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Quantum steering, measurement incompatibility, and instrument incompatibility have recently been
recognized as unified manifestations of quantum incompatibility. Building on this perspective, we
develop a general framework for constructing optimization-free, nonlinear incompatibility witnesses
based on convex functionals, valid in arbitrary dimensions. We prove that these witnesses are nontrivial
precisely when the underlying functional is nonaffine on extremal points (e.g., pure states for ensembles).
For pure bipartite states, the witnesses yield lower bounds on entanglement measures, thereby
outperforming most linear steering inequalities in the pure-state regime. Moreover, the construction
extends in full generality to certify measurement and instrument incompatibility, where the witnesses act
as genuine incompatibility monotones. We demonstrate the versatility of our approach with two
operationally relevant functionals: the Wigner-Yanase skew information and an l2-type coherence
functional.
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Introduction—Incompatibility is a foundational quantum
resource. In classical physics, any prescribed family of
operations can be reproduced by a single device together
with classical postprocessing [1,2]. By contrast, many
quantum families admit no such joint simulation, i.e.,
compatibility fails. This structural constraint, already exem-
plified by the position-momentum trade-off, powers steering
[3–5], Bell nonlocality [6,7], cryptography [8,9], and pre-
cision advantages in estimation and discrimination [10–16].
An increasing number of studies emphasize a unified

compatibility viewpoint for states, measurements, and instru-
ments [2,17]. In this formulation, qunantum steering is the
failure of a local-hidden-state model [18] (the compatibility
of state assemblage), its link to measurement incompatibility
ties (un)steerability to (joint) measurability [19–22]. Related
developments extend the same framework to temporal and
channel scenarios [23–28], allowing assemblages across
settings to be analyzed on comparable footing.

For certification, two approaches dominate: first, optimi-
zation-based measures (e.g., robustness and compatibility
via semidefinite programs) are informative but computa-
tionally demanding [29,30], and, second, linear or nonlinear
witnesses (e.g.,moment-matrix criteria [31,32], uncertainty-
based inequalities [33–35], and tests based on the
Clauser-Horne-Shimony-Holt inequality [36,37]) are easy
to implement yet sometimes weak or lacking a clear task-
related interpretation. This gap motivates simple, model-
independent tests that avoid optimization while retaining
operational meaning.
In this Letter, we develop a convex-analytic framework

to assemblages and show that any convex functional yields
a class of optimization-free, nonlinear, and dimension-
independent incompatibility witnesses. We prove a neces-
sary and sufficient criterion: a witness of quantum incom-
patibility is nontrivial if and only if the functional is
nonaffine on extremal points. The framework delivers
two concrete, operationally meaningful witnesses—
instantiated with the Wigner-Yanase skew information
(WYSI) [38,39] and an l2-type coherence functional
[40]—and encompasses earlier metrology- [41] and coher-
ence-based [42] tasks within a single framework.
For pure states, the witness lower-bounds an entangle-

ment measure and its algebraic maximum is saturated only
by entangled states. Via the steering-equivalent-observable
map and minimal Stinespring dilation [17], the construction
applies uniformly to measurements and instruments,
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recovering the known joint-measurability thresholds [43]
and illustrating distinctive channel behavior.
A unified framework of quantum incompatibility test—It

is known that quantum steering, measurement incompat-
ibility, and instrument incompatibility can be investigated
within a single unified framework in semi-device-
independent settings [2,5,17]. We refer to this framework
as “quantum incompatibility.” Specifically, as depicted in
Fig. 1(a), we consider a quantum device with multiple
classical inputs labeled by x, each corresponding to a
button. When a particular input is chosen, the device
stochastically produces a classical output awith probability
pðajxÞ, along with a corresponding quantum object Oajx.
We note that this quantum object can generally represent a
quantum state, a quantum measurement, or a quantum
instrument with corresponding notations in Table I. We
temporally leave it unspecified to maintain the generality.
This device can now be fully characterized by an

assemblage O ¼ fpðajxÞOajxga;x, which allows us to
introduce the notion of quantum incompatibility. We
regroup the assemblage according to each input x, defining
Ox ¼ fpðajxÞOajxga, and ask whether Ox are mutually
compatible. If this is the case, the assemblage can be
classically simulated by a hidden-object (HO) model as
depicted in Fig. 1(b). This model consists of predetermined
hidden parent objects fOλgλ drawn from a distribution pλ

and a classical stochastic map pðajx; λÞ such that

pðajxÞOajx ¼
X
λ

pðλÞpðajx; λÞOλ: ð1Þ

An assemblage is quantum incompatible if it cannot be
simulated by the HO model.

