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I. DERIVATION OF A CLASS OF INCOMPATIBILITY WITNESSES

Hereafter we derive the incompatibility witness. Given that the assemblage O admits the HO model, we obtain

gas(Ox) =
∑
a

p(a|x)g

[∑
λ

p(λ|a, x)Oλ

]

=
∑
a

p(a|x)g

[∑
λ

p(a|x, λ)p(λ)
p(a|x)

Oλ

]

≤
∑
a

p(a|x)
∑
λ

p(a|x, λ)p(λ)
p(a|x)

g(Oλ)

=
∑
λ

p(λ)g(Oλ)

≤
∑
λ

p(λ)Fg(Oλ),

(1)

where the first inequality follows from the convexity of g and the second from the definition Fg ≥ g. Because Fg is
concave in O, we also have ∑

λ

p(λ)Fg(Oλ) ≤ F as
g (Ox) ∀x. (2)

Combining the two chains of inequalities yields, for every assemblage O that admits the HO model,

gas(Ox)
HO

≤ F as
g (Ox′) ∀x, x′. (3)

Hence the pair (gas, F as
g ) constitutes a valid compatibility witness. Analogously, starting from a concave functional f

and its (least) convex roof Gf ≥ f , one obtains another class of incompatibility witness

fas(Ox)
HO

≥ Gas
f (Ox′) ∀x, x′. (4)

Below we focus on the convex-g version; the concave-f case can be derived analogously. As shown in the main text,
the incompatibility witness can be defined by

Vg(O) := max{max
x

gas(Ox)−min
x
F as
g (Ox), 0}. (5)
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For completeness, in the following, we detail the process of constructing a witness in a quantum incompatibility
task and demonstrate that the maximizations and minimizations in the method are computationally efficient.

Consider a quantum device with m classical inputs (labeled x ∈ {1, 2, . . . ,m}) and n classical outputs (labeled
a ∈ {1, 2, . . . , n}). For each chosen input x, the device stochastically produces an output a and a conditional quantum
state ρa|x. This experimental setup provides a state assemblage σ = {σa|x = p(a|x)ρa|x}a,x, where all x settings share
the same marginal state, i.e., ∑

a

σa|x =
∑
a′

σa′|x′ ∀x, x′ ∈ {1, 2, . . . ,m}, (6)

noting that if the marginal states differ, the assemblage is trivially incompatible.
For each setting x, one calculates the assemblage versions of the functionals: gas(σx) and F

as
g (σx). The violation

degree of the incompatibility witness Sg(σ) is then simply given by:

Sg(σ) := max
{
max
x

gas(σx)−min
x′

F as
g (σx′) , 0

}
= max

{
max {gas(σ1), . . . , g

as(σm)} −min
{
F as
g (σ1), . . . , F

as
g (σm)

}
, 0

}
.

(7)

As shown above, the required maximization and minimization involve only simple comparisons among m real num-
bers. The computational complexity scales linearly with the number of measurement settings m, and the associated
computational tasks are negligible compared to existing optimization-based certification techniques [1].

II. PROOF OF RESULT 2: THE NONTRIVIALITY OF WITNESSES

We prove Result 2 by the following equivalent statement: Vg(O) = 0 ∀O if and only if there exists an affine
functional L such that g(Oext) = L(Oext). Moreover, let ψ ∈ Oext.

Proof. —We start by analyzing the if direction, we have g(Oext) = L(Oext) = Fg(Oext), such that L(
∑
i piOi) =∑

i piL(Oi) for all decompositions. Then

max
O

Vg(O) = max
{p(a|x),ψa|x}a,x

{
max
x

∑
a

p(a|x)g(Oa|x)−min
x

∑
a

p(a|x)Fg(Oa|x), 0

}

≤ max

{
max

{p(a|x),ψa|x}a,x

∑
a

p(a|x)g(ψa|x)− min
{p(a|x),ψa|x}a,x

∑
a

p(a|x)L(ψa|x), 0

}
= max

{p(a|x),ψa|x}a,x

∑
a

p(a|x)L(ψa|x)− min
{p(a|x),ψa|x}a,x

∑
a

p(a|x)L(ψa|x)

= max
{p(a|x),ψa|x}a

L

[∑
a

p(a|x)ψa|x

]
− min

{p(a|x),ψa|x}a

L

[∑
a

p(a|x)ψa|x

]
= max

{p(a|x),ψa|x}a

L(Om)− min
{p(a|x),ψa|x}a

L(Om)

