
PHYSICAL REVIEW A 113, 042628 (2026)

Parallel distributed quantum gates for dual-species quantum emitters
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We propose a parallel protocol for implementing distributed nonlocal quantum gates between spatially sepa-
rated stationary qubits encoded in dual-species quantum emitters (i.e., color-center and superconducting qubits).
By utilizing entangled photon pairs with distinct frequencies as a quantum data bus, our approach connects
spatially separated devices without requiring quantum frequency conversion or preshared entanglement, while
maintaining an always-ready and resource-efficient property for distributed quantum computing and networks.
Furthermore, we demonstrate the feasibility of implementing parallel distributed nonlocal quantum gates on
multiple pairs of spatially separated qubits using a single high-dimensional entangled photon pair, which directly
benefits from the enhanced quantum capacity provided by optical qudit encoding. Our protocol establishes a
scalable and practically implementable framework for distributed quantum networks, potentially enabling the
development of future large-scale quantum computing architectures.
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I. INTRODUCTION

Quantum computing harnesses parallel quantum power
[1] and has the potential to solve problems beyond the ca-
pacity of classical computers [2–4]. Quantum advantages
have been demonstrated for specific applications with noisy-
intermediate-scale quantum computing [5–8]. However, it is
challenging to directly scale up these physical platforms to
construct a large-scale quantum computer due to inevitable
errors and noise (i.e., crosstalk) within a finite device [9]. Dis-
tributed quantum computing and networks provide an efficient
approach to tackle this problem by modulating spatially sepa-
rated devices [10–12]. To form a scalable quantum computer
cloud [13], efficient and faithful nonlocal quantum gates oper-
ating on two qubits situated in different devices are necessary
to connect them together for implementing universal quantum
information processing [14–16].

Distributed quantum computing and networks inher-
ently decouple interdevice interactions and thus prevent the
crosstalk between qubits of different devices [17], making
nontrivial quantum gates implemented by direct interactions
impossible for spatially separated qubits [10–16]. Single pho-
tons, acting as a data bus, interact sequentially with two
stationary qubits and then produce indirect interactions be-
tween these qubits, facilitating the desired nontrivial quantum
gates [18–22]. These protocols function for indistinguishable
atomic qubits and solid-state qubits with a finite and rectifiable
discrepancy [23–26], and show the distinct property of being
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always ready for a gate operation on spatially separated qubits
without shared entanglement [22]. Furthermore, postselection
is exploited to increase their fidelities at the cost of success
probabilities. In principle, such protocols can be generalized
to implement quantum gates on dual-species qubits, once
a complicated quantum frequency conversion of photons is
achieved [27–29].

Quantum-gate teleportation transfers nontrivial quantum
gates on two local qubits within the same device to two
spatially separated qubits across different devices [30], us-
ing preshared entanglement connecting two devices, classical
communication, and local operations. The distance between
two devices can be significantly larger when compared to
protocols using single photons, since the auxiliary preshared
entanglement can be generated by connecting short-distance
entanglement with quantum repeaters [31–34]. Recently, sev-
eral proof-of-principle experiments of this approach have
demonstrated nonlocal quantum gates on spatially separated
qubits [35–41]. While many important works primarily focus
on heralded entanglement generation or state transfer [42–49],
a universal nonlocal gate, such as a distributed controlled-not
(CNOT) gate, provides a universal primitive that can be directly
embedded into algorithm-level quantum circuits involving
spatially separated qubits [41]. The number of preshared en-
tangled pairs imposes an upper bound for the performance of
nonlocal quantum gates and reduces the accessible state space
within each device [35–41].

Here, we propose a parallel protocol to implement dis-
tributed nonlocal quantum gates for stationary qubits encoded
in dual-species quantum emitters. This work focuses on dis-
tributed quantum operations that, together with local gates,
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enable universal quantum computation. An entangled photon
pair source generates two entangled photons of different fre-
quencies [50–55]. The entangled photons, rather than single
photons, serve as a quantum data bus connecting two spatially
separated devices when their frequencies match the station-
ary qubits, enabling deterministic interfaces between single
photons and stationary qubits [56]. The protocol is always
ready for distributed nonlocal quantum gates on two spa-
tially separated dual-species qubits, requiring neither quantum
frequency conversion [27–29] nor preshared entanglement
between devices [30–34]. In particular, the protocol is for-
mulated to realize nonlocal CNOT gates between spatially
separated qubits and to enable their parallel execution, which
is directly relevant for distributed quantum algorithms. Fur-
thermore, we demonstrate parallel distributed quantum gates
operating simultaneously on multiple qubit pairs of dual-
species qubits across different devices. This can be achieved
by distributing a single high-dimensional entangled photon
pair [57–60], benefiting directly from high-capacity quantum
channels enabled by optical qudit encoding. These results
position our protocol as a useful building block for distributed
quantum computing and quantum network architectures.

II. THE PROTOCOL AND ITS PHYSICAL
IMPLEMENTATION

The parallel distributed protocol begins with an entangled
photon pair source that generates two photons of differ-
ent frequencies. These photons act as a quantum data bus,
connecting two spatially separated devices, where their fre-
quencies match the dual-species qubits. This enables efficient
interactions between single photons and qubits, facilitating
hybrid CNOT gates.

The distributed CNOT gate (i.e., with the control qubit s1 in
one species and the target qubit s2 in the other species) can be
implemented using the entangled photon pair A and B as an
intermediate resource: First, a hybrid CNOT gate is performed
with one photon acting as the control and s2 as the target.
Next, the other photon from the entangled pair entangles with
s1. Finally, single-photon measurements in a conjugate basis
herald the successful completion of the distributed CNOT gate
on the spatially separated dual-species qubits, up to single-
qubit operations on s1 and s2.

Moreover, by utilizing a single high-dimensional entangled
photon pair, the parallel implementation of distributed CNOT

gates on multiple pairs of dual-species qubits can be achieved.
After completing the distributed CNOT gate on the first pair
of dual-species qubits, the photon-pair state is rearranged to
effectively reset the entangled photons. This enables the sub-
sequent CNOT gate to be implemented on the next qubit pair
through a similar process, using the same photon pair.

For color centers in diamond [61], a controlled-polarization
flip (CPF) gate enables an effective interface between single
photons and stationary qubits, which can be implemented
by coupling a four-level negatively charged silicon vacancy
(SiV−) or germanium vacancy (GeV−) color center to a
single-sided nanocavity [62,63] and properly tuning the pho-
ton polarization with a prism and a polarizing beam splitter
(PBS), shown in Fig. 1. The PBS transmits H-polarized pho-
tons and reflects V -polarized photons. An H-polarized photon

FIG. 1. (a) Schematic of the CPF gate based on a color center
(i.e., SiV− or GeV−) coupled to a single-sided cavity. Here, PBS
stands for a polarizing beam splitter, and γ (κ) is the color center
(cavity) decay rate. (b) Relative-level structure and optical transitions
of the negatively charged SiV− and GeV− color centers. The dipole
transitions coupling the ground branch (|Gi〉) states |↑i〉 and |↓i〉 to
the excited branch (|Ei〉) states |↑′

i〉 and |↓′
i〉) for i = A, B are H

polarized with frequencies ω
↑
i and ω

↓
i of the SiV− and GeV− color

centers, respectively. (c) Schematic of the gate Us.