We are now in position to present our main result, in
which we propose a framework comprising a general class
of information tasks to certify quantum incompatibility.
The central ingredient of this approach relies on the concept
of real-valued convex functionals of quantum objects.
Specifically, let O be the space of all quantum objects.
A convex functional g∶O → Rþ satisfies

P
i pigðOiÞ ≥

gðPi piOiÞ with pi ≥ 0 and
P

i pi ¼ 1. Operationally,
most resource quantifiers satisfy convexity [44], which
implies that classical randomness and mixture cannot create
nonclassical resources. For every setting x, we define a
functional of Ox as

gasðOxÞ ≔
X
a

pðajxÞgðOajxÞ; ð2Þ

where superscript “as” refers to a functional of assemblage.
In addition, we define the roof extension of g as FgðOÞ ≔
supfpi;ψ igi

P
i pigðψ iÞ that satisfies

P
i piψ i ¼ O and

fψ igi ⊂ extðOÞ, where extðOÞ denotes the set of extreme
points of O, e.g., pure states for a state space. Note that the
roof extension is achievable provided the supremum is
attained by a physically realizable decomposition.
Because of the convexity of g in O, the roof extension
serves as an upper bound of g. Similarly, we define
Fas
g ðOxÞ ≔

P
a pðajxÞFgðOajxÞ. Following the standard

convex-theoretic analysis, we obtain the following general
criterion for certifying quantum incompatibility.
Result 1: If an assemblage O admits the HO model, then

gasðOxÞ ≤ Fas
g ðOx0 Þ ∀ x; x0: ð3Þ

The details of our proof can be found in Supplemental
Material [45], where the central idea relies on the convexity
(concavity) of g (Fg) by showing that gasðOxÞ ≤P

λ pðλÞgðOλÞ ½Fas
g ðOxÞ ≥

P
λ pðλÞFgðOλÞ�, respectively.

If the HO model holds, each conditional object Oajx is
generated from the same parent ensemble fOλgλ by
classical data processing. Hence, the observed average
over any setting gasðOxÞ cannot exceed the value obtainable
from

P
λ pðλÞgðOλÞ. On the other hand, Fas

g ðOxÞ is the
maximal average value of g achievable from the same
fOλgλ when one has full classical information about the
hidden variable λ and is free to optimally postprocess λwith
the outcome labels ða; xÞ. As such, Eq. (3) states that, when
the assemblage can be generated by data processing of a
single parent object fOλgλ, the resource observed in a
specific task can never surpass the information-assisted
formation limit based on the same ingredients. A violation
therefore certifies the impossibility of such data processing,
and its amount indicates the extra resource enabled by the
incompatibility. We note that an entirely parallel construc-
tion holds for any concave function f and its convex roof
Gf such that f ≥ Gf. For conciseness, in the following, we
only discuss the convex function g.

FIG. 1. Schematic illustration of compatibility tasks. (a) Sche-
matic of the device/assemblage scenario (classical input x,
classical output a, and quantum object Oajx). (b) Hidden-object
model that simulates a compatible assemblage via a parent object
Oλ drawn from pðλÞ and classical postprocessing pðajx; λÞ.

TABLE I. Notations of assemblages and witnesses.

Spaces Assemblages Witnesses

States σ SgðσÞ
Measurements M MgðMÞ
Instruments Λ IgðΛÞ
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One can ask two natural questions. First, can the inequal-
ity be violated at all, i.e., is the inequality nontrivial? Second,
how can one determine from g whether the resulting
inequality is trivial or nontrivial? To address these questions,
we establish the necessary and sufficient condition for
Eq. (3) to be nontrivial and provide explicit examples
illustrating both the trivial and nontrivial cases. For conven-
ience, we define the violation degree of Eq. (3) as a witness,

VgðOÞ ≔ max
n
max
x

gasðOxÞ −min
x

Fas
g ðOxÞ; 0

o
; ð4Þ

which vanishes for every HO assemblage by Result 1.
Below we give a necessary and sufficient condition for

Vg to be nontrivial—that is, to attain strictly positive values.
Trivial choices of g follow immediately from this statement,
followed by two nontrivial examples.
Result 2: Vg is nontrivial, i.e., ∃O0 such that VgðO0Þ > 0,

if and only if g½extðOÞ� is not affine.
The details are presented in Supplemental Material [45].