= 0,

(8)

where, in the first line, the maximum taken over all assemblages O becomes the best decomposition of {p(a|x), ψa|x}
and taking the positive part; the second line comes from the property of the max operation, i.e., max{X − Y } ≤
maxX − minY ; the third line results from the non-negativity of the expression; the fifth line is given by the same
marginal Om for all x [no-signaling condition:

∑
a p(a|x)ψa|x = Om ∀x]. We note that in this proof, we exclude the

case that g being affine in the whole space O, which directly makes the inequality trivial.
For the “only if” direction, assume Vg(O) = 0 for every assemblage O and fix the assemblage O⋆ that maximizes

the quantity maxx g
as(Ox)−minx′ F as

g (Ox′), which implies

max
x

gas(O⋆
x) ≤ min

x
F as
g (O⋆

x). (9)

Given that gas(O⋆
x) and F

as
g (O⋆

x) are the averages of g(ψa|x) and Fg(ψa|x), respectively, over {ψa|x}a ⊂ ext(O) that
decompose the same margin Om =

∑
a p(a|x)ψa|x ∀x. Thus, the above inequality implies

max
{p(a|x),ψa|x}a

∑
a

p(a|x)g(ψa|x) ≤ min
{p(a|x),ψa|x}a

∑
a

p(a|x)Fg(ψa|x)

= min
{p(a|x),ψa|x}a

∑
a

p(a|x)g(ψa|x),
(10)
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where the second line is given by Fg(Oext) = g(Oext). One can observe that the global maximum can not be smaller
than the global minimum only if every decomposition of every admissible Om yields the same value, i.e., the convex
roof g∪ and the concave roof g∩ of g coincide. This suggests that the function g is affine on ext(O), which concludes
the proof.

III. EXAMPLES OF NON-TRIVIAL INEQUALITIES FOR STATE ASSEMBLAGES

Here, we provide two non-trivial examples of constructing incompatibility witnesses by a convex functional g. We
start by recalling the definition of the Wigner-Yanase skew information [2, 3]:

I(ρ,H) :=− 1

2
Tr[

√
ρ,H]2

=TrρH2 − Tr
√
ρH

√
ρH,

(11)

which is convex for states [4]. Then, we have

FI(ρ,H) := sup
∑
i

piI(ψi, H)

= sup
∑
i

pi
[
⟨ψi|H2 |ψi⟩ − ⟨ψi|H |ψi⟩ ⟨ψi|H |ψi⟩

]
=sup

∑
i

piVar(ψi, H)

=Var(ρ,H),

(12)

where Var(ρ,H) is the variance of observable H, i.e., Var(ρ,H) = Tr(ρH2) − (TrρH)2, and the forth line is due to
variance is its own concave roof [5]. Therefore, the violation of I can be given by

SI(σ) = max{max
x

Ias(σx)−min
x

Varas(σx), 0}. (13)

The second illustrative example is the squared ℓ2-type of coherence for a given basis {|i⟩}i, which is defined as [6]

N(ρ,Π) :=
∑
i ̸=j

|⟨i| ρ |j⟩ |2

=
∑
i,j

⟨i| ρ |j⟩ ⟨j| ρ |i⟩ −
∑
i

⟨i| ρ |i⟩ ⟨i| ρ |i⟩

=
∑
i

Tr ρ2Πi − Tr ρΠiρΠi,

(14)

where Π = {Πi = |i⟩ ⟨i|}i and its concave extension reads

FN (ρ,Π) := sup
∑
i

piN(ψi,Π)

= sup
∑
i

pi

∑
j

⟨ψi|Πj |ψi⟩ − ⟨ψi|Πj |ψi⟩ ⟨ψi|Πj |ψi⟩


=sup

∑
i

pi
∑
j

Var(ψi,Πj)

=
∑
j

Var(ρ,Πj)

:=Var(ρ,Π).