nearly resonant with the transition |↑i〉 ↔ |↑′
i〉 of frequency

ω
↑
i acquires no phase shift, when it is scattered by the cavity

that interacts with the SiV− or Ge− center in the state |↑i〉 in
the strong-coupling regime. In contrast, the photon acquires a
phase shift π when the SiV− or GeV− center is in the state
|↓i〉, which couples to the state |↓′

i〉 with transition frequency
ω

↓
i = ω

↑
i + �i and significantly detunes from the cavity mode

by �i. For a photon in a general pure state |φp〉 = α|D〉 +
β|A〉 [e.g., |D〉 = (|V 〉 + |H〉)/

√
2, |A〉 = (|V 〉 − |H〉)/

√
2]

and a color center in the state |φs〉 = α′|↑i〉 + β ′|↓i〉, the out-
put state of the photon and the color center after the interaction
within the CPF gate evolves to [64]

|
〉 = α′|↑i〉|φp〉 + β ′X̂p|↓i〉|φp〉, (1)

where the operator X̂p = |D〉〈A| + |A〉〈D| completes the
polarization-flip operation |D〉 ↔ |A〉 when the color center
is in the state |↓i〉.
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FIG. 2. Schematics of distributed CNOT gates on spatially separated dual-species qubits. The SiV− (s1, s3) centers are the control qubits
and the GeV− (s2, s4) centers are the target qubits, encoded in two ground states (|↑A,B〉, |↓A,B〉). Hi (i = 1, . . . , 4) performs the Hadamard
transformation, while H′

1,2 performs a Hadamard-like transformation. PBSs are polarizing beam splitters. Du (u = 1, . . . , 4) are detectors, Us

is a gate that performs T (1)|H〉 ↔ T (0)|V 〉, while 1© and 2© indicate different optical paths.

The schematics for implementing the distributed CNOT

gates on dual-species stationary qubits located in two spatially
separated nodes is shown in Fig. 2. The stationary qubits
in node A (B) are encoded on the SiV− (GeV−) electron
spins, and the corresponding CPF gates are referred to as
s1 and s3 (s2 and s4) for simplicity of notation hereafter.
An entangled photon (EP) source prepares a pair of photons
|ϕp〉 = (|HAHB〉 + |VAVB〉)/

√
2. The subscripts A and B de-

note photons sent to nodes A and B, which are of frequencies
around ω

↑
A and ω

↑
B of the transitions of the SiV− and GeV−

color center, respectively.
Suppose now that the stationary qubits s1 and s2 are ini-

tialized in the normalized states |ϕ1〉 = α1| ↑A〉 + β1|↓A〉 and
|ϕ2〉 = α2|↑B〉 + β2|↓B〉, within the ground branch |Gi〉 [62].
On arriving at the node B, photon B passes through H′

1
[i.e., a half-wave plate (HWP) oriented −π/8] undergoing a
Hadamard-like transformation (i.e., |H〉 → −|A〉 and |V 〉 →
|D〉), which evolves |ϕp〉 to |ϕ′

p〉 = (|DAHB〉 + |AAVB〉)/
√

2.
Then, photon A is directed to interact with s1 and photon
B is directed to interact with s2, before and after which
the Hadamard transformation [i.e., |↑B〉 → (|↑B〉 + |↓B〉)/

√
2

and |↓B〉 → (|↑B〉 − |↓B〉)/
√

2] is performed on s2. The com-
bined state of photons A and B and qubits s1 and s2 evolves
into

|
1〉 = 1
2 (α1X̂2|↑s1〉|D〉|H〉 + β1X̂2|↓s1〉|A〉|H〉
+ α1Î2|↑s1〉|A〉|V 〉 + β1 Î2|↓s1〉|D〉|V 〉)|ϕ2〉, (2)

where X̂2 = |↑s2〉〈↓s2| + |↓s2〉〈↑s2| is the bit-flip operator for
s2 and Î2 is the identity operator for s2.

To complete the distributed CNOT gate on s1 and s2, photons
A and B pass through H1 and H2, respectively; then, each
photon undergoes the Hadamard transformation (i.e., |H〉 →
|D〉 and |V 〉 → −|A〉) and is directed to the corresponding
measurement units within the basis {|H〉, |V 〉} by the optical
path 1©, which evolves the combined system into

|
2〉 = 1
2

(
Ûc1 |HH〉 + Ûc2 |HV 〉 − Ûc3 |V H〉

− Ûc4 |VV 〉) ⊗ |ϕ1〉|ϕ2〉, (3)

where Ûc1 applies the CNOT gate on s1 and s2 with
Ûc1 |ϕ1〉|ϕ2〉 = α1X̂2|↑〉|ϕ2〉 + β1 Î2|↓〉|ϕ2〉, Ûc2 = Ẑ1Ûc1 ,
Ûc3 = X̂2Ûc1 , and Ûc4 = −Ẑ1X̂2Ûc1 . Therefore, when two
polarized photons are detected simultaneously, the success
of the distributed CNOT gate with the SiV− qubit s1 as the
control and GeV− qubit s2 as the target is heralded, up to
local operations on s1 and s2.

Our distributed CNOT-gate protocol for dual-species sta-
tionary qubits [61] can be generalized to implement parallel
distributed CNOT gates on multipairs of qubits with N SiV−

spin qubits in the node A as the control and N corresponding
GeV− spin qubits in the node B as the target. Here, we detail
the schematic of two parallel distributed CNOT gates with the
transmission of a single pair of photons, shown in Fig. 2.
Assume now that the SiV− qubits si for i = 1, 3 are initial-
ized to the normalized states |ϕi〉 = αi|↑A〉 + βi|↓A〉, GeV−
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qubits si for i = 2, 4 are initialized to the normalized states
|ϕi〉 = αi|↑B〉 + βi|↓B〉, and the EP source prepares an entan-
gled photon pair in the state |φ j〉 = 1√

2

∑1
k=0 T̂1(k)T̂2(k)|ϕp〉.

The operator T̂l (k) introduces a time delay of k�t on the lth
photon with �t being the minimum between two neighboring
time-bin modes [65–67].

Photons A and B pass through the same linear optical
elements upon arriving at the nodes A and B, and then interact
with s1 and s2, followed by the Hadamard transformations (H1

and H2), respectively. The combined state of photons A and B
and qubits s1–s4 evolves into

|�1〉 = 1

2

1∑
k=0

T̂1(k)T̂2(k)
(
Ûc1 |HH〉 + Ûc2 |HV 〉

− Ûc3 |V H〉 − Ûc4 |VV 〉)|ϕs〉, (4)

which is a direct extension of Eq. (3) with |ϕs〉 =
|ϕ1〉|ϕ2〉|ϕ3〉|ϕ4〉. To complete the parallel CNOT gate on qubits
s3s4 with the state of qubits s1s2 unchanged, a state ex-
changing operation, Ti(1)|H〉 ↔ Ti(0)|V 〉, is applied on the ith
photon (i = A, B) by passing it through the gate Us in Fig. 2.
The state |
out〉 is transformed into

|� ′
2〉 = 1

2

(
T̂1(0)T̂2(0)Ûc1 + T̂1(0)T̂2(1)Ûc2

− T̂1(1)T̂2(0)Ûc3 − T̂1(1)T̂2(1)Ûc4

)|ϕp〉|ϕs〉, (5)

where photons A and B are reset into their initial entangled
state |ϕp〉 with different time-bin modes to distinguish the
controlled operations on qubits s1 and s2 and can be used to
complete the CNOT gate on qubits s3 and s4 in optical paths
2© with the same configuration as that used for completing the

CNOT gate on qubits s1 and s2, shown in Fig. 2.
The combined state of the system before photons A and B

entering the measuring units evolves into

|�2〉 = (
T̂1(0)T̂2(0)Ûc1 + T̂1(0)T̂2(1)Ûc2

− T̂1(1)T̂2(0)Ûc3 − T̂1(1)T̂2(1)Ûc4

)(
Û ′

c1
|HH〉

+ Û ′
c2
|HV 〉 − Û ′

c3
|V H〉 − Û ′

c4
|VV 〉)|ϕs〉, (6)

where Û ′
c1

applies the CNOT gate on s3 and s4, Û ′
c2

= Ẑ3Û ′
c1

,
Û ′

c3
= X̂4Û ′

c1
, and Û ′

c4
= −Ẑ3X̂4Û ′

c1
. Therefore, the parallel

distributed CNOT gates on s1s2 and s3s4, with two GeV− qubits
s2 and s4 as the target and two SiV− qubits s1 and s3 as the
control, can be completed, up to local operations on them,
when photons A and B are detected by the time-resolved
single-photon detectors Di (i = 1, . . . , 4).