An affine functional is simultaneously convex and concave,
hence invariant under both data processing and convex
decomposition. Consequently, Eq. (3) holds with equality if
g is affine on the whole O, rendering the criterion trivial.
However, nonaffineness in O alone is not sufficient for
being nontrivial: if the restriction gjextðOÞ is affine (e.g.,
constant along extremal segments), the inequality remains
trivial. An example is ergotropy [46] defined as

EðρÞ ≔ max
U

TrHðρ −UρU†Þ; ð5Þ

where H is a fixed system Hamiltonian and U ranges over
all unitaries. Ergotropy is convex on the state space, yet for
any pure input state Eq. (5) reduces to an affine form
FEðρÞ ¼ TrρH − hmin, where hmin is the smallest eigen-
value ofH, so that FE ¼ Fas

E uniformly upper-bounds every
Eas [cf. Eq. (2)]. Consequently, the HO inequality collapses
to an identity and becomes trivial.
Here, we provide two convex functionals as examples of

constructing nontrivial inequalities. The first one is the
WYSI Iðρ; HÞ ¼ − 1

2
Tr½ ffiffiffi

ρ
p

; H�2, which serves as a mea-
sure of quantum uncertainty associated with an observable
H. Unlike the total variance, WYSI excludes contributions
arising from classical mixing of the state [47,48]. In
addition, when H is interpreted as the generator of time
evolution, the WYSI quantifies the asymmetry of the state
ρ, bounding the intrinsic speed of quantum evolution
[49–52]. Note that the task of such an incompatibility
scenario can be described as follows. After Bob receives the
state assemblage, he can either measure the asymmetry by
evaluating the WYSI on each conditional state ρajx and
averaging, obtaining Ias by Eq. (2), or estimate an upper
bound using only classical postprocessing via the concave-
roof envelope Fas

I . In such a scenario, if Bob discovers that
there exists a pair ðx; x0Þ such that the measured asymmetry
surpasses the estimated upper bound in Eq. (3), the

assemblage must be incompatible. Similar scenarios can
also be applied for quantum Fisher information and
distillable coherence (cf. Refs. [41,42]). A systemic way
of constructing the witness by Iðρ; HÞ is given in
Supplemental Material [45], followed by the second
example: l2-type of coherence Nðρ;ΠÞ≔P

i≠j jhijρjjij2,
which directly measures the off-diagonal quantum coher-
ence within the fixed reference basis Π ≔ fjiihijgi [40,53].
This quantity bounds the energy storage in quantum
batteries [54] and detects localization transitions [55].
State assemblage and steering scenario—In this section

we apply our convex-analytic framework for the case where
the object space O is the set of quantum states. Under this
identification, the task of assemblage incompatibility
becomes the familiar task of Einstein-Podolsky-Rosen
(EPR) steering [3,5]. We begin by recalling the standard
steering protocol and then show how its conditional states
forma state assemblage towhichourcriteriondirectly applies.
In a typical EPR steering experiment, Alice (A) and Bob

(B) share a bipartite state ρAB. In each round Alice chooses
a measurement setting x and performs the positive-operator
valued measure Mx ¼ fMajxga with outcomes a, where
Majx ≥ 0 and

P
a Majx ¼ 1A. After obtaining an outcome

a, she sends the pair ða; xÞ to Bob. Bob’s subnormalized
conditional state is σajx ≔ TrA½ðMajx ⊗ 1BÞρAB�. The col-
lection σ ≔ fσajx ¼ pðajxÞρajxga;x is called a “state assem-
blage,” satisfying

P
a pðajxÞρajx ¼ ρB ¼ TrAρAB for all x.