(15)

The corresponding violation degree reads

SN (σ) = max{max
x

Nas(σx)−min
x

Var
as
(σx), 0}. (16)
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Additionally, we wish to emphasize that these functionals, i.e., the WYSI and ℓ2-type coherence, are experimental
accessible, as they can be estimated without requiring full quantum state tomography. As shown in Ref. [7], the lower
bound of WYSI, IL(ρ,H), is directly measurable:

IL(ρ,H) = −1

4
Tr[ρ,H]2 ≤ I(ρ,H). (17)

This indicates we can use this lower bound to construct a measurable witness that is sufficient to demonstration the
violation of SI in Eq. (13).
Furthermore, we note that this lower bound IL(ρ,H) is directly related to the ℓ2-type coherence N(ρ,Π) by

replacing the observable H with a set of projective measurements Π = {Πi}i. Specifically:

N(ρ,Π) =
∑
i ̸=j

|⟨i| ρ |j⟩ |2

=
∑
i

Tr ρ2Πi − Tr ρΠiρΠi

=
∑
i

2 IL(ρ,Πi).

(18)

Consequently, both witnesses are physically measurable, rendering them highly practical for experimental implemen-
tation.

IV. PROOF OF RESULT 3: THE WITNESSES LOWER BOUNDS A FULL ENTANGLEMENT
MEASURE

Here, we consider the case that Alice and Bob share a pure entangled state ρAB. We first show that to obtain the
maximal violation degree, the optimal measurements Alice performed are set at most rank one, i.e., rank(Ma|x) =

1 ∀a, x. Let’s recall that σa|x = TrA[(Ma|x ⊗ 11) ρAB]:

gas(σx) :=
∑
a

p(a|x)g(ρa|x)

=
∑
a

p(a|x)g

[
TrA(Ma|x ⊗ 11)ρAB

p(a|x)

]
,

(19)

where p(a|x) = Tr
[
(Ma|x ⊗ 11)ρAB

]
. Here, we can decompose each measurement Ma|x into fine-grained measurement

Mi,a|x ≥ 0 and rng(Mi,a|x) ≤ 1 ∀i, a, x such that
∑
iMi,a|x = Ma|x ∀a, x. Under this assumption, we have a

fine-grained version of gas, that is,

gasfine(σx) =
∑
i,a

p(i, a|x)g

[
TrA(Mi,a|x ⊗ 11)ρAB

p(i, a|x)

]

=
∑
a

p(a|x)
∑
i

p(i, a|x)
p(a|x)

g

[
TrA(Mi,a|x ⊗ 11)ρAB

p(i, a|x)

]

≥
∑
a

p(a|x)g

[∑
i

p(i, a|x)
p(a|x)

TrA(Mi,a|x ⊗ 11)ρAB

p(i, a|x)

]

=
∑
a

p(a|x)g

[∑
iTrA(Mi,a|x ⊗ 11)ρAB

p(a|x)

]
= gas(σx),

(20)

where p(i, a|x) = Tr
[
(Mi,a|x ⊗ 11)ρAB

]
. The above inequality is obtained by the convexity; therefore, one can readily

obtain F as
g,fine ≤ F as

g by its concavity and conclude that the optimal measurement should be rank one. Thus, in the

following, we let rank(Ma|x) = 1 ∀a, x.
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Combining with the case that ρAB → ψAB is pure, we have the conditional states {ψa|x}a,x on Bob’s side are pure.

In such case, we can further compute the optimal violation degree of pure bipartite input ψAB as follows:

Sg(ψAB) = max

{
max

{p(a|x),ψa|x}

∑
a

p(a|x)g(ψa|x)− min
{p(a|x),ψa|x}

∑
a

p(a|x)Fg(ψa|x), 0

}
= max

{p(a|x),ψa|x}

∑
a

p(a|x)Fg(ψa|x)− min
{p(a|x),ψa|x}

∑
a

p(a|x)g(ψa|x)

≤ Fg

[∑
a

p(a|x⋆)ψa|x⋆

]
− g

[∑
a

p(a|x⋆)ψa|x⋆

]
= Fg(ρ

B)− g(ρB),

(21)

where the second line is given by F (ψ) = g(ψ) such that it is non-negative; the third line is taken by optimized when
x = x⋆ (x = x⋆) is maximum (minimum) function, respectively, and the equation holds if the concave (convex) roof
is achievable. According to Ref. [8], a function of ρB satisfies strong monotonicity under local operation an classical
communication (LOCC) if and only if (i) it is concave, and (ii) it is symmetry (under permutations of its arguments)
and expandable. For (i), notice that given g is convex and Fg is concave, therefore

[Fg − g][tρ1 + (1− t)ρ2] = Fg[tρ1 + (1− t)ρ2]− g[tρ1 + (1− t)ρ2]

≥ tFg(ρ1) + (1− t)Fg(ρ2)− tg(ρ1)− (1− t)g(ρ2)