III. PERFORMANCE ANALYSIS

So far, we have described the parallel distributed CNOT

gates on dual-species color centers for ideal CPF gates, where
the reflection coefficients r↑ = 1 and r↓ = −1 have been
used. However, practical reflection coefficients always deviate
from these ideal values, as shown in Appendixes A and B, due
to finite detunings and the color-center and cavity cooperativ-
ities Cj = 4g2

j/κγ , and can be described as [12,68]

rs
j (ω j ) = 1 − 2

(
i�s

j + 1
)

(
i�s

j + 1
)(

i�c
j + 1

) + Cj
, (7)

FIG. 3. Average fidelity F and efficiency η of the parallel dis-
tributed CNOT gate vs the color center–cavity cooperativities CA and
CB.

where �s
j = 2(ωs

j − ω j )/γ with the superscript s = ↑,↓ and
�c

j = 2(ωc
j − ω j )/κ are the effective detunings of the dipole

transition of the color center and the cavity mode from the in-
put field frequency ω j in the nodes j = A and B, respectively,
where γ (κ) is the color center (cavity) decay rate.

The average fidelity and efficiency of the parallel dis-
tributed CNOT gates with two SiV− qubits as the controls and
the two GeV− qubits as the targets are

F = 1

16

∑
m,n

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
|〈� ′′

mn|�mn〉|2dα1dα2dα3dα4,

η =
∑
m,n

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
ηcmη′

cn
dα1dα2dα3dα4, (8)

where |� ′′
mn〉 = ÛcmÛ ′

cn
|ϕs〉 is the ideal output state of the

parallel CNOT gates, while |�mn〉 is the realistic output
state when photons A and B have been measured to be
T̂A(i)T̂B( j)X̂ k

A X̂ l
B|HH〉 for i, j, k, l ∈ {0, 1}, and the corre-

sponding probability is ηcmη′
cn

for [m]10 = [i j]2 and [n]10 =
[kl]2. The system evolution and the realistic output state |�mn〉
have been described in Appendix A.

The average fidelity and efficiency as a function of the
cooperativities CA and CB are shown in Fig. 3. We assume
experimentally accessible parameters [69], and assume that
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photons A and B are in resonance with one dipole transi-
tion of the SiV− (s1s3) and GeV− (s2s4) color centers with
�

↑
A = �

↑
B = 0, respectively, while they are largely detuned

from the other dipole transition with �
↓
A = �

↓
B = 100 [64].

Meanwhile, the normalized cavity detunings are (�c
A, �c

B) =
(1.5, 0.5) [69]. The average fidelity and efficiency can reach
F 
 0.999 and η 
 0.890 for CA = 150 and CB = 50, re-
spectively. In addition, the electron-spin coherence time of
the SiV− and GeV− color centers can be larger than 10 ms
[70,71], which leads to a fidelity decrease less than 10−4, since
the operation time of our protocol is less than 1 µs.

In practice, entangled photon pairs with distinct frequen-
cies can be generated using a variety of well-established
optical and atomic platforms [50–55]. Nondegenerate spon-
taneous parametric down-conversion and four-wave mixing
enable the direct generation of photon pairs at different
wavelengths while preserving entanglement in polarization,
time-bin, or energy-time degrees of freedom [50,51]. Such
frequency-nondegenerate entanglement has been demon-
strated in bulk and atomic-ensemble systems [50,51], as
well as in integrated nonlinear photonic platforms, including
chip-integrated visible-telecom sources with high bright-
ness and purity [52]. In addition, entanglement between
spectrally distinct photons can be generated or processed
using time-resolved measurements with active feedforward
[53], frequency-domain Bell-state analysis [72], or auxiliary-
photon heralding schemes [43,73]. Furthermore, deterministic
or near-deterministic entangled-photon sources based on
semiconductor quantum dots provide on-demand genera-
tion of distinguishable entangled-photon pairs with high
fidelity [54,55].

When nonmaximally entangled photon pairs are used, the
average fidelity of our protocol decreases as the initial en-
tanglement fidelity F0 of the photon pairs decreases (see
Appendix C). To enhance the entanglement of the photon
pairs, entanglement purification can be employed [74]. With
a single round of purification, the average fidelity can be
increased to approximately F ≈ 0.999 for an initial fidelity
F0 ≈ 0.969.

IV. DISCUSSION AND SUMMARY

We have described parallel distributed CNOT gates for
dual-species quantum emitters and exemplified its imple-
mentation with GeV− and SiV− color centers. In practice,
our protocol can be extended to implement parallel CNOT

gates for other natural or artificial stationary qubits, shown
in Appendix D, that interact effectively with single photons
encoded in polarization, time-bin modes, or other degrees
of freedom [65,75,76]. It can also be extended to imple-
ment distributed CNOT gates on dual-species qubits, beyond
single atoms, and even to implement distributed multiqubit
gates on multispecies quantum emitters [77–81]. Further-
more, when high-dimensional entangled photon pairs are used
[82–85], we can expect that the parallel implementation of
more pairs of distributed CNOT gates can be directly applied
to entangle spatially separated error-correcting logical qubits
[86–88]. Note that the parallel-gate capability enabled by
high-dimensional photonic encoding could be regarded as a
resource-consolidation feature [82–85], rather than as a route

toward large-scale simultaneous gate execution. In practical
implementations, the achievable degree of parallelism is ex-
pected to be constrained by experimental complexity and
decoherence, and thus is likely to remain modest within re-
alistic experimental regimes.

In summary, we have presented a protocol for implement-
ing distributed CNOT gates on spatially separated dual-species
quantum emitters. We use an entangled photon pair as a data
bus to directly connect dual-species quantum emitters without
requiring quantum frequency conversion. Furthermore, we
demonstrate that parallel distributed CNOT gates on multiple
pairs of stationary qubits can be achieved by transmitting a
single photon pair with additional time-bin encoding. Our
protocol provides a concrete framework for exploiting hybrid
quantum systems in distributed quantum information process-
ing and offers a feasible route toward the development of
hybrid quantum technologies.
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APPENDIX A: PRACTICAL STATE EVOLUTION OF THE
COMBINED SYSTEM FOR IMPLEMENTING THE

PARALLEL DISTRIBUTED CNOT GATES

In the main text, we described the state evolution of the
combined system consisting of photons and stationary qubits
using ideal CPF gates. Here, we provide details on the state
evolution for realistic CPF gates that incorporate practical
single photon-qubit interfaces. An H-polarized photon, after
scattering by a cavity coupled to a qubit, is changed by a
reflection coefficient dependent on the qubit state, leading to
the following evolution:

|H〉|↑〉 → r↑|H〉|↑〉, |H〉|↓〉 → r↓|H〉|↓〉. (A1)

Here, the state-dependent reflection coefficients are

rs
j (ω j ) = 1 − 2

(
i�s

j + 1
)

(
i�s

j + 1
)(

i�c
j + 1

) + Cj
, (A2)

where �s
j = 2(ωs

j − ω j )/γ with the superscript s =↑,↓.
Also, �c

j = 2(ωc
j − ω j )/κ are effective detunings of the

dipole transition of the color center and the cavity mode from
the input field frequency ω j in nodes j = A and B, respec-
tively, and the Cj’s are the color center–cavity cooperativities.

