-
pondence between the analytical results obtained within this naive NHH approach and the numer-
ical results from the master-equation framework. These examples include conventional [72] and
unconventional [73, 74] PB, nonreciprocal conventional PB [75] and its unconventional counterpart
[76], chiral PB [77], as well as related effects involving the suppression of mechanical excitations, i.e.:
phonon blockade [78] and hybrid photon-phonon blockade [79] among others.

For this reason, we also consider this simple NHH approach in the present work—at least for low-
excitation regimes, where it might provide reliable and physically meaningful results despite its concep-
tual limitations.

2.3. Conditional non-Hermitian dynamics in master equations
Dissipation is a key source of non-Hermiticity in quantum systems. Under the Born-Markov approxima-
tion, open quantum systems are governed by the master equation in the Lindblad form:

Pme (t> = LPme (t) =-i [H, Pme (t)} + Z <F€pme (t) F; - % {Pme (t) 7FZFZ}) , (14)
l

where pp. is the system’s density matrix, £ is the Liouvillian superoperator, H is the Hamiltonian and
I'; are Lindblad operators describing the system-environment interaction. For a comparative analysis
of Liouvillian spectra with and without quantum jumps in the context of exceptional points, see [80,
81]. The expectation value of an observable A is given by (A)ne = Tr(pmeA). Directly solving the mas-
ter equation is computationally intensive. Instead, the quantum trajectory method tracks individual
quantum states evolving under an effective NHH

i
_ T
Hf=H-— 5 EZ LTy, (15)

punctuated by random quantum jumps. Averaging over the ensemble of pure states reproduces the dens-
ity matrix pne, and observables can be calculated accordingly.
The conditional evolution under the assumption that ‘no jump’ has occurred is described by

ug () = —i (Hewpus (1) = o () Hl ) (16)
neglecting the quantum jump term. The corresponding expectation value is given by

R a7)

It should be emphasized that equation (17) correspond respectively to equation (12) discussed in
normalization approach above, wherein one considers only those experimental realizations in which

no quantum jumps occur. This postselection is inherently optimistic because it neglects the effects of
quantum jumps, which typically induce decoherence and diminish the precision of parameter estima-
tion. Despite its theoretical appeal, post-selected quantum metrology inherently discards a large fraction
of data, rendering any gain in QFI ineffective due to the low success probability [60].

Alternatively, another fully quantum approach based on the HL equations of motion could be con-
sidered. This method has garnered increasing interest recently, especially in analyzing quantum excep-
tional points of Gaussian fields (see [50, 82—-86]). Although the HL approach yields predictions consist-
ent with the master equation approach, it is not described in detail here. For a detailed comparison of
the normalization and HL approaches for Gaussian processes, see [83].

6
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Initial State
Pin(6)
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) = et p (0)elt Pmetric(t) = €7 pin (0) ™
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5 p _ cfre-1 P = =
From(8) = 5y h=EHE +i(0, 24

]:;“ - ]:0

Figure 3. Different ways of evaluating the QFI given an initial state pi,(0) and a NHH H generating the evolution. The
approaches include: (1) normalizing the non-Hermitian state 5(¢) by its trace at each time step, (2) transforming the state into
a metric space with a modified inner product, (3) solving the full master equation to incorporate both coherent evolution and
dissipation in open systems. The reason we compare these approaches is that they all describe probability-conserving dynamics.

o

[
Z
5
=

3. QFI for NHHs

In parameter estimation, the goal is to determine an estimator 0 that maps measurement outcomes
to a parameter space. In classical estimation theory, an estimator is considered optimal if it achieves the
Cramér—Rao bound §%60 > 1 /VFy, where 520 denotes the mean square error, v is the number of meas-
urements, and Fy is the Fisher information given by [87]:

e foen () [ g (e

For unbiased estimators, the mean square error is equivalent to the variance Var(6) = E[#%] — Eq[0]%.