An assemblage is said to be “unsteerable” if it admits a
local-hidden-state model [18],

pðajxÞρajx ¼
X
λ

pðλÞpðajx; λÞρλ; ð6Þ

where fρλgλ are preexisting states on Bob’s side and
pðajx; λÞ is a classical response function. Otherwise the
assemblage (and hence the underlying bipartite state) is
“steerable.” Consequently, given any functional of state that
is convexandnonaffineunderpure states, i.e., extremepoints
of the state space, Eq. (4) becomes a nontrivial steering
witness;we denote theviolation degree as thewitnessSgðσÞ.
Moreover, one can notice that the witness Sg is not only

determined by the underlying correlations of the shared
state ρAB, but it also depends on Alice’s measurementMajx.
In fact, inappropriate choices on Alice’s side may hide
nonclassical correlations altogether, yielding little or no
violation even when ρAB is highly nonclassical [19,20]. In
the following, we temporarily set aside the problem of
measurement design (which is analyzed in the next section)
and focus on how much violation degree can be attributed
to the state itself.
To factor out the measurement dependence, we hence-

forth optimize over Alice’s measurements. For pure ρAB,
every ensemble of ρB is pure by performing rank-1
projective measurements by Alice [56], so the supremum
of g coincides with the concave-roof value. In such a case,
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the steering violation achieves the maximum value without
measurement dependency (see Supplemental Material [45]
for the detailed proof) and possesses the following property.
Result 3: If g is convex and symmetric, Sg lower

bounds a full entanglement measure when evaluating pure
bipartite states, and the maximum violation degree Smax

g ¼
½Fg − g�ð1dÞ is achieved if only if the shared states ρAB are
maximally entangled.
We prove this property by showing that when ρAB is

pure entangled, Sg is upper-bounded by a closed form
½Fg − g�ðρBÞ, which is concave and symmetric [57]; the
maximum violation is directly obtained by Schur concavity.
Notably, the bound is saturated when the roof extensions
are achievable, i.e., the optimal decompositions always
exist. In such case, the Sg becomes a faithful entanglement
measure for pure bipartite states. A detailed proof can be
found in Supplemental Material [45]. We remark that
Result 3 shows that the algebraic maximum of Smax

g is
achieved only by maximally entangled states. This certifies
the underlying states up to local isometries, but, since our
figure of merit is optimized over Alice’s measurements, it
does not fix a unique measurement realization. From the
perspective of self-testing [58,59], this corresponds to a
weak form of self-testing, where a state is identified but the
measurements remain unidentified [60].
Measurement assemblage and steering-induced

incompatibility—Here, we restrict the object space to
measurements with the corresponding assemblage M ≔
fMajxga;x. An assemblage of measurements is said to be
“incompatible” when the corresponding observables can-
not be implemented simultaneously—an intrinsically
quantum feature that underpins contextuality [61,62] and
uncertainty relations [1,63], and serves as a necessary
resource to demonstrate EPR steering [5]. Specifically, a
measurement assemblage M is “compatible” if there exists
a single measurement Gλ ≥ 0 such that

Majx ¼
X
λ

pðajx; λÞGλ ∀ a; x; ð7Þ

where pðajx; λÞ is a conditional probability distribution.
Operationally, Eq. (7) means that the statistics generated by
M can be simulated by performing a single measurement
fGλgλ followed by postprocessing. Following Result 1, we
can conclude that, for any convex g of a measurement M,
we can construct a witness of measurement incompatibility,
denoted as MgðMÞ. To adopt the same functionals, i.e.,
Iðρ; HÞ and Nðρ;ΠÞ, we demonstrate below a method for
constructing a valid incompatibility measure through con-
vex functionals on the state space.
The structure of Eq. (7) mirrors the local-hidden-state

model in Eq. (6). Indeed, Refs. [19–21] establish a one-to-
one correspondence between the measurement assemblage
on Alice’s side and the state assemblage on Bob’s side,
testing incompatibility structures in the steering scenario by

applying pure entangled states [64]. Specifically, Alice
performs M and introduces state assemblage σ on Bob,
one can define the steering-equivalent observables (SEOs),
B ≔ fBajx ¼ ρB−1=2σajxρB−1=2ga;x. ThenM is compatible if
and only if the corresponding σ is unsteerable (equivalently,
if and only if B is compatible). By doing so, one can map
the steering witness SgðσÞ to a measurement-incompati-

bility witness by setting σ →
ffiffiffiffiffi
ρB

p
B

ffiffiffiffiffi
ρB

p
¼

ffiffiffiffiffi
ρB

p
M

ffiffiffiffiffi
ρB

p
.