For all stationary qubits initialized in the states |ϕi〉 =
αi| ↑si〉 + βi| ↓si〉, where |αi|2 + |βi|2 = 1 (i = 1, 2, 3, 4),
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two entangled photons A and B, nearly resonant with the
transition frequencies ω

↑
A and ω

↑
B of the SiV− and GeV− color

centers, respectively, are generated by an entangled photon
source and serve as a quantum data bus to connect these
qubits, enabling the implementation of parallel distributed
CNOT gates. These photons are in the state

|ϕ′
p〉 = 1√

2

1∑
m=0

TA(m)TB(m)|ϕp〉, (A3)

where |ϕp〉 = (|HAHB〉 + |VAVB〉)/
√

2 is the polarization en-
tangled state. Upon arriving at nodes A and B, photon A
directly impinges into the CPF gate, referred to as s1. Photon
B undergoes the Hadamard-like transformation |H〉 → −|A〉
and |V 〉 → |D〉 before impinging into the CPF gate, referred
to as s2. The Hadamard transformation is performed on s2

both before and after the scattering process: |↑s2
〉 → (|↑s2

〉 +
|↓s2

〉)/
√

2 and |↓s2
〉 → (|↑s2

〉 − |↓s2
〉)/

√
2. The combined

state of photons A and B and the four stationary qubits s1–s4

evolves into

|�̃1〉 = 1√
2η0

{[|HA〉|HB〉(r↑
Aα1

∣∣↑s1

〉 + r↓
Aβ1

∣∣↓s1

〉) + |VA〉|HB〉(α1

∣∣↑s1

〉 + β1

∣∣↓s1

〉)](
R+

2

∣∣↑s2

〉

+ R−
2

∣∣↓s2

〉) − 2
[|HA〉|VB〉(r↑

Aα1

∣∣↑s1

〉 + r↓
Aβ1

∣∣↓s1

〉) − |VA〉|VB〉(α1

∣∣↑s1

〉 + β1

∣∣↓s1

〉)]
⊗ (

α2

∣∣↑s2

〉 + β2

∣∣↓s2

〉)}
, (A4)

where the normalized coefficient is η0 = (|r↑
Aα1|2 + |r↓

Aβ1|2 + 1)[|r↑
B |2 + |r↓

B |2 + (α∗
2β2 + α2β

∗
2 )(|r↑

B |2 − |r↓
B |2) + 2] and R±

u =
r↑

B (αu + βu) ± r↓
B (αu − βu) for u = 2 are used for simplicity.

Subsequently, photons A and B undergo the Hadamard transformation via a HWP, evolving the combined system state into

|�̃2〉 = 1√
ηc

T̂
(|HA〉|HB〉∣∣�c1

〉 + |HA〉|VB〉∣∣�c2

〉 − |VA〉|HB〉∣∣�c3

〉 − |VA〉|VB〉∣∣�c4

〉)∣∣ϕs3

〉∣∣ϕs4

〉
, (A5)

where four auxiliary states are introduced for simplicity of notation and denote heralded outputs after applying four different
distributed quantum gates Ûcm for m = 1, . . . , 4, on qubits s1 and s2. These can be described as follows:

∣∣�c1

〉 = 1√
ηc1

{ − [
r−

1 α1

∣∣↑s1

〉 + r−
2 β1

∣∣↓s1

〉] ⊗ (
2α2

∣∣↑s2

〉 + 2β2

∣∣↓s2

〉) + [
r+

1 α1

∣∣↑s1

〉 + r+
2 β1

∣∣↓s1

〉](
R+

2

∣∣↑s2

〉 + R−
2 |⏐�

s2

〉)}
,

∣∣�c2

〉 = 1√
ηc2

{[
r−

1 α1

∣∣↑s1

〉 + r−
2 β1

∣∣↓s1

〉] ⊗ (
2α2

∣∣↑s2

〉 + 2β2

∣∣↓s2

〉) + [
r+

1 α1

∣∣↑s1

〉 + r+
2 β1

∣∣↓s1

〉](
R+

2

∣∣↑s2

〉 + R−
2

∣∣↓s2

〉)}
,

∣∣�c3

〉 = 1√
ηc3

{[
r+

1 α1

∣∣↑s1

〉 + r+
2 β1

∣∣↓s1

〉] ⊗ (
2α2

∣∣↑s2

〉 + 2β2

∣∣↓s2

〉) − [
r−

1 α1

∣∣↑s1

〉 + r−
2 β1

∣∣↓s1

〉](
R+

2

∣∣↑s2

〉 + R−
2

∣∣↓s2

〉)}
,

∣∣�c4

〉 = 1√
ηc4

{ − [
r+

1 α1

∣∣↑s1

〉 + r+
2 β1

∣∣↓s1

〉](
2α2

∣∣↑s2

〉 + 2β2

∣∣↓s2

〉) − [
r−

1 α1

∣∣↑s1

〉 + r−
2 β1

∣∣↓s1

〉](
R+

2

∣∣↑s2

〉 + R−
2

∣∣↓s2

〉)}
, (A6)

where r±
1 = r↑

A ± 1, r±
2 = r↓

A ± 1 ηcm for i = 1, . . . , 4, are the normalized coefficients that are summed to form the total
coefficient ηc = ∑4

m=1 ηcm as follows:

ηc1 = |2r−
1 α1α2 − r+

1 α1R+
2 |2 + |2r−

1 α1β2 − r+
1 α1R−

2 |2 + |2r−
2 β1α2 − r+

2 β1R+
2 |2 + |2r−

2 β1β2 − r+
2 β1R−

2 |2,
ηc2 = |2r−

1 α1α2 + r+
1 α1R+

2 |2 + |2r−
1 α1β2 + r+

1 α1R−
2 |2 + |2r−

2 β1α2 + r+
2 β1R+

2 |2 + |2r−
2 β1β2 + r+

2 β1R−
2 |2,

ηc3 = |2r+
1 α1α2 − r−

1 α1R+
2 |2 + |2r+

1 α1β2 − r−
1 α1R−

2 |2 + |2r+
2 β1α2 − r−

2 β1R+
2 |2 + |2r+

2 β1β2 − r−
2 β1R−

2 |2,
ηc4 = |2r+

1 α1α2 + r−
1 α1R+

2 |2 + |2r+
1 α1β2 + r−

1 α1R−
2 |2 + |2r+

2 β1α2 + r−
2 β1R+

2 |2 + |2r+
2 β1β2 + r−

2 β1R−
2 |2. (A7)