In quantum parameter estimation, one deals with a family of quantum states py depending on
unknown parameter §. The parameter 6 is inferred through generalized measurements on py and the
probability distribution of outcomes is expressed as p(x|0) = Tr[II,py|, where {IL} are the elements of a
POVM with f dxII, = 1. The classical Fisher information in this context is [5]:

(19)

[ o T dops” [ [Re(Tr [ppTLL]))
Fo = / Tr(pplly] / Tr [polL,]

where Ly is the symmetric logarithmic derivative and is defined implicitly as 9pps = (Lgps + poLe)/2.
Maximizing this bound over all possible quantum measurements POVMs determines the ultimate attain-
able limit of precision in terms of the QFI Fy such that

Fg < Fo="Tr poL] . (20)

In the more general setting of multiparameter estimation, equation (20) generalizes to a matrix inequal-
ity that, however, is no longer guaranteed to be saturable despite maintaining its validity [88]. For a
given set of parameters @ = {6,}}_,, each entry of the QFI matrix of size n X n is then indexed by para-
meters from the set, and for any 0;,6; € 0 it reads

1
Fug, = 3T (oo {La,Lo ). @

where {-,-} denotes again the anticommutator.
For instance, in the special case of a mixed qubit state pg, each entry of the QFI matrix is given by
the following formula [89, 90]:

Fo.0,="Tr [(9a,p0) (De,00)] + Tr [p(Do,00) po (8g,00) ] - (22)

1
det (pg)

While the QFI is well-defined for Hermitian systems, extending its formulation to non-Hermitian
dynamics introduces challenges. The NHHs induce non-unitary evolution, yield complex eigenvalues,
and break probability conservation, thereby complicating the direct application of standard QFI formu-
las. As discussed in section 2 and illustrated in figure 3, several possibilities exist to tackle these issues,
including wavefunction normalization, the metric formalism, and the master equation approach. Each
method has distinct implications for the computation of QFI, and in the following we explore how the
QFI behaves depending on the approach undertaken.

In particular, in the metric formalism, where the inner product is explicitly modified, an immediate
issue is that both probabilities and measurement operators need to be redefined to include the metric

7
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(4
Parameters

SH
Hermitian System

SnH
Non-Hermitian System | Mapping £

[Precision remains elusive} Fypetric

Figure 4. A set of parameters 0 is associated with non-Hermitian system Sxi, where direct estimation of 0 is challenging.

To simplify the process, Sn is mapped, using a proper metric, to a Hermitian system Sy, which retains the same parameters
but allows for easier inference. The estimation of € in metric space is then achieved using the conventional QFI formalism for
Hermitian systems.

operator 7)(t) (similarly to expressions on the Lh.s. of equation (10)) seemingly complicating a direct
analysis of optimal quantum measurements and thus the QFI. Fortunately, as summarized in section 2,
one may instead equivalently resort to the vielbein formalism, i.e. describe the dynamics in a corres-
ponding Hermitized frame figure 4. In the latter frame, the formulae equations (19)—(21), trivially hold
and therefore quantify measurement precision for the non-Hermitian problem.

However, as each of the approaches summarized in figure 3 leads to different dynamics given the
non-Hermitian H considered, it would be inappropriate to compare them by considering metrology
scenarios in which the parameters @ are encoded by the NHH itself, i.e. H(6). Each approach would
then yield different 8-encoding mechanism, making their corresponding QFIs incomparable. That
is why, when dealing with particular physical system in section 4 we assume the parameters to be
encoded onto the initial state p;,(0), as emphasized in figure 3. Each approach determines then the 6-
independent evolution over time t onto the final state p(t), whose QFI quantifies then the sensitivity to
changes of @ in the initial state common to all three methods.

3.1. General 2 X 2 NHH

Consider a non-Hermitian system Syy(r,s,7,¢) characterized by real parameters r,s, 7, and ¢, through
the following NHH [91]

ji r—.&-TC¢,—1sS¢ 15C¢—|—T:S¢ 7 (23)

15Cyp +7S8¢  r—7Cy +1554

where Cy = cos(¢) and Sy = sin(¢). The eigenvalues of H are real for |s| < |7|. In section 4 we illus-
trate two different ways of calculating the metric operator 7 in two physical systems, however, for H in
equation (23), we refer the reader to [91], where the metric operator and its square root are derived and

are given by
[ sec(a)  itan(a) I A

—itan(a) sec(«) i

with ry =1 (\/sec(a) —tan(a) & y/sec(a) + tan(a)). The same system can be described by an equi-

valent Hermitian Sherm (7,5, 7, ¢) with Hermitian Hamiltonian

He r+ V124 52Cy VTE 4528,
a VT2 4528 r—V12+5Cy) "