= t[Fg − g](ρ1) + (1− t)[Fg − g](ρ2),

(22)

which indicates [Fg− g] is concave. For (ii), as we require the function g to be symmetric and expandable, its concave
roof and the derivative function [Fg − g] are also symmetric and expandable. Thus, we can conclude that Sg is
monotonic under LOCC for an given convex, symmetric, and expandable g.
In addition, any function that is convex and symmetric is Schur-convex, while any function that is concave and

symmetric is Schur-concave [9–11]. In our case, the quantity [Fg − g] is concave and symmetric, hence it is Schur-
concave in the spectrum of the relevant state (e.g., in the eigenvalues of ρB). Since the maximally mixed spectrum
u = (1/d, . . . , 1/d) of a d-dimension system is majorized by every other spectrum (u ≺ p), Schur-concavity implies
[Fg− g](u) ≥ [Fg− g](p) for all p. Therefore the violation attains its maximum when the input marginal is maximally
mixed. For pure bipartite inputs, ρB is maximally mixed if and only if the global state is maximally entangled;
consequently the algebraic maximum of the violation is achieved only for maximally entangled inputs, i.e.,

Smax
g = [Fg − g](

11

d
), (23)

with system dimension d.

V. PROOF OF RESULT 4: A VALID INCOMPATIBILITY MONOTONE

We first show that when the shared state |ψAB⟩ =
∑
i

√
pi |i⟩ |i⟩ is full-ranked such that ρB = TrA |ψAB⟩ ⟨ψAB | =∑

i pi |i⟩ ⟨i|, the SEO B = {Ba|x}a,x is equivalent to Alice’s measurement M = {Ma|x}a,x up to its transpose, which
is

Ba|x = (ρB)−1/2 σa|x(ρ
B)−1/2

=
∑
m

p−1/2
m |m⟩ ⟨m|

TrA (Ma|x ⊗ 11)
∑
i,j

√
pipj |i⟩ ⟨j| ⊗ |i⟩ ⟨j|

∑
n

p−1/2
n |n⟩ ⟨n|

=
∑

i,j,m,n

√
qiqj p

−1/2
m p−1/2

n ⟨j|Ma|x |i⟩ |m⟩ ⟨m|i⟩ ⟨j|n⟩ ⟨n|

=
∑
m,n

⟨m|MT
a|x |n⟩ |m⟩ ⟨n|

=MT
a|x,

(24)

where the second line holds due to |ψAB⟩ is full-ranked, such that pi > 0 ∀i. In the following, thus, we replace the
SEO input B by the Alice measurement assemblage M .
According to Ref. [12], Mg(M) is a valid incompatibility monotone if it satisfies:



6

(a) Mg(M) = 0, if M is jointly measurable.

(b) Mg(M) satisfies convexity.

(c) Mg(M) is non-increasing under post-processing, namely

Ma′|x′ = W(Ma|x) =
∑
a,x

p(x|x′)p(a′|a, x, x′)Ma|x ∀a, x, (25)

where W denotes post-processing with the conditional probabilities p(x|x′) and p(a′|a, x, x′) [13].
The condition (a) is automatically satisfied by the definition of Mg:

Mg(M) = sup
ρB

Sg[
√
ρBM

√
ρB ]. (26)

Given that a measurement assemblage M is compatible if and only if its SEO induced a state assemblage σ =√
ρBM

√
ρB that can be described by an LHS model. Thus, we conclude that Mg(M) = 0 if M is compatible.

For the condition (b) Mg(M) satisfies convexity, we only need to demonstrate Sg(σ) is convex in assemblage. To
show this, let us consider a state assemblage

σ → qσ + (1− q)σ′ := {qσa|x + (1− q)σ′
a|x}a,x ∀q ∈ [0, 1]. (27)

Given g is convex, its assemblage version gas is naturally convex, i.e.,

gas(σ) → gas [qσ + (1− q)σ′]

= max
x

∑
a

p(a|x)g
[
qρa|x + (1− q)ρ′a|x

]
≤ max

x

∑
a

[
qp(a|x)g(ρa|x) + (1− q)p′(a|x)g(ρ′a|x)

]
≤ qmax

x

∑
a

p(a|x)g(ρa|x) + (1− q)max
x

∑
a

p′(a|x)g(ρ′a|x)

= qgas(σ) + (1− q)gas(σ′).