To decouple qubits s1s2 from the photon polarization for implementing the distributed CNOT gate on qubits s3s4, a photon state
exchange transformation, T̂ (1)|H〉 ↔ T̂ (0)|V 〉, is applied to photons A and B using the gate Us, as described in Appendix D.
The combined state evolves into

|�̃3〉 =|G12〉|ϕp〉
∣∣ϕs3

〉∣∣ϕs4

〉
, (A8)

|G12〉 = 1√
ηc

[
T̂A(0)T̂B(0)

∣∣�c1

〉 + T̂A(0)T̂B(1)
∣∣�c2

〉 − T̂A(1)T̂B(0)
∣∣�c3

〉 − T̂A(1)T̂B(1)
∣∣�c4

〉]
, (A9)

where the polarization state of photons A and B have been reset to |ϕp〉, and the time bins are now entangled with qubits s1s2.
The photon A then interacts with qubit s3 directly, and the photon B undergoes the Hadamard-like transformation and then

impinges into the CPF gate, referred to as s4, before and after which the Hadamard transformation is performed on s4. The
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combined state of photons A and B and four stationary qubits s1s2s3s4 evolves into

|�̃4〉 = 1√
2η′

0

|G12〉
{[|HA〉|HB〉(r↑

Aα3

∣∣↑s3

〉 + r↓
Aβ3

∣∣↓s3

〉) + |VA〉|HB〉(α3

∣∣↑s3

〉 + β3

∣∣↓s3

〉)](
R+

4

∣∣↑s4

〉 + R−
4

∣∣↓s4

〉)

− [|HA〉|VB〉(r↑
Aα3

∣∣↑s3

〉 + r↓
Aβ3

∣∣↓s3

〉) − |VA〉|VB〉(α3

∣∣↑s3

〉 + β3

∣∣↓s3

〉)] ⊗ (
2α4

∣∣↑s4

〉 + 2β4

∣∣↓s4

〉)}
, (A10)

where the normalized coefficient is η′
0 = (|r↑

Aα3|2 + |r↓
Aβ3|2 + 1)[|r↑

B |2 + |r↓
B |2 + (α∗

4β4 + α4β
∗
4 )(|r↑

B |2 − |r↓
B |2) + 2].

To complete the distributed CNOT gate on qubits s3 and s4, the Hadamard transformation is applied to both photons, evolving
the combined-system state into

|�̃5〉 = 1√
η′

c

|G12〉
(|HA〉|HB〉∣∣� ′

c1

〉 + |HA〉|VB〉∣∣� ′
c2

〉 − |VA〉|HB〉∣∣� ′
c3

〉 − |VA〉|VB〉∣∣� ′
c4

〉)
, (A11)

where four auxiliary states are introduced for simplicity of notation and denote, in principle, the heralded outputs after applying
four different distributed quantum gates Û ′

ci
for i = 1, . . . , 4, on the qubits s3 and s4 as follows:

∣∣� ′
c1

〉 = 1√
η′

c1

{ − [
r−

1 α3

∣∣↑s3

〉 + r−
2 β3

∣∣↓s3

〉] ⊗ (
2α4

∣∣↑s4

〉 + 2β4

∣∣↓s4

〉) + [
r+

1 α3

∣∣↑s3

〉 + r+
2 β3

∣∣↓s3

〉]{
R+

4

∣∣↑s4

〉 + R−
4

∣∣↓s4

〉}}
,

∣∣� ′
c2

〉 = 1√
η′

c2

{[
r−

1 α3

∣∣↑s3

〉 + r−
2 β3

∣∣↓s3

〉] ⊗ (
2α4

∣∣↑s4

〉 + 2β4

∣∣↓s4

〉) + [
r+

1 α3

∣∣↑s3

〉 + r+
2 β3

∣∣↓s3

〉]{
R+

4

∣∣↑s4

〉 + R−
4

∣∣↓s4

〉}}
,

∣∣� ′
c3

〉 = 1√
η′

c3

{[
r+

1 α3

∣∣↑s3

〉 + r+
2 β3

∣∣↓s3

〉] ⊗ (
2α4

∣∣↑s4

〉 + 2β4

∣∣↓s4

〉) − [
r−

1 α3

∣∣↑s3

〉 + r−
2 β3

∣∣↓s3

〉]{
R+

4

∣∣↑s4

〉 + R−
4

∣∣↓s4

〉}}
,

∣∣� ′
c4

〉 = 1√
η′

c4

{ − [
r+

1 α3

∣∣↑s3

〉 + r+
2 β3

∣∣↓s3

〉] ⊗ (
2α4

∣∣↑s4

〉 + 2β4

∣∣↓s4

〉) − [
r−

1 α3

∣∣↑s3

〉 + r−
2 β3

∣∣↓s3

〉]{
R+

4

∣∣↑s4

〉 + R−
4

∣∣↓s4

〉}}
. (A12)

Here, the normalized coefficients η′
cm

, with the total coefficient η′
c = ∑4

m=1 η′
cm

, are described as

η′
c1

= |2r−
1 α3α4 − r+

1 α3R+
4 |2 + |2r−

1 α3β4 − r+
1 α3R−

4 |2 + |2r−
2 β3α4 − r+

2 β3R+
4 |2 + |2r−

2 β3β4 − r+
2 β3R−

4 |2,
η′

c2
= |2r−

1 α3α4 + r+
1 α3R+

4 |2 + |2r−
1 α3β4 + r+

1 α3R−
4 |2 + |2r−

2 β3α4 + r+
2 β3R+

4 |2 + |2r−
2 β3β4 + r+

2 β3R−
4 |2,

η′
c3

= |2r+
1 α3α4 − r−

1 α3R+
4 |2 + |2r+

1 α3β4 − r−
1 α3R−

4 |2 + |2r+
2 β3α4 − r−

2 β3R+
4 |2 + |2r+

2 β3β4 − r−
2 β3R−

4 |2,
η′

c4
= |2r+

1 α3α4 + r−
1 α3R+

4 |2 + |2r+
1 α3β4 + r−

1 α3R−
4 |2 + |2r+

2 β3α4 + r−
2 β3R+

4 |2 + |2r+
2 β3β4 + r−

2 β3R−
4 |2. (A13)

Conditioned on the results of the single-photon measurements on photons A and B, the parallel distributed CNOT gates with
two SiV− qubits s1s2 as the controls and two GeV− as the targets can be completed, up to local operations on these qubits.
By replacing the practical scattering coefficients r↓

A,B and r↑
A,B with the ideal scattering coefficients r↓

A,B = −1 and r↑
A,B = 1, the

output state |�2〉 of the combined system, shown in Eq. (6) of the main text, can be directly obtained from Eq. (A11), which
shows the practical output state of the combined system after applying the parallel distributed CNOT gates on the stationary qubits
s1s2 and s3s4.