(25)

Since the new system depends on the same set of parameters r,s,7 and ¢, we choose to estimate them
in the Hermitian frame instead. For this, let us consider the following initial state with real parameters 0

and x:
1-60 x
Pin = ( x 0) 9 (26)

8
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where x € [0,1/60(1 — 0)]. Under the time dynamics, p(t) = exp(—iH?) pin exp(iHt), estimating the para-
meters of the Hamiltonian requires calculating the QFI matrix. This can be accomplished by applying
the formula in equation (22) for mixed qubit state, resulting in the QFI

0 0 0 0
_ 0 J__.ss ~F§T ]:s¢
7= 0 -Ffs f'r'r ]:'r¢7 ’ (27)
0 Fos For Foo
where
4227 (20 — 1) S + 2xCy)’
ss — 2+ 72 y
stSy [KJ_SZC/) + )\C2¢]
‘E(b - 2 2
Vs +T
Fo = 2]:557]:75 =For, Frr = 2]:7'57
T
Fro =< FpFos=Fso For = Fro,
1
Foo = 58a11-Cos = AS2] =115, 5 (Ca =3), (28)

where various parameters are av=21v/s?> + 72, k4 = ((1 — 20)> £4x?) and A=4(260 — 1)x.

In some cases the parameters of the input state itself may be unknown, for example, the population
0 of different energy levels or the coherence x between them. In that case, the relevant QFI matrix ele-
ments are given by

1 —4x? _ 4(1-0)0 o 2x(20-1)
00— T a0-0-2 Tt ga—g-a T 29)

Foo =
The QFI matrix elements presented here, encompassing both diagonal and off-diagonal components, are
essential for characterizing unknown parameters whether for both Hamiltonian and the input state. The
diagonal elements capture the system’s sensitivity to variations in individual parameters, thereby provid-
ing critical insights into the uncertainties linked to each parameter. In contrast, the off-diagonal elements
elucidate the interdependencies between these parameters, demonstrating how fluctuations in one can
significantly impact the estimation of another.

3.2. Impact of quantum jumps on QFI

In light of section 2.3, a crucial aspect of understanding QFI in non-Hermitian metrology is assessing
the impact of quantum jumps on parameter sensitivity. One way to analyze this effect is by comparing
the QFI obtained from the full master equation solution with that of the no-jump evolution. To facilitate
this comparison, we examine the finite-difference form of equation (14) for small d#, which systematic-
ally captures the influence of quantum jumps on the dynamics. Specifically, we express the evolution of
the density matrix as

Pme (t+ dt) = pme (1) — i [H, pme (t)] dt
1
+3 (ngme OhEs {me (@ ,r;m}) dt+0 (d?)
¢
= Pme (1) —1 (Heffpme (1) = pme () Hfo) dt
+dt> Topme (O] + 0 (d) (30)
¢
where H.g, the effective Hamiltonian, is given by equation (15).

To reformulate this evolution in a more insightful form, we define the non-unitary evolution oper-
ator

M, (dt) =1 —iHgdt~ e_iHe“dt, (31)

which describes the no-jump evolution. Additionally, we introduce

9
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M, (dt) =TVdt, (32)

which accounts for the effect of quantum jumps. With these definitions, equation (30) can be rewritten
as

Pme (t+dt) = Mopme (1) Mg + ZMZPme (1) MZ +0 (dt2> . (33)
£>0

These operators satisfy the completeness relation

> MM =1+0(df), (34)
£

which ensures proper normalization up to second-order corrections in dt.