In addition, to eliminate the explicit dependence on the
choice of state, we consider the scenario of a steering-
induced incompatibility measure [22,65] by optimizing ρB,
and we have

MgðMÞ ¼ sup
ρB

Sg

� ffiffiffiffiffi
ρB

p
M

ffiffiffiffiffi
ρB

p �
; ð8Þ

where the supremum is taking over all full-rank ρB [21]. In
other words, given a convex g∶DðHÞ → Rþ, we can extend
it into a functional that maps LðHÞ → Rþ. Furthermore,
we show that MgðMÞ serves as a valid incompatibility
monotone [13], as presented in the following result.
Result 4: The steering-induced incompatibility MgðMÞ

quantifies incompatibility of M on Alice’s side.
We prove this result by demonstrating that MgðMÞ

satisfies (i) MgðMÞ ¼ 0 if M is compatible, (ii) MgðMÞ
is convex, and (iii) MgðMÞ is nonincreasing under postpro-
cessing. The details are given in Supplemental Material [45].
To demonstrate our result, we consider a set of two noisy

qubit Pauli measurements defined as

Mw
ajx ¼ ð1 − wÞΠajx þ w

1
2
; ð9Þ

where x∈ f0; 1g represents Pauli Z and X measurement
with its corresponding eigen-projectors Πajx. These mea-
surements are incompatible for the mixing parameter
w ≤ 1 − 1=

ffiffiffi
2

p
≈ 0.29 [43]. We plot the value of

Sgð
ffiffiffiffiffi
ρB

p
M

ffiffiffiffiffi
ρB

p
Þ with the pure entangled input jφABðθÞi ¼

sin θj00i þ cos θj11i in Figs. 2(a) and 2(b). The black-
dashed curves represent the boundary of zero violation
degrees. Taking θ ¼ π=4 (corresponding to optimizing ρB

and marking as the blue curves), we obtain the largest
violation degree for both examples. For such slices,
SIðwÞjθ¼π=4 and SN jθ¼π=4 reduce to MIðwÞ and
MNðwÞ. One can observe that, while the MIðwÞ is more
sensitive to noise (vanishes when w ≈ 0.21), the MNðwÞ is
a tighter quantifier as it meets the threshold of w ≈ 0.29 (the
analytical results are shown in Supplemental Material [45]).
Instrument assemblage and channel steering—Now, we

consider the object assemblage to instrument assemblage
Λ ¼ fΛajxga;x, where each Λajx is a completely-positive
trace-nonincreasing map. For a fixed setting x, the family
Λx ¼ fΛajxga constitutes an instrument satisfying the same
marginal channel Λm ¼ P

a Λajx ∀ x. Physically, each
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element in an instrument fΛajxga acts as a general quantum
measurement: it first postselects the input state ρ with a
success probability TrΛajxðρÞ, and then outputs the post-
measurement state ΛajxðρÞ=TrΛajxðρÞ.
A natural question arises whether the statistics generated

by an instrument assemblage can be reproduced by a single
instrument fGλgλ followed by classical postprocessing.
Concretely, Λ is compatible if

Λajx ¼
X
λ

pðajx; λÞGλ ∀ a; x; ð10Þ

and incompatible otherwise (cf. the channel-assemblage
definition and unsteerability criterion given in Ref. [66]).
By applying Result 1, we label the instrument incompat-
ibility witness IgðΛÞ, as shown in Eq. (4) [67–69].
To demonstrate the violation degree of instrument

incompatibility, let us consider the channel steering sce-
nario [66]: Charlie (C) prepares an input ρC and sends it to
Bob by a fixed total channel ΛC→B that might be correlated

with an ancillary system of, say, Alice. The task is to decide
if the correlation between Alice and Bob allows Alice to
steer Bob’s outputs of the channel. In such a scenario, the
instrument assemblage can be defined through an extended
channel ΛC→A⊗B, which reads

ΛajxðρCÞ ¼ TrAðMajx ⊗ 1ÞΛC→A⊗BðρCÞ; ð11Þ
with

P
a Λajx ¼ ΛC→B. Following Ref. [17], every channel

ΛC→B admits a Stinespring isometry V∶HC → HA ⊗ HB.
A minimal dilation Vmin is obtained by choosing the ancilla
dimension equal to the Kraus (Choi) rank r of ΛC→B,
namely Vminjψi ¼ P

r−1
i¼0 jii ⊗ Kijψi with a linearly inde-

pendent set of Kraus operators fKigr−1i¼0 and
P

i K
†
i Ki ¼ 1.