APPENDIX B: PERFORMANCE OF THE PARALLEL DISTRIBUTED CNOT GATE

The fidelities of our distributed CNOT gates are defined as the overlap probability between the ideal and practical output states,
conditioned on the success of the photon measurements. They thus depend on both the qubit states and the photon measurement
results, and can be described as follows:

Fm =|〈� ′′
m|�cm〉|2, (B1)

Fmn =|〈� ′′
mn|�mn〉|2, (B2)

where |� ′′
m〉 = Ûcm |ϕ1〉|ϕ2〉 and |� ′′

mn〉 = ÛcmÛ ′
cn
|ϕs〉 are the ideal output states of the distributed CNOT gates applied on s1s2 and

on both s1s2 and s3s4, respectively, while |�mn〉 = |�cm〉|� ′
cn
〉 is the corresponding realistic output state when both photons A and

B have been measured to be T̂A(i)T̂B( j)X̂ k
A X̂ l

B|HH〉 for i, j, k, l ∈ {0, 1}. Note that we have incorporated the binary representation
of the decimal value with [m]10 = [i j]2 and [n]10 = [kl]2.
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According to Eqs. (A5) and (B2), the fidelities of the distributed CNOT gate applied on s1s2 for four different photon
measurement results can be described as

F1 = 1√
ηc1

{−α∗
1β

∗
2 {2r−

1 α1α2 + r+
1 α1R+

2 } + α∗
1α

∗
2{−2r−

1 α1β2 + r+
1 α1R−

2 } + β∗
1 α∗

2{−2r−
2 β1α2

+ r+
2 β1R+

2 } + β∗
1 β∗

2 {−2r−
2 β1β2 + r+

2 β1R−
2 }},

F2 = 1√
ηc2

{α∗
1β

∗
2 {2r−

1 α1α2 + r+
1 α1R+

2 } + α∗
1α

∗
2{2r−

1 α1β2 + r+
1 α1R−

2 } − β∗
1 α∗

2{2r−
2 β1α2

+ r+
2 β1R+

2 } − β∗
1 β∗

2 {2r−
2 β1β2 + r+

2 β1R−
2 }},

F3 = 1√
ηc3

{α∗
1α

∗
2{2r+

1 α1α2 − r−
1 α1R+

2 } + α∗
1β

∗
2 {2r+

1 α1β2 − r−
1 α1R−

2 } + β∗
1 β∗

2 {2r+
2 β1α2

− r−
2 β1R+

2 } + β∗
1 α∗

2{2r+
2 β1β2 − r−

2 β1R−
2 }},

F4 = 1√
ηc4

{−α∗
1α

∗
2{−2r+

1 α1α2 − r−
1 α1R+

2 } − α∗
1β

∗
2 {−2r+

1 α1β2 − r−
1 α1R−

2 } + β∗
1 β∗

2 {−2r+
2 β1α2

− r−
2 β1R+

2 } + β∗
1 α∗

2{−2r+
2 β1β2 − r−

2 β1R−
2 }}. (B3)

Meanwhile, the corresponding normalized coefficients ηcm for m = 1, . . . , 4, can be referred to as the efficiencies of the
distributed CNOT gate applied on s1s2 for four different photon measurement results. The total efficiency can then be defined as

η̃s =
4∑

m=1

ηcm . (B4)

The average fidelity and efficiency for four different photon measurement results and qubit states can thus be described as
follows:

F̃ = 1

4

4∑
m=1

∫ 1

0

∫ 1

0
Fm dα1dα2, (B5)

η̃ =
4∑

m=1

∫ 1

0

∫ 1

0
ηcm dα1dα2, (B6)

which are shown as functions of the color center–cavity cooperativities CA and CB in Fig. 4. The average fidelity reaches
approximately F̃ 
 0.999, while the average efficiency is around η̃ 
 0.943 for CA = 150 and CB = 50, using the normalized
parameters �↑A = �↑B = 0, �↓A = �↓B = 100, �CA = 1.5, and �CB = 0.5.

The fidelities of the parallel distributed CNOT gate applied on qubits s1s2 for s3s4 for 16 different photon measurement results
can be defined similarly to the previous description, because the two parallel CNOT gates applied on the qubits s1s2 and s3s4 are
separable: the former is determined by the time bins and the latter is determined by the polarizations of photons A and B, as
shown in Eq. (A10). The average fidelity and efficiency across the 16 photon measurement results and the qubit states can thus
be described as

F = 1

16

∑
m,n

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
FmF ′

ndα1dα2dα3dα4, (B7)

η =
∑
m,n

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
ηcmη′

cn
dα1dα2dα3dα4. (B8)

Here, F ′
m (m = 1, . . . , 4) is the fidelity of the distributed CNOT gate applied on qubits s3s4 and can be described as

F ′
1 = 1√

η′
c1

{−α∗
3β

∗
4 {2r−

1 α3α4 + r+
1 α3R+

4 } + α∗
3α

∗
4{−2r−

1 α3β4 + r+
1 α3R−

4 } + β∗
3 α∗

4{−2r−
2 β3α4

+ r+
2 β3R+

4 } + β∗
3 β∗

4 {−2r−
2 β3β4 + r+

2 β3R−
4 }},

F ′
2 = 1√

η′
c2

{α∗
3β

∗
4 {2r−

1 α3α4 + r+
1 α3R+

4 } + α∗
3α

∗
4{2r−

1 α3β4 + r+
1 α3R−

4 } − β∗
3 α∗

4{2r−
2 β3α4

+ r+
2 β3R+

4 } − β∗
3 β∗

4 {2r−
2 β3β4 + r+

2 β3R−
4 }},
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F ′
3 = 1√

η′
c3

{α∗
3α

∗
4{2r+

1 α3α4 − r−
1 α3R+

4 } + α∗
3β

∗
4 {2r+

1 α3β4 − r−
1 α3R−

4 } + β∗
3 β∗

4 {2r+
2 β3α4

− r−
2 β3R+

4 } + β∗
3 α∗

4{2r+
2 β3β4 − r−

2 β3R−
4 }},

F ′
4 = 1√

η′
c4

{−α∗
3α

∗
4{−2r+

1 α3α4 − r−
1 α3R+

4 } − α∗
3β

∗
4 {−2r+

1 α3β4 − r−
1 α3R−

4 } + β∗
3 β∗

4 {−2r+
2 β3α4

− r−
2 β3R+

4 } + β∗
3 α∗

4{−2r+
2 β3β4 − r−

2 β3R−
4 }}. (B9)

APPENDIX C: INFLUENCE OF IMPERFECT ENTANGLED
PHOTON PAIRS ON THE DISTRIBUTED CNOT GATE

We now assume that the imperfect photon pair, used for im-
plementing a distributed CNOT gate, is in the mixed entangled
state

ρ0 = F0|ϕp〉〈ϕp| + (1 − F0)|ϕ−
p 〉〈ϕ−

p |, (C1)

where the desired state |ϕp〉 occurs with probability F0, which
equals the entanglement fidelity of ρ0. The state |ϕ−

p 〉 =
(|HAHB〉 − |VAVB〉)/

√
2 represents an error and occurs with

probability (1 − F0).
The state of the combined system, comprising a photon

pair and stationary qubits s1 and s2, evolves independently for

FIG. 4. (a) Average fidelity and efficiency of the distributed CNOT

gate on the spatially separated SiV− (s1) and GeV− (s2) color centers.
Here, the normalized parameters are �↑A = �↑B = 0, �↓A = �↓B =
100, �CA = 1.5, and �CB = 0.5.

the photon pairs in the states |ϕp〉 and |ϕ−
p 〉. The final state of

the combined system, prior to directing the photon pair to the
corresponding measurement units, can be described as

ρc
0 = F0|
2〉〈
2| + (1 − F0)|
−

2 〉〈
−
2 |,

|
2〉 = 1
2

(
Ûc1 |HH〉 + Ûc2 |HV 〉 − Ûc3 |V H〉 − Ûc4 |VV 〉)

⊗ |ϕ1〉|ϕ2〉,
|
−

2 〉 = 1
2

(
Ûc1 |V H〉 + Ûc2 |VV 〉 − Ûc3 |HH〉 − Ûc4 |HV 〉)

⊗ |ϕ1〉|ϕ2〉, (C2)

where

Ûc1 |ϕ1〉|ϕ2〉 = α1X̂2|↑〉|ϕ2〉 + β1 Î2|↓〉|ϕ2〉 (C3)

applies the desired CNOT gate on the spatially separated sta-
tionary qubits s1 and s2, Ûc2 = Ẑ1Ûc1 , Ûc3 = X̂2Ûc1 , and Ûc4 =
−Ẑ1X̂2Ûc1 .