This decomposition of the master equation clearly distinguishes between contributions from the no-
jump evolution and quantum jumps, providing a systematic way to analyze their respective effects on
QFL Specifically, the full density matrix can be expressed as a probabilistic mixture of conditional states:

Pme (t+d) = po (t+d8) pu (¢ +d) + Y pe (t+d1) p (1+ ). (35)
0

Here, the individual components are given by:

e No-jump evolution: The state py;(t+ df) corresponds to the evolution without quantum jumps, gov-
erned by the effective NHH:

Mo (dt) e (1) Mg (de)
i (t4dt) = , 36
pnj (¢ +d1) Po (t+dt) (36)
occurring with probability
o (t-+ dt) = Tr [My (d) pme (1) M] ()] (37)

e Jump evolution: The states p-(z) (t+ dt) represent the system’s evolution conditioned on the occurrence

j
of the /th quantum jump

t
© My pme (t) M,
(b dt) = —————=5, 38
p; (t+di) pr(t+dD) (38)
which occurs with probability
pe(t+df) =Tr [Mg (df) pme (£) M] (dt)} , >0 (39)

This formulation explicitly separates the deterministic no-jump evolution from the stochastic jump-
induced transitions, offering a clear framework to quantify their respective contributions to QFI. This
decomposition plays a crucial role in establishing bounds on QFI, as [92]

Fo (puj (t+dt)) = Fy (pg{g (t+dt)) ) (40)

4. Physical systems

We now examine two physical scenarios to illustrate the behavior of QFI and the associated system prop-
erties. The first scenario involves a static metric operator, while the second considers a dynamic metric
operator. These contrasting cases will help to highlight the differences in QFI and its implications for the
system.

10
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4.1. Time-independent metric: biorthogonal system
Consider the NHH

q - (wo—l’Y g )’ (41)
g wo +17

which represents a two-level quantum system, where the levels are coupled through a parameter g, and
experience gain and loss dynamics characterized by the imaginary terms +ivy. The real part of the diag-
onal elements, wy, represents the energy levels of the two states, while the off-diagonal coupling term
g dictates the strength of interaction between the states. The imaginary parts, —iy and +iv, introduce
non-Hermitian behavior, corresponding to the loss (for the first state) and gain (for the second state)
mechanisms. This type of Hamiltonian is commonly encountered in systems exhibiting P7 —symmetry,
where the balance between loss and gain plays a critical role in determining the system’s dynamics and
phase transitions. Such models are often used in the study of open quantum systems, photonics, and
systems where energy exchange with the environment is present.

The eigenvalues of H, are Ay = wy & /g% — 2 and are real for g > ~. The eigenvectors {|1,),[¢,)} :
Hy|) = M| thn)s IZIJHQ?),,) = [in|®n) form a biorthogonal system [52]. In such biorthogonal systems, the
metric can be constructed as [53]

n=@ﬁ@d+ﬁﬁ@ﬂ=1—gw- (42)

As expected, 7 — 1 as v — 0, i.e. when H; approaches the Hermitian limit. By calculating the posit-
ive square root of this metric operator

1 1
g:\/ﬁ:E(F++F_)]1_E(F+_F_)Uy, (43)
where I'y =, /14 %, we obtain the Hermitian counterpart of H, which is given by
H =EHE = ( i g _72) (44)
V& =7 Wo

Note that the eigenvalues of H, are A1 = wy & /g% — 72 same as that of H; but the eigenvectors |t)+) =

(1 l)T are orthogonal.

We now turn to the dynamics governed by Hj, where we examine the three approaches outlined in
section 2, namely the metric, naive—normalization and master equation approaches.

We begin with the metric formalism, where the dynamics is governed by the Hermitian counter-
part of the Hamiltonian, Hj, as obtained in equation (44). This Hamiltonian evolves the qubit state in
equation (26) as follows:

3
Pmetric (t) = e_lHtp (0) elHt = Z CeOy, (45)
=0

with ¢g=1/2, g =x, & = (0 — 1)sin(2t,/g2 —7?) and 3 = (6 — 1) cos(2t1/g> — 7?).
On the other hand, the naive—normalization approach involves writing the Schrédinger equation for
H; with the solution

A1) =e 5 (0) e, (46)

which is a trace non-preserving equation. For example, with the initial state given in equation (26), the
trace of py, and p(¢) with respect to the standard metric is:

Tr [pin] =1,
and Tr[p(e)] = 220V 7 g

Sg— )
W B & — P~

where § = ZtW. Clearly, the trace is not preserved for any time ¢ > 0. To make equation (46)
physically meaningful, one may divide it by its trace, yielding the following normalized density matrix:

(47)

p~norm (t) = (48)

(
Tr[p())
11
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== Normalization

— Metric

Master Eq.
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1.0/, 1.0/ 1.0/
05 05 05
~0 205 [ 05 16% 1005 | 0‘5' 16 005 | 05 16
05 05 05
~10 ~10 ~10

Figure 5. (a) Evolution of different states in the Bloch sphere: pmetric () in equation (45), time normalized fnorm () in

equation (48), and pme(t)—the solution of the master equation equation (49). The initial state corresponds to Bloch vector
(0.48,0,—0.2) and pertains to # = 0.6 and x = 0.24 in equation (26). The Hamiltonian parameters used are g = 0.5 and v = 0.4.
(b) The evolution projected onto the Bloch sphere equator.

Note that, in the metric space with the metric operator given in equation (42), we have from
equation (10), Tr[np(t)] = 1—demonstrating the preservation of trace of j() in equation (46) in the
metric space for all the evolution times and, hence, the unitary nature of dynamics.

Finally, the NHH equation (41) can be interpreted as an effective Hamiltonian emerging after neg-
lecting the jump term in the following master equation

1 1
Oipme (1) = =1 [H, pme (1)] + 27 (U—Pme (ot — 57+ —Pme (1) — Epme (t) U+‘7—> ) (49)

where H = w1 + go,. the term wpl adds a constant global energy shift, which does not affect the sys-
tem’s dynamics, while the term go, generates coherent oscillations (rotation around the x-axis). The sys-
tem attains a steady state as t — oo given by

2 (1 —iv/g
%w—z@v>QWg1+m@g' Y

The system’s dynamics under different formulations—namely, the metric-based evolution puetric(t), the
normalized state evolution fnom (%), and the master equation solution pp(t)—are illustrated in figure 5.
These trajectories, shown for a representative initial state on the Bloch sphere, highlight the distinctions
and similarities among the three approaches. Figure 5(b) further provides a projection of this evolution
onto the equatorial plane, offering additional geometric insight.

QFI: To elucidate how the aforementioned approaches can yield different results in terms of the QFI,
we will examine the input state defined in equation (26) and concentrate on the estimation of the para-
meter 6. By computing the QFI, as outlined in equation (22), we can quantitatively assess the effective-
ness of each approach. The normalization and metric approaches respectively lead to

(gz _ 72)2 j—_'énetric

J—_'norm — , (5 1 )
? & +7(20 1)/ —72Sp —7*Cp
, 1 — 4x°
metric — . 52
o 0(1—0)—x (52)

12
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(a)

norm ‘metric me
—_ rmim FT

Quantum Fisher Information

Time (1)
(b)

— {O2hnom ' {O2)metiic {T2)me
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0.4
0.2
0.0
02
04
06"

Time (1)

Figure 6. (a) QFI as a function of 7 = £/2+/g> — 72, corresponding to parameter 6 as given F3°™ in equation (51), F§" in
equation (52), Fj* for the state obtained as solution of equation (49) — choosing parameters ¢ = 0.6, x =0.24, g = 0.5, 7y = 0.4.
(b) Expectation value of o, operator for different states.

Thus, on one hand we have a precision QFI which is constant for a given value of state parameter x
under metric formalism, the normalization method predicts an oscillating behavior with time. It should
be noted that ./—-'é“e“ic in equation (52) is indeed the first element of QFI matrix in equation (29) derived
for the general 2 x 2 NHH.

For comparison, we obtain the QFI, ;™ from the solution of the master equation in equation (49)
and plot it in figure 6 along with F3°™ and F"c given in equations (51) and (52), respectively. In the
limit, where the decay rate ¥ — 0 (i.e. the Hermitian limit in equation (41)), all QFI measures converge
to their corresponding Hermitian counterparts

1 — 4x?