(28)

Analogously, with the fact that the Fg(ρ) is concave, we have that F as
g (σ) is also concave with respect to a

combination of the state assemblages qσ + (1− q)σ′.
Then, we can show that the violation degree satisfies convexity, namely

Sg(σ) → Sg [qσ + (1− q)σ′]

= max
{
gas[qσ + (1− q)σ′]− F as

g [qσ + (1− q)σ′], 0
}

≤ max
{
q
[
gas(σ)− F as

g (σ)
]
+ (1− q)

[
gas(σ′)− F as

g (σ′)
]
, 0
}

≤ qmax
{
gas(σ)− F as

g (σ), 0
}
+ (1− q)max

{
gas(σ′)− F as

g (σ′), 0
}

= qSg(σ) + (1− q)Sg(σ′),

(29)

where the third line is given by g (F as
g ) is, respectively, convex (concave), and the fourth line is the property of the

maximization. Therefore, we conclude the proof that Mg(M) is a convex functional.
Finally, for condition (c), we consider a post-processing W acting on M can be written as

MT
a′|x′ = W(MT

a|x)

=
∑
a,x

p(x|x′)p(a′|a, x, x′)MT
a|x

=
∑
a,x

p(x|x′)p(a′|a, x, x′)(ρB)−1/2 σa|x(ρ
B)−1/2

= (ρB)−1/2W(σa|x)(ρ
B)−1/2,

(30)

in which we obtain √
ρB W(M)

√
ρB = W(σ). (31)
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Due to the convexity of Sg, this implies Sg is also non-increasing under post-processing, i.e., Sg[W(σ)] ≤ Sg(σ). By
using the above results, we can therefore show that Mg(M) is also non-increasing under W:

Mg [W(M)] = sup
ρB

Sg
[√

ρB W(M)
√
ρB

]
= Sg

[√
ρB⋆W(M)

√
ρB⋆

]
= Sg

[
W

(√
ρB⋆M

√
ρB⋆

)]
≤ Sg

(√
ρB⋆M

√
ρB⋆

)
≤ sup

ρB
Sg

(√
ρB M

√
ρB

)
= Mg(M),

(32)

where ρB⋆ is the optimal argument in the supremum.

VI. EXAMPLE OF QUBIT PAULI MEASUREMENTS FOR PURE ENTANGLED STATE INPUT

Here we illustrate the construction using qubit Pauli measurements and a pure entangled input state |φAB(θ)⟩ =
sin θ |00⟩+ cos θ |11⟩ with noisy Pauli measurements Mw

a|x = (1−w)Πa|x +w 11/2. Taking the supremum over ρB, we

set θ = π/4 and obtain

σa|x = TrA

(
Mw
a|x ⊗ 11

) 1

2

∑
i,j

|i⟩ ⟨j| ⊗ |i⟩ ⟨j|

=
1

2

∑
i,j

⟨j|Mw
a|x |i⟩ |i⟩ ⟨j|

=
1

2
Mw
a|x,

(33)

where in the third line we used the property that the (noisy) qubit Pauli effects are Hermitian, Mw †
a|x = Mw

a|x. In

this example the conditional probabilities are uniform, p(a|x) = TrMw
a|x/2 = 1/2 for all a, x, and ρa|x(w) =Mw

a|x is a

classical mixture of the projector Πa|x and the maximally mixed state 11/2, with w ∈ [0, 1].

For MN (w), we obtain an analytical expression that matches the known joint-measurability threshold for two Pauli

measurements, namely w ≤ 1− 1/
√
2 [14]. Starting from the definition of Nas(σx,Π) in Eq. (14), we obtain

Nas(σx,Π) =
∑
a

1

2
N

[
ρa|x(w),Π

]
=

∑
a

1

2

∑
i

[
⟨i| ρa|x(w)2 |i⟩ − ⟨i| ρa|x(w) |i⟩

2
]

=
∑
a

1

2

∑
i

{
⟨i|

[
(1− w)2Πa|x + w(1− w)Πa|x + w2 11

4

]
|i⟩ −

[
⟨i| (1− w)Πa|x |i⟩+

w

2

]2}

=
∑
a

1

2

{
(1− w)

∑
i

[
⟨i|Πa|x |i⟩

]
− (1− w)2

∑
i

[
⟨i|Πa|x |i⟩

2
]
− w(1− w)

∑
i

[
⟨i|Πa|x |i⟩

]}

=
∑
a

1

2

{
(1− w)− w(1− w)− (1− w)2

∑
i

⟨i|Πa|x |i⟩
2

}

= (1− w)− w(1− w)− (1− w)2

2

∑
a,i

⟨i|Πa|x |i⟩
2
.