The two polarized photons are then detected simultane-
ously. The state of the stationary qubits s1 and s2 is projected
onto the following states:

ρs
1 = f13, ρs

2 = f24,

ρs
3 = f31, ρs

4 = f42, (C4)

where

fxy = F0Ûcx |ϕ1〉|ϕ2〉〈ϕ1|〈ϕ2| Û †
cx

+ (1 − F0) Ûcy |ϕ1〉|ϕ2〉〈ϕ1|〈ϕ2| Û †
cy

(C5)

for the measurement results {|HH〉, |HV 〉, |V H〉, and |VV 〉},
respectively. For a perfect photon pair with unity fidelity F0 =
1, the states ρs

i (i = 1, . . . , 4) correspond to the ideal cases for
performing the distributed dual-species CNOT gate. For imper-
fect photon pairs with F0 < 1, errors proportional to (1 − F0)
are introduced. In principle, these errors can be suppressed by
employing an entanglement purification protocol [74] before
the photons interact with the spins. After a single round of this
entanglement purification protocol, the entanglement fidelity
of the photon pair improves to be F ′

0 = F 2
0 /[F 2

0 + (1 − F0)2],
leading to F ′

0 > 0.999 for F0 > 0.969.

APPENDIX D: PARALLEL DISTRIBUTED CNOT GATE FOR
SUPERCONDUCTING AND SiV− QUBITS

In this Appendix, we demonstrate that our protocol can
implement parallel distributed CNOT gates on spatially sep-
arated superconducting (SC) qubits and color center qubits
(i.e., SiV− electron spins), which operate in the microwave
and optical regimes, respectively. For the SiV− qubit, its
coupling to an optical cavity enables a CPF gate, facilitating
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FIG. 5. Schematic of the parallel distributed CNOT gate with two superconducting qubits s1 and s3 as the controls and two SiV− qubits
s2 and s4 as the corresponding targets. BSi denotes a balanced microwave beam splitter and combines with time delay T (2) to complete the
Hadamard transformation for microwave photons. Hi is a π/8-half-wave plate and performs the Hadamard transformation. H′

i performs a
Hadamard-like transformation. PBS is a polarizing beam splitter that transmits (reflects) H -polarized (V -polarized) photons.

effective interaction with an optical photon. For an SC qubit,
its dispersive interaction with a microwave resonator results
in a controlled phase (cphase) gate for an input microwave
photon, as described by the following transformation [76]:

|1〉|g〉 → |1〉|g〉, |1〉|e〉 → −|1〉|e〉, (D1)

where |1〉 represents the single-photon Fock state, and |g〉 and
|e〉 are the ground and excited states of the superconducting
qubit. In practice, this cphase gate can be used to implement a
CNOT gate between a time-bin-encoded microwave photon and
an SC qubit, which can then be used to implement distributed
CNOT gates on spatially separated SC and SiV− qubits, as
shown in Fig. 5.

Consider now two SC qubits, each dispersively cou-
pled to a microwave resonator in node A, initialized in the
states |φs1〉 = (α1|gs1〉 + β1|es1〉)/

√
2 and |φs3〉 = (α3|gs3〉 +

β3|es3〉)/
√

2. Two SiV− qubits embedded in CPF gates
in node B are initialized as |φs2〉 = (α2|↑s2

〉 + β2|↓s2
〉)/

√
2

and |φs4〉 = (α4|↑s4
〉 + β4|↓s4

〉)/
√

2. An auxiliary entangled-
photon source generates a pair of hybrid entangled photons in
the state

|φp〉 = 1

2

1∑
i=0

[T̂A(i)T̂B(i) + T̂A(i + 2)T̂B(i)X̂p]|1A〉|HB〉, (D2)

where photon A (B) is in the microwave (optical) regime and
nearly resonant with the SC qubit (SiV−) transition. X̂p flips
the polarization of photon B, and T̂A(i) [T̂B(i)] introduces a
time delay for photon A (B).

The microwave photon, in the states T̂ (0)|1〉 and T̂ (1)|1〉,
is directed into the upper path and interacts with qubit s1

via OS1, while states T̂ (2)|1〉 and T̂ (3)|1〉 are directed into
the lower path. After the interaction, the composite system
evolves into

|ξ1〉 = 1√
2
T̂ [T̂A(0)Ẑ ′

1|1A〉|HB〉 + T̂A(2)|1A〉|VB〉]|ϕs̃〉, (D3)

where Ẑ ′
1 = |g〉s1〈g| − |e〉s1〈e| introduces a phase π to the SC

qubit s1, and |ϕs̃〉 = |φs1〉|φs2〉|φs3〉|φs4〉. The operator T̂ =
(T̂A(0)T̂B(0) + T̂A(1)T̂B(1))/

√
2 denotes the combined time

delays.
Meanwhile, photon B passes through H ′

1 and interacts with
the SiV− qubit s2 before and after the Hadamard transforma-
tion of s2. The combined state of the composite system then
evolves into

|ξ2〉 = 1

2
√

2
T̂ [T̂A(0)Ẑ ′

1X̂2|1A〉|HB〉 − T̂A(0)Ẑ ′
1|1A〉|VB〉

+ T̂A(2)X̂2|1A〉|HB〉 + T̂A(2)|1A〉|VB〉]|ϕs̃〉, (D4)

where the microwave and optical photons AB entangle with
the SC qubit s1 and the SiV− qubit s2 in a hybrid way.

The Hadamard transformation of the time-bin-encoded mi-
crowave photon, T̂ (i) → [T̂ (i) + T̂ (i + 2)]/

√
2 and T̂ (i +

2) → [T̂ (i) − T̂ (i + 2)]/
√

2 for i = 0, 1, is applied along
with the Hadamard transformation of the polarization-
encoded optical photon. The former is completed by intro-
ducing a time delay T̂ (2) in the upper path and combining it
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with that in the lower path at a BS, followed by a time delay
T̂ (2) in its lower outport. The latter is completed by passing
photon B through H2. The combined state of the system after
these transformations is

|ξ3〉 = 1
2 T̂

[
T̂A(0)Ûc̃1 |1A〉|HB〉 + T̂A(0)Ûc̃2 |1A〉|VB〉

− T̂A(2)Ûc̃3 |1A〉|HB〉 − T̂A(2)Ûc̃4 |1A〉|VB〉]|ϕs̃〉, (D5)

where we denote Ûc̃1 |φs1〉|φs2〉 = α1X̂2|gs1〉|φs2〉 +
β1 Î2|es1〉|φs2〉, Ûc̃2 = Ẑ ′

1Ûc̃1 , Ûc̃3 = X̂2Ûc̃1 , and Ûc̃4 =
−Ẑ ′

1X̂2Ûc̃1 . We refer to Ûc̃1 as the target CNOT gate on the SC
qubit s1 and the SiV− qubit s3, and single-qubit operations
can complete the target CNOT gate for the other three cases.