_ tri _ _
]:gorm|“/:0 —féne rlC|v:0 —féne|*r:0 - 9(1 79) — X2

(53)

An interesting comparison arises from equation (51) when considering the QFI in the normalization
formalism, F3°™, and its metric counterpart, F;"*":

1 .
]_—gorm _ - ]:énetrlc . (54)
Tr[p (1))’

This expression shows that the QFI in the normalization formalism is scaled by the factor W rel-
ative to the metric frame. Notably, when Tr[p()] < 1, the normalization formalism can lead to an
enhancement in QFI, surpassing the Hermitian limit. This seems to imply that the normalization formal-
ism offers a potential advantage in quantum parameter estimation when the trace of the non-Hermitian
density matrix is less than unity, reflecting a spurious broader range of information captured by this
approach.

Further, from figure 6 we have contrasting predictions with time about precision in measuring para-
meter 6. Under the metric formalism, one can always be sure of obtaining information about parameter
0 and this information does not change over time. However, the normalization method suggests that
the precision would depend on the time of measurement. In particular, one can beat the precision from
metric formalism by performing measurements at t = 4nw/+/g*> — 72, for a give value of ¢ and ~ with
g> v (as already assumed above in order to ensure that the eigenvalues are real).
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== Normalization
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Master Eq.
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Figure 7. (a) Evolution of different states in the Bloch sphere: The states shown are the same as in figure 5 but this time in the
context of the NHH given in equation (55). The initial state pertains to § = 0.4,x = 0.24. (b) The evolution projected onto the
Bloch sphere equator.

4.2, Time-dependent metric

Next, we consider the Hamiltonian H = wo,, which describes the coherent evolution of the system,
leading to precession about the z axis of the Bloch sphere figure 7(a), and the dissipation is taken into
account by Lindblad operator L = /5o _. This model captures the spontaneous emission process, where
the qubit relaxes from the excited state |0) to the ground state |1) with a rate . This describes energy
loss, such as photon emission in a two-level atom. When ~ > w, dissipation dominates, leading to rapid
relaxation and loss of coherence. For v < w, coherent oscillations last longer before dissipation takes
over. This balance is crucial in quantum optics and information processing for controlling decoherence.
The effective Hamiltonian is given by

H—H— %r*r = (w—iv)0s, (55)

up to a constant proportional to identity. Unlike H; in equation (41) of the previous example, the eigen-
vectors of H, are orthogonal, hence the method of constructing the metric for biorthogonal systems,

as given in equation (42), does not apply. One can however obtain the metric in this case by solving
equation (5) which yields

71 (t) = exp (2yto,) = 1 cosh (27yt) + o, sinh (2y¢) . (56)

This leads to the Hermitian equivalent of H, given by H, = w,o,. Without discussing the dynamics at
length like in the previous section, one can similarly obtain the pmetrics Pnorm> and Pme.

We now consider a general observable A = ZZ=1 agoy, with ag = 1 Tr[Aoy], £ = 1,2,3. Using again
the initial state equation (26), we obtain

(A) metric = (1 — 20) a3 + 2x[1 — cos (2wot)] a; + 2xsin (2wyt) ay, (57)
<A>norm = <A>metric + aqas, (58)
(A)me = Bo(A)norm + Bras, (59)

where (A)e = Tr[Ap,| with @ = norm, metric, me and

eZ'yt

1
Qo= O —1)+1  Tr[p(t)]’

14
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Figure 8. (a) QFI as a function of T = £/ corresponding to parameter 6 as given by 74" in equation (65), F4°™ in
equation (66), F4'¢ in equation (67) — the state parameters chosen are § = 0.4 and x = 0, while the Hamiltonian parameters
g=0.5,7=0.4 are used. (b) Expectation value of o, operator for different states.