(34)
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Similarly, substituting ρa|x(w) into the concave roof FN in Eq. (15) yields

Varas(σx′ ,Π) =
∑
a

1

2
Var

[
ρa|x′(w),Π

]
=

∑
a

1

2

∑
i

{
⟨i| ρa|x′(w) |i⟩ −

[
⟨i| ρa|x′(w) |i⟩

]2}
=

∑
a

1

2

{
1−

∑
i

⟨i|
[
(1− w)Πa|x′ + w

11

2
)

]
|i⟩2

}

=
∑
a

1

2

{
1− (1− w)2

∑
i

[
⟨i|Πa|x′ |i⟩2

]
− w(1− w)

∑
i

[
⟨i|Πa|x′ |i⟩

]
− w2

2

}

= 1− w2

2
− w(1− w)− (1− w)2

2

∑
a,i

⟨i|Πa|x′ |i⟩2 .

(35)

By the definition of the violation degree, we have

MN (w) = max
{
max
x

Nas(σx,Π)−min
x′

Varas(σx′ ,Π), 0
}

= max

w2

2
− w − (1− w)2

2

min
x

∑
a,i

⟨i|Πa|x |i⟩
2 −max

x′

∑
a,i

⟨i|Πa|x′ |i⟩2
 , 0

 .
(36)

In the second line, the minimum (maximum) arises because the last term in Nas(σx,Π) (Varas(σx′ ,Π)) is negative, so
the extremizers are exchanged. Since {Πa|x}x are the eigenprojectors of the Pauli Z and X observables, the quantity∑
a,i ⟨i|Πa|x |i⟩

2
takes the values {2, 1}. Inserting these values in and imposing Mg(w) ≥ 0 gives

0 ≤ w2

2
− w +

(1− w)2

2

= w2 − 2w +
1

2
,

(37)

from which we find that Mg(w) ≥ 0 for w ∈ (−∞, 1 − 1/
√
2] and for w ∈ [1 + 1/

√
2,∞); restricting to w ∈ [0, 1]

yields the threshold w ≤ 1− 1/
√
2.

VII. INSTRUMENT ASSEMBLAGE AND CHANNEL STEERING UNDER AMPLITUDE DAMPING
CHANNEL AND NOISY PAULI MEASUREMENTS

Here, as a concrete example, we consider the total channel ΛC→B → Λamp
γ to be a qubit-amplitude-damping channel

with Kraus operators

K0 =

(
1 0
0

√
1− γ

)
and K1 =

(
0

√
γ

0 0

)
with γ ∈ [0, 1]. (38)

In such a case, the minimal dilation can be found as

Vγ |ψ⟩ =
1∑
i=0

|i⟩ ⊗Ki |ψ⟩ . (39)

As we consider the input state ρC → |1⟩ ⟨1|, the extended channel ΛC→A⊗B can be written as

ΛC→A⊗B (|1⟩ ⟨1|) = Vγ |1⟩ ⟨1|V †
γ

=
∑
i,j

√
αiαj |i⟩ ⟨j| ⊗ |i⊕ 1⟩ ⟨j ⊕ 1| , (40)
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where α0 = 1 − γ and α1 = γ. The output state from the extend channel is pure entangled, and αi represent the
Schmidt coefficients. For γ ∈ {0, 1}, the output state is separable, and thus, indicating the impossibility for Alice to
steer Bob’s outputs of the channel.

Together with two noisy qubit Pauli measurements and inpute state |1⟩, we can set the instrument assemblage as

Λwγ,a|x(|1⟩ ⟨1|) = TrA (Mw
a|x ⊗ 11)Vγ |1⟩ ⟨1|V †

γ

= TrA (Mw
a|x ⊗ 11)

∑
i,j

|i⟩ ⟨j| ⊗Ki |1⟩ ⟨1| K†
j

=
∑
i,j

⟨j|Mw
a|x |i⟩

√
αiαj |i⊕ 1⟩ ⟨j ⊕ 1| ,

(41)

which satisfies
∑
a Λ

w
γ,a|x = Λamp

γ ∀x,w. We note that for γ = 0.5, Vγ=0.5 directly maps |1⟩ to a maximally entangled

state, and consequently reproduces the result of the incompatible measurement assemblage as shown in Sec. VI.
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