In this setting, any instrument assemblage Λ on C to B can
be represented via a measurement assemblage M on the
ancilla (A) as in Eq. (11). The minimal dilation ensures a
compatibility equivalence: Λ is unsteerable (i.e., compat-
ible) if and only if the associated M is compatible.
Consequently, instrument-level incompatibility can be
certified by optimizing any measurement-level witness
over all minimal dilations. Writing MðΛ; Vmin; ρCÞ for
the measurement assemblage associated with Λ through
Vmin and ρ, we define

IgðΛÞ ≔ sup
ρC;M

Mg½MðΛ; Vmin; ρCÞ�; ð12Þ

which is vanishing for compatible instruments, convex, and
postprocessing monotonic. By optimizing the measurement
assemblage M, the correlations between A and B certify
instrument incompatibility—and, whenever such a viola-
tion occurs, also certify that ΛC→B is not incompatibility-
breaking [70].
As a illustrative example,we consider the total channel be a

qubit-amplitude-damping channel ΛC→B → Λamp
γ with vis-

ibility γ, and we set the input state ρC → j1i. In such an
example, Vmin

γ j1i ¼ P
1
i¼0 jii ⊗

ffiffiffiffi
αi

p ji ⊕ 1i, where α0 ¼
1 − γ and α1 ¼ γ. Together with the set of two noisy qubit
Pauli measurements defined in Eq. (9) (see Supplemental
Material [45] for details). The results of MIðγ; wÞ and
MNðγ; wÞ are shown in Figs. 2(c) and 2(d), respectively.
In both figures, the violation degrees disappear when γ ¼
f0; 1g due to the minimal dilation of the channel Λamp

γ¼0;1,
which is a single unitary, i.e., one-dimensional, such that
Vminjψi ¼ j0i ⊗ Ujψi is separable. When w ¼ 0 (the red
curves shown in each figures), both MIjw¼0 and MN jw¼0

reduce to instrument incompatibility parameters I IðγÞ and
INðγÞ, indicating the correlation between Alice and Bob
generated by the extended channelΛC→A⊗B. Note that, when
γ ¼ 0.5, the minimal dilation maps the input state j1i to
maximally entangled state, representingmeasurement incom-
patibility MgðMÞ.
Conclusion—We introduce a framework based on quan-

tum operational information tasks to certify incompatibility
and, from it, an optimization-free recipe: any convex

FIG. 2. The violation degrees of (a) SIðθ; wÞ and (b) SNðθ; wÞ,
where the black-dashed curves represent the boundaries of zero
violation. The largest violations appear at θ ¼ π=4 are marked as
blue curves; at these slices, SIjθ¼π=4 ¼ MIðwÞ and SN jθ¼π=4 ¼
MNðwÞ and both monotonically decrease when w increases. One
can observe that theMI is more sensitive to noise and vanishes as
w ≈ 0.21, while the MN meets the threshold of compatible
measurement, i.e., w ¼ 1 − 1=

ffiffiffi
2

p
≈ 0.29. The violation degrees

of (c) MIðγ; wÞ and (d) MNðγ; wÞ. Analogously, when w ¼ 0,
MI jw¼0 and MN jw¼0 reduce to I IðγÞ and INðγÞ, respectively,
indicating the instrument incompatibility (see the red curves in
each figures). Additionally, let γ ¼ 0.5, the minimum dilation
maps the input state j1i to a maximally entangled state, reflecting
the measurement incompatibility MIðMÞ and MNðMÞ.
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functional g on the relevant object space induces a
compatibility bound, whose violation signals quantum
incompatibility. We establish a necessary and sufficient
criterion for nontriviality: witnesses built from g are non-
trivial iff g is nonaffine on extremal points, underscoring
the generality of the convex-analytic approach. As concrete
examples, we present functionals based on the Wigner-
Yanase skew information and l2-type coherence that effi-
ciently certify incompatibility in a dimension-independent
manner.
For pure bipartite states, any violation lower-bounds the

corresponding entanglement measure, and achievability of
the functional’s roof extension ensures faithfulness.
Characterizing sufficient conditions for quantifying entan-
glement of general mixed states, however, remains an open
problem, which we leave as a future work.
Beyond states, the same recipe defines a steering-

induced incompatibility monotone for measurements and
instruments, and any observed violation can be read as
preservation of incompatibility—in particular, a certificate
that the channel is not incompatibility-breaking [70].
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