(e —1)[0(e2—1) +1]
fett—1)+1 ’

Bo=0+(1—0)e " (62)

Br=—(1-0)(1—e*"). (63)

] = (61)

In the long time limit, both the normalization as well as the master equation approaches show that
the system settles at the ground state |1), as shown in figure 7, and the average of the observable A
approaches the following limit

lim (A)porm = —a3 = lim (A)e. (64)
t— 00 =00
However, as expected, in the metric frame there is no such decohering effects as the system evolves
under unitary dynamics. The QFI corresponding the parameter 6 follow similarly as discussed in the
previous example. We obtain

metric __ 1— 4x2
]:9 79(1_9)_3(72’ (65)
1—4x7) e*! 4t i 1 ;
fgorm — ( ) € s = € 2F5netr1c — - zfénemc’ (66)
0(1—0) -2 —1)+1° [0 —1)+1] Te[p(1)]
P C it ) (67)
6 =

(1—0) +e(04+x2—1)

The metric approach once again demonstrates its effectiveness by predicting a constant, time-
independent precision in quantum measurements of parameter 6. This stability suggests that the choice
of metric plays a crucial role in maintaining consistent precision over time, thereby providing a reliable
framework for parameter estimation.

In contrast, the normalization method, unlike in previous example, does not exhibit any recurring
behavior. But it does indicate an enhancement in precision compared to the metric (Hermitized) case
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for, at least, a finite initial duration. This spurious improvement implies that the normalization method
may produce results that warrant further scrutiny, as its effectiveness in enhancing quantum precision
may not be universally applicable.

Additionally, the master equation approach reveals a more gradual decline in the QFI over time, ulti-
mately trending towards zero. This behavior signifies a loss of information suggesting that, as the sys-
tem evolves, the ability to extract precise measurements diminishes. The gradual decrease in the QFI
underscores the importance of considering different approaches when evaluating quantum precision, as
each method provides distinct insights into the dynamics of the system and its associated measurement
capabilities. The behavior of the QFI for the parameter 6 is shown in figure 8(a), comparing Fjetric,
Fyor™, and F* as functions of the dimensionless time parameter 7 = t/. These results illustrate how
different formulations capture the sensitivity of parameter estimation under the same initial state and
Hamiltonian conditions. Figure 8(b) complements this by displaying the expectation value of the o,
operator for the corresponding state evolutions, providing further dynamical insight.

Opverall, these findings illustrate the nuanced differences among various approaches in predicting
quantum measurement precision, emphasizing the need for careful selection of methodologies based on
the specific characteristics of the quantum systems under investigation.

5. Conclusion

In this work, we have carried out a comparative study of different probability-conserving approaches

to quantum parameter estimation in systems governed by NHHs. Specifically, we focused on the metric
formalism and the widely used normalization approach, while also including the master-equation frame-
work as the main reference for open system results. All three methods restore probability conservation in
different ways, yet their conceptual foundations and physical implications differ substantially.

The normalization or naive approach, where evolution is effected by propagating in time via a given
NHH, consists of reinforcing probability conservation by renormalizing the state at each time step.
Statistical properties of the evolved states, such as observable averages or outcome probabilities then are
extracted by assuming a trivial metric which is identical to that of Hermitian space. Although this ad
hoc method often reproduces results close to those obtained from the corresponding master equation
in weakly excited regimes, it can lead to inconsistencies and misleading conclusions in general cases-
particularly by neglecting quantum jumps and the proper geometric structure of the underlying Hilbert
space. As such, this naive normalization can overestimate metrological precision and even suggest appar-
ent violations of fundamental bounds.

We demonstrate that the metric formalism provides a consistent and physically meaningful way in
estimating parameters of an input state that evolves under a NHH. In such cases, by introducing a non-
trivial metric operator (i.e. a suitable redefinition of the scalar product), a pseudo-Hermitian system can
be mapped to an equivalent Hermitian, that is isolated, quantum system. This ensures that quantities
such as the QFI retain their standard operational meaning, allowing parameter estimation to be per-
formed using conventional metrological tools without ambiguity.

The master-equation formalism, while computationally more demanding, naturally incorporates both
coherent evolution and dissipative effects, thereby serving as a reliable benchmark for assessing the phys-
ical validity of approximate approaches.

Taken together, our findings highlight that the metric formalism offers the most principled frame-
work for performing quantum metrology in non-Hermitian systems. It ensures probability conserva-
tion, preserves the structure of quantum mechanics, and allows for consistent comparison with stand-
ard Hermitian results. The normalization method, though convenient, should therefore be applied with
caution and only within regimes where its assumptions remain valid. This comparative analysis clarifies
ambiguities in non-Hermitian quantum metrology and provides a unified foundation for future studies
of realistic open-system dynamics and time-dependent metric structures.