Then, the two photons pass through Um and Us, which
perform the operation T̂ (1)|1〉 ↔ T̂ (2)|1〉 and T̂ (1)|H〉 ↔
T̂ (0)|V 〉, as shown in Appendix E. The combined state
evolves into

|ξ4〉 = 1
2

[
T̂A(0)T̂B(0)Ûc̃1 + T̂A(0)T̂B(1)Ûc̃2

− T̂A(1)T̂B(0)Ûc̃3 − T̂A(1)T̂B(1)Ûc̃4

]|ϕp̃〉|ϕs̃〉, (D6)

where the entanglement between the polarization of
optical photon B and the time-bin mode of microwave
photon A has been reset to |ϕp̃〉 = [T̂A(0)T̂B(0) +
T̂A(2)T̂B(0)X̂p]|1A〉|HB〉/√2.

We can repeat the above process to perform the CNOT gate
on the SC qubit s2 and the SiV− qubit s4. After microwave
photon A passes through OS3, which directs it in the same
way as OS1, photon A interacts with qubit s3 and evolves the
composite system into

|ξ5〉 = 1√
2

[T̂A(0)Ẑ ′
3|1A〉|HB〉 + T̂A(2)|1A〉|VB〉]

⊗ ∣∣φs3

〉∣∣φs4

〉|G′
12〉, (D7)

|G′
12〉 = 1

2

[
T̂A(0)T̂B(0)Ûc̃1 + T̂A(0)T̂B(1)Ûc̃2

− T̂A(1)T̂B(0)Ûc̃3 − T̂A(1)T̂B(1)Ûc̃4

]∣∣φs1

〉∣∣φs2

〉
, (D8)

where Ẑ ′
3 = |g〉s3〈g| − |e〉s3〈e| introduces a phase π for the SC

qubit s3.We note that a time delay T̂A(i)T̂B( j) has been explic-
itly incorporated to distinguish four single-qubit operations
required to complete the CNOT gate on the SC qubit s1 and
the SiV− qubit s3.

Meanwhile, photon B passes through H ′
2 and interacts with

qubit s4 before and after the Hadamard transformation of s4.
The combined states of the composite system evolve into

|ξ6〉 = 1

2
√

2
[T̂A(0)Ẑ ′

3X̂4|1A〉|HB〉 − T̂A(0)Ẑ ′
3|1A〉|VB〉

+ T̂A(2)X̂4|1A〉|HB〉 + T̂A(2)|1A〉|VB〉]
⊗ ∣∣φs3

〉∣∣φs4

〉|G′
12〉. (D9)

To complete the CNOT gate on qubits s3 and s4, the Hadamard
transformation of the time-bin state of microwave photon A
and that of the polarized photon B are applied. The combined
state of the composite system evolves into

|ξ7〉 = 1
2

[
T̂A(0)Û ′

c̃1
|1A〉|HB〉 + T̂A(0)Û ′

c̃2
|1A〉|VB〉

− T̂A(2)Û ′
c̃3
|1A〉|HB〉 − T̂A(2)Û ′

c̃4
|1A〉|VB〉]

⊗ ∣∣φs3

〉∣∣φs4

〉|G′
12〉, (D10)

FIG. 6. Schematic of the gate Um. OS′
1 directs the microwave

photon with time delays T̂ (0), T̂ (1), T̂ (2), and T̂ (3) into four
different paths from top to bottom, respectively. OS′

2 combines four
paths into one spatial mode.

where we denote Û ′
c̃1
|φs3〉|φs4〉 = α3X̂4|gs3〉|φs4〉 + β3 Î4

|es3〉|φs4〉, Û ′
c̃2

= Ẑ ′
3Û

′
c̃1

, Û ′
c̃3

= X̂4Û ′
c̃1

, and Û ′
c̃4

= −Ẑ ′
3X̂4Û ′

c̃1
.

The parallel distributed CNOT gates Ûc̃1Û
′
c̃1

on two SC qubits
and two SiV− qubits can thus be completed in a heralded
way, up to local single-qubit operations that depend on the
measurement results of microwave and optical single-photon
detections.

APPENDIX E: SCHEMATICS OF GATES Us AND Um

The schematic of the gate Um consists of time delays T̂ (1),
optical switches (OS1 and OS2), polarizing beam splitters
(PBSs and PBS′s), and HWPs, as shown in Fig. 1(c). The
HWP performs a bit-flip operation on the photon that passes
through it, flipping its polarization. OS1 directs a photon in
time-bin state T̂ (0) [T̂ (1)] to the upper (lower) path, while
OS2 combines photons from two paths with different time bins
into a single path. The PBSs transmit the H-polarized photons
and reflect the V -polarized photons, while the PBS′s transmit
the V -polarized photons and reflect the H-polarized photons.
Therefore, the state evolution of a photon input into the gate
Us in the four different polarization and time-bin states can be
described as follows:

T̂ (0)|H〉 → T̂ (1)|H〉 → T̂ (1)|H〉 → T̂ (1)|H〉 → T̂ (0)|H〉,
T̂ (0)|V 〉 → T̂ (1)|V 〉 → T̂ (1)|H〉 → T̂ (2)|H〉 → T̂ (1)|H〉,
T̂ (1)|H〉 → T̂ (1)|H〉 → T̂ (1)|V 〉 → T̂ (1)|V 〉 → T̂ (0)|V 〉,
T̂ (1)|V 〉 → T̂ (1)|V 〉 → T̂ (1)|V 〉 → T̂ (2)|V 〉 → T̂ (1)|V 〉,

(E1)

where we have referred to the subspaces {T̂ (1)|H〉,
T̂ (2)|H〉, T̂ (1)|V 〉, T̂ (2)|V 〉} as {T̂ (0)|H〉, T̂ (1)|H〉,
T̂ (0)|V 〉, T̂ (1)|V 〉} after removing a time delay of T̂ (1) for
all time bins for simplicity. Therefore, the gate Us performs
the state exchange

T̂ (0)|V 〉 ↔ T̂ (1)|H〉 (E2)

for each single photon and decouples the previous qubit pair
s1s2 from the photon polarization, enabling the implementa-
tion of the subsequent distributed CNOT gate on the next qubit
pair s3s4.
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The schematic of the gate Um consists of time delays T̂ (1)
and T̂ (2), and optical switches (OS′

1 and OS′
2), as shown in

Fig. 6. The optical switch OS′
1 directs microwave photons

with time delays T̂ (0), T̂ (1), T̂ (2), and T̂ (3) into different
paths from top to bottom, respectively. The optical switch
OS′

2 combines microwave photons in four different time-bin
states into one spatial mode. The states of a time-bin-encoded
microwave photon evolve as follows:

T̂ (0)|1〉 → T̂ (1)|1〉 → T̂ (0)|1〉,
T̂ (1)|1〉 → T̂ (3)|1〉 → T̂ (2)|1〉,

T̂ (2)|1〉 → T̂ (2)|1〉 → T̂ (1)|1〉,
T̂ (3)|1〉 → T̂ (4)|1〉 → T̂ (3)|1〉. (E3)

Similarly, the subspace {T̂ (1)|1〉, T̂ (3)|1〉, T̂ (2)|1〉, T̂ (4)|1〉}
can be mapped to {T̂ (0)|1〉, T̂ (2)|1〉, T̂ (1)|1〉, T̂ (3)|1〉} af-
ter removing a global delay T̂ (1) for all time bins. Hence,
the gate Um implements the transformation of T̂ (1)|1〉 ↔
T̂ (2)|1〉 for performing parallel distributed CNOT gates on
spatially separated SC and SiV− qubits.
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