After completion of this work, we became aware of [93], which proposes a covariant-derivative-based
definition for evaluating the QFI directly from pseudo-Hermitian Hamiltonians. In the present study,
we computed the QFI using the Hermitized Hamiltonian. Since the two approaches are physically equi-
valent, the covariant QFI is necessarily bounded from above by the maximum QFI in the Hermitized
frame, as also noted in [93].
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Appendix. Standard vielbein formalism in general relativity

Here we provide a brief reminder of the meaning and function of a vielbein within the standard vielbein
formalism.

A vielbein (from the German ‘many legs’) is a geometric object widely used in differential geo-
metry and general relativity [94, 95]. It is also known as a frame field, and is sometimes described as
the ‘square root’ of the metric. In specific dimensions, it is referred to as a tetrad or vierbein in four
dimensions, and a triad or dreibein in three dimensions.

In general relativity, space-time is described by a metric g, (x), which defines distances and angles in
a curved space. However, in a curved space, it is often useful to work with a locally flat coordinate sys-
tem at each point. This is precisely the role of the vielbein: it provides a local orthonormal frame at each
point of a curved manifold, thereby relating the curved spacetime metric to a locally flat (Minkowski)
metric. This correspondence greatly simplifies calculations, especially when dealing with spinor fields and
local Lorentz symmetry.

In this sense, a vielbein plays a role closely analogous to that of a Dyson map [96, 97] in non-
Hermitian quantum mechanics, which is the focus of our paper: both serve as structure-preserving
transformations that relate a ‘curved’ or non-orthonormal description to a locally orthonormal one with
a simplified metric. The Dyson map is sometimes referred to as a generalized vielbein [61, 63], and we
adopt this convention here.

More formally, let us consider the inner product between two vectors, u and v, in a curved space
described by the metric g, (x):

<u,v> = u“g/wVVv (A1)

where g, (x) = g, (x) and the Einstein summation rule is applied. The vielbein is usually defined as
a set of objects ¢}, (x) that relates the curved space-time metric g, (x) to the flat (Minkowski) metric
Nap Via:

Guv (%) = €, (x) nap el (x) , (A2)

where p,v =0,1,...,(d— 1) are space-time indices, a,b=0,1,...,(d — 1) are local Lorentz (flat) indices,
and ¢/, is the vielbein. The flat Minkowski metric is 7,, = diag([—1,1,1,1]) in four-dimensional space-

time; yet, for the sake of simplicity, one can set it equal to the Kronecker delta d,;. By redefining the
components of the vectors u and v as follows:

u = e‘;u” and ¥ = e,lﬂv”, (A3)
one obtains
(,v) = u'nap (A4)

which formally takes the same form as the inner product in a flat space. These relations show that the
vielbein relates (‘translates’) curved coordinates and locally flat coordinates. Intuitively, one can think
that g,,, specifies distances and intervals in curved space-time, while ¢/, determines how to project vec-
tors in curved space onto a local flat frame. Thus, in a local neighborhood, the dynamics reduce to those
of special relativity defined on the tangent space, and the vielbein formalism enables an explicit corres-
pondence between curved-space and locally inertial descriptions. Note that there is also an inverse viel-

bein e, satisfying:
eteb =gt elel =4, (A5)
a - a’ n-a oo
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as expressed in terms of Kronecker delta functions. Vielbeins are commonly applied in general relativ-
ity, especially in describing coupling of spinor fields (like electrons) to gravity [95]. Spinors need flat
space gamma matrices, so vielbeins are necessary. Moreover, they are commonly applied in supergravity
[98] (for defining, e.g. the spin connection) and in gauge gravity theories [99], where vielbeins appear as
gauge fields of translations.

Employing the vielbein formalism leaves the physical and geometric predictions unchanged, while
offering a more transparent and conceptually illuminating formulation of the theory. There are, how-
ever, important cases where the metric formulation fails and only the vielbein formalism can be used,
e.g. in the above-mentioned gravitational theories that include fermions, which require a locally defined
orthonormal frame